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Abstract
Positive Quasimodular Forms and Linear Programming Bounds
by
Seewoo Lee
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Sug Woo Shin, Chair

Viazovska resolved the 8-dimensional sphere packing problem by constructing the magic
function for the Cohn-FElkies linear programming bound, proving that the Eg lattice pack-
ing is the densest possible packing. Soon after, Cohn, Kumar, Miller, Radchenko, and
Viazovska gave a similar proof for the 24-dimensional case, showing that the Leech lattice
gives the densest possible packing. One of the main steps of the proof is to verify non-
positivity and nonnegativity of the functions and their Fourier transforms, which reduces
to inequalities for certain quasimodular forms. The original proofs by Viazovska and by
Cohn et al. are based on interval arithmetic and Sturm’s bound, which are numerical in
nature. Later, Romik gave an alternative proof of the inequalities in dimension 8.

In this thesis, we give new algebraic proofs of the inequalities for both dimensions 8 and
24. In particular, we develop a theory of positive and completely positive quasimodular forms,
and study how positivity interacts with derivatives and Serre derivatives of quasimodular
forms. This theory is simple but powerful enough to give short proofs of the quasimodular
form inequalities. We also find that the corresponding quasimodular forms are closely
related to the extremal quasimodular forms by Kaneko and Koike. Along the way, we also
prove that the depth 1 extremal quasimodular forms are completely positive, i.e. all the
Fourier coefficients are positive, which resolves Kaneko and Koike’s conjecture in this
case.

The application of the theory of positive quasimodular forms is not limited to the sphere
packing problem. We also study the monotonicity of functions of the form t"F(it) for
a quasimodular form F and t > 0, which gives a new proof of one of the inequalities
in Cohn et al.’s work on the universal optimality of Eg and the Leech lattice, and also
provides a way to construct positive quasimodular forms of higher levels. We also study
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higher-level analogues of extremal quasimodular forms by Sakai and Tsutsumi, focusing
on the positivity and integrality of their Fourier coefficients in the case of depth 1 and
level I'o(N) when N = 2,3, 4, and also depth 2 and level I'y(2).

Finally, we give new lower and upper bounds for Bourgain, Clozel, and Kahane’s sign
uncertainty principle in certain dimensions that are multiples of 4. For the upper bounds,
we prove that the Fourier eigenfunctions constructed by Feigenbaum, Grabner, and Hardin
are nonnegative, which gives improved upper bounds for A (d) for dimensions d < 36000.
For the lower bounds, we follow Cohn and Gongalves” approach and use summation
formulas for radial Schwartz functions associated with extremal Eisenstein series, giving
improved lower bounds for A _y)us+(d) for d < 10000.



To my parents and grandparents
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$F(it)/G(it)$


$t > 0$


$d = 8$


$F(it)/G(it)$


$t > 0$


$d = 24$


$\mathrm {LHS}(t)$


$\mathrm {RHS}(t)$


$g(t) = \mathrm {LHS}(t) - \mathrm {RHS}(t)$


\begin {align}t^{3} \left ( - \frac {F(it)}{\Delta (it)} + \frac {432}{\pi ^2} \frac {G(it)}{\Delta (it)} \right ) &> \frac {725760}{\pi } \left (1 - \frac {10 t}{3 \pi } \right ) \nonumber \\ \Leftrightarrow \frac {432}{\pi ^2} - \frac {F(it)}{G(it)} &> \frac {725760\Delta (it)}{G(it)} \left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right ) \label {eqn:d24ineq3new2}\end {align}


$F \in \QM _{w}^{s}$


$F(it) > 0$


$t > 0$


$\QM _{w}^{s,+} \subset \QM _{w}^{s}$


$F$


$F(z) = \sum _{n \geq n_0} a_n q^n$


$a_n \geq 0$


$n \geq n_0$


$w$


$s$


$\QM _{w}^{s, ++}$


$\QM _{w}^{s,+}$


$\QM _{w}^{s,++}$


$\QM _{w}^{s}$


$\QM _{w}^{s, ++} \subset \QM _{w}^{s, +}$


$\Delta (z) = q \prod _{n\geq 1} (1 - q^n)^{24}\in \QM _{12}^{0, +}$


$\Delta (z) = q - 24 q^2 + 252q^3 - 1472 q^4 + \cdots \not \in \QM _{12}^{0, ++}$


$n$


$a_n$


$n a_n$


$F \in \QM _{w}^{s}$


$F' \in \QM _{w+2}^{s + 1}$


$F$


$F \in \QM _{w}^{s, ++}$


$F' \in \QM _{w+2}^{s +1, ++}$


$\Delta $


$\Delta ' = E_2 \Delta $


$\lim _{t \to \infty }E_{2}(it) = 1$


$\lim _{t \to 0^+} E_{2}(it) = -\infty $


$X \in \QM _{w}^{s}$


$X' \in \QM _{w +2}^{s+1, +}$


$X \in \QM _{w}^{s, +}$


$x(t):= X(it)$


$t > 0$


$X' \in \QM _{w+2}^{s +1, +}$


$\frac {\dd x}{\dd t} = -2 \pi X'(it) < 0$


$x(t)$


$t$


$x(t) > \lim _{u\to \infty } x(u) = 0$


$g: (0, \infty ) \to \mathbb {R}$


$g(t)$


$(-1)^{n} g^{(n)}(t) \geq 0$


$n \geq 0$


$t > 0$


$\mu $


$(0, \infty )$


\begin {equation*}g(t) = \int _{0}^{\infty } e^{-tu} \dd \mu (u)\end {equation*}


$s = 1/2$


$\rO (2, l)$


$\rE _8$
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$F \in \QM _{w}^{s}$


$\frac {\dd ^{k}}{\dd t^{k}} F(it) = (-2 \pi )^{k}F^{(k)}(it)$


$f(t) = \sum _{n\geq n_0} a_n e^{-2 \pi n t}$


$\mu = \sum _{n \geq n_0} a_n \delta _{2 \pi n}$


$\mu $


\begin {equation*}f(t) = \int _{0}^{\infty } e^{-tu} \dd \mu (u)\end {equation*}


$\mu $


$(0, \infty )$


$F$


$F \in \QM _{w}^{s}$


$k$


$t_0 > 0$


$(\partial _{k} F)(it) > 0$


$0 < t < t_0$


$F(it_0) > 0$


$F(it) > 0$


$0 < t \leq t_0$


$\Delta ' = E_{2} \Delta $


\begin {align*}\frac {\dd }{\dd t} \left ( \frac {F(it)}{\Delta (it)^{\frac {k}{12}}}\right ) = (-2 \pi ) \frac {F'(it) \Delta (it)^{\frac {k}{12}} - F(it) \frac {k}{12} E_{2}(it) \Delta (it)^{\frac {k}{12}}}{\Delta (it)^{\frac {k}{6}}} = (-2 \pi ) \frac {(\partial _{k} F)(it)}{\Delta (it)^{\frac {k}{12}}} < 0,\end {align*}


$t \mapsto F(it) / \Delta (it)^{\frac {k}{12}}$


$F \in \QM _{w}^{s}$


$\partial _{k} F \in \QM _{w+2}^{s+1, +}$


$F(it) > 0$


$t > 0$


$F \in \QM _{w}^{s, +}$


$F$


$F$


$F$


$F(z) = \sum _{n \geq n_0} a_n q^{n}$


$a_{n_0} > 0$


\begin {equation*}e^{2 \pi n_0 t} F(it) = a_{n_{0}} + e^{-2 \pi t}\sum _{n \geq n_{0} + 1} a_n e^{-2 \pi (n - n_0 - 1)t}\end {equation*}


$\lim _{t \to \infty } e^{2 \pi n_0 t} F(it) = a_{n_0} > 0$


$F(it) > 0$


$t$


$\partial _{k} F = G$


$f(t) = F(it)$


$g(t) = G(it)$


\begin {equation}\label {eqn:antiserresolinit} f(t) = \left (\frac {\eta (it)}{\eta (it_0)}\right )^{2k} f(t_0) + 2\pi \int _{t}^{t_0} \left (\frac {\eta (it)}{\eta (iu)}\right )^{2k} g(u) \dd u.\end {equation}


$(0, \infty )$


\begin {equation*}\partial _k := D - \frac {k}{12}E_2(it) = -\frac {1}{2 \pi } \frac {\dd }{\dd t} - \frac {k}{12}E_2(it),\end {equation*}


\begin {equation}t^{10} \left (\varphi \left (\frac {i}{t}\right ) - \frac {432}{\pi ^2} \psi _S\left (\frac {i}{t}\right )\right ) \geq \frac {725760}{\pi }e^{2\pi t}\left (t - \frac {10}{3 \pi }\right ). \label {eqn:d24ineq3}\end {equation}


\begin {align}\varphi &= -\frac {49 E_2^2 E_4^3 - 25 E_2^2 E_6^2 - 48 E_2 E_4^2 E_6 - 25 E_4^4 + 49 E_4 E_6^2}{\Delta ^2}, \label {eqn:d24forig} \\ \psi _S &= - \frac {\Theta _{2}^{20}(2\Theta _{2}^{8} + 7\Theta _{2}^{4} \Theta _{4}^{4} + 7\Theta _{4}^{8})}{\Delta ^2}. \label {eqn:d24gorig}\end {align}


$t > 0$


\begin {align}\varphi (it) + \frac {432}{\pi ^2} \psi _S(it) &< 0, \label {eqn:d24ineq1}\\ \varphi (it) - \frac {432}{\pi ^2} \psi _S(it) &> 0, \label {eqn:d24ineq2}\end {align}


$t \geq 1$


$E_4$


$\partial _4 E_4 = -\frac {E_{6}}{3} = -\frac {1}{3} + 168q + \cdots $


$F = \sum _{n \geq n_0} a_{n} q^n \in \QM _{w}^{s, ++}$


$k \geq 0$


$n \geq k / 12$


$n$


$\partial _{k}F$


$n_0 \geq k / 12 \geq 0$


$\partial _k F$


\begin {align*}\partial _k F &= \partial _{k} \left (a_{n_0} q^{n_{0}} + a_{n_0 + 1}q^{n_0 + 1} + a_{n_0 + 2}q^{n_0 + 2} + \cdots \right ) \\ &= \left ( n_0 a_{n_0}q^{n_0} + (n_0 + 1) a_{n_0 + 1}q^{n_0 + 1} + \cdots \right )\\ & \qquad - \frac {k}{12} (1 - 24q - 72q^2 - 96q^3 - \cdots ) \left (a_{n_0} q^{n_{0}} + a_{n_0 + 1}q^{n_0 + 1} + a_{n_0 + 2}q^{n_0 + 2} + \cdots \right ) \\ &= \left ( n_0 - \frac {k}{12} \right ) a_{n_0}q^{n_0} + \left (\left (n_0 + 1 - \frac {k}{12}\right ) a_{n_0 + 1} + 2ka_{n_0}\right ) q^{n_0 + 1} + \cdots \\ &\qquad + \left (\left (n_0 + m - \frac {k}{12}\right )a_{n_0 + m} + 2k \sum _{j=1}^{m} \sigma _1(m + 1 - j)a_{n_0 + j - 1}\right )q^{n_0 + m} + \cdots .\end {align*}


$n_0 \geq k / 12$


$a_j \geq 0$


$j \geq n_0$


$\partial _k F$


$q$


$i\infty $


$\Gamma \subset \SL _2(\bZ )$


$\Gamma _0(N)$


$F(z) \in \QM _{w}^{s}(\SL _2(\bZ ))$


$w$


$s$


$N \in \bZ _{\geq 1}$


$G(z) := F(Nz) \in \QM _{w}^{s}(\Gamma _0(N))$


$F$


$q$


$F(z) = \sum _{n \geq n_0} a_n q^{n}$


$G(it) = F(iNt)$


$G(z) = \sum _{n\geq n_0}a_n q^{Nn}$


$F'$


$F(Nz)$


$F(z)$


$F \in \QM _{w}^{s}(\SL _2(\bZ ))$


$F'$


$F(z) - F(Nz) \in \QM _{w}^{s}(\Gamma _0(N))$


$F'(it) = -\frac {1}{2\pi } \frac {\dd }{\dd t}F(it)$


$F'$


$t \mapsto F(it)$


$F(Nz)$


$F(z) = -E_2'(z) / 24 = \sum _{n \ge 1} n\sigma _1(n) q^n$


$F(z) - 4 F(2z)$


\begin {equation*}n \sigma _1(n) - 4 \cdot \frac {n}{2} \sigma _1\left (\frac {n}{2}\right ) = n \left (\sigma _1(n) - 2 \sigma _1\left (\frac {n}{2}\right )\right ) = n \sigma _1(m) > 0,\end {equation*}


$n = 2^k m$


$m$


$F(z) - 8 F(2z)$


$8$


$t$


\begin {equation}\label {eqn:tmf} t \mapsto t^m F(it)\end {equation}


$F$


$F(z)$


$t^m F(it)$


\begin {equation*}F(z) = \sum _{n \ge 1} b_n \frac {q^n}{(1 - q^n)^k}.\end {equation*}


$b_n \ge 0$


$n$


$t^m F(it)$


\begin {equation*}t \mapsto t^m \frac {e^{-t}}{(1 - e^{-t})^k},\end {equation*}


$t \mapsto t^2 (1 - E_2(it))$


$t > 0$


\begin {equation*}1 - E_2(z) = 24 \sum _{n \ge 1} \sigma _1(n) q^n = 24 \sum _{m, d \ge 1} d q^{dm} = 24 \sum _{m \ge 1} \frac {q^m}{(1 - q^m)^2},\end {equation*}


$t$


\begin {equation*}g_2(t) := t^2 \frac {e^{-t}}{(1 - e^{-t})^2}.\end {equation*}


\begin {equation*}\frac {\dd }{\dd t} g_2(t) = -\frac {e^t t (e^t (t - 2) + (t + 2))}{(e^t - 1)^3}\end {equation*}


\begin {equation*}e^t(t - 2) + (t + 2) > 0 \Leftrightarrow \tanh \left (\frac {t}{2}\right ) < \frac {t}{2},\end {equation*}


$h(u) = u - \tanh (u)$


$u = t/2$


$h'(u) = \tanh ^2(u) > 0$


$h(0) = 0$


$t \mapsto t^3 X_{4, 2}(it)$


$t > 0$


$X_{4, 2}$


\begin {equation*}X_{4, 2}(z) = \sum _{n \ge 1} n \sigma _1(n) q^n = \sum _{m \ge 1} \sum _{d \ge 1} d^{2} m q^{dm} = \sum _{m \ge 1} \frac {m q^m (1 + q^m)}{(1 - q^m)^3},\end {equation*}


$\sum _{k \ge 1} k^2 x^k = \frac {x(1+x)}{(1 - x)^3}$


$t^3 X_{4, 2}(it)$


\begin {equation*}g_3(t) := t^3 \frac {e^{-t}(1 + e^{-t})}{(1 - e^{-t})^3}.\end {equation*}


$g_3(t)$


\begin {equation*}\frac {\dd g_3}{\dd t} = -\frac {e^t t^2 (t(e^{2t} + 4 e^t + 1) - 3(e^{2t} - 1))}{(e^t - 1)^4} = - \frac {3t^2 e^t (e^{2t} + 4e^t + 1)}{(e^t - 1)^4} \left (\frac {t}{3} - \frac {e^{2t} - 1}{e^{2t} + 4e^t + 1}\right ).\end {equation*}


\begin {equation*}h_3(t) := \frac {t}{3} - \frac {e^{2t} - 1}{e^{2t} + 4e^t + 1},\end {equation*}


$\dd g_3 / \dd t < 0$


$h_3(t) > 0$


$h_3(0) = 0$


\begin {equation*}\frac {\dd h_3}{\dd t} = \frac {(e^t - 1)^4}{3(e^{2t} + 4e^t + 1)^2} > 0.\end {equation*}


$t \mapsto t^2 (E_2(2it) - E_2(it))$


$t > 0$


$E_2(2z) - E_2(z)$


\begin {equation*}E_2(2z) - E_2(z) = 24 \sum _{n \ge 1} \sigma _1(n) q^n - 24 \sum _{n \ge 1} \sigma _1(n) q^{2n} = 24\sum _{n \ge 1} \left (\frac {q^n}{(1 - q^n)^2} - \frac {q^{2n}}{(1 - q^{2n})^2}\right ),\end {equation*}


$t$


\begin {equation*}g_{2,2}(t) := t^2 \left (\frac {e^{-t}}{(1 - e^{-t})^2} - \frac {e^{-2t}}{(1 - e^{-2t})^2}\right ) = t^2 \frac {e^{-t}(1 + e^{-t} + e^{-2t})}{(1 - e^{-2t})^2}.\end {equation*}


$g_{2,2}(t)$


\begin {equation*}\frac {\dd g_{2,2}}{\dd t} = - \frac {2t e^t (e^{4t} + 2e^{3t} + 6e^{2t} + 2e^t + 1)}{(e^{2t} - 1)^3} \left [\frac {t}{2} - \frac {(e^t + 1)(e^{3t} - 1)}{(e^{4t} + 2e^{3t} + 6e^{2t} + 2e^{t} + 1)}\right ].\end {equation*}


\begin {equation*}h_{2,2}(t) := \frac {t}{2} - \frac {(e^t + 1)(e^{3t} - 1)}{(e^{4t} + 2e^{3t} + 6e^{2t} + 2e^{t} + 1)},\end {equation*}


$\dd g_{2,2} / \dd t < 0$


$h_{2,2}(t) > 0$


$h_{2,2}(0) = 0$


\begin {equation*}\frac {\dd h_{2,2}}{\dd t} = \frac {(e^t - 1)^4 (e^t + 1)^4 (e^{2t} + 4e^{t} + 1)}{2(e^{4t} + 2e^{3t} + 6e^{2t} + 2e^{t} + 1)^2} > 0.\end {equation*}


$t \mapsto t^{6} X_{8, 1}(it)$


$t > 0$


$X_{8, 1}$


\begin {align*}X_{8, 1}(z) &= \sum _{n \ge 1} n \sigma _5(n) q^n = \sum _{m \ge 1} \sum _{d \ge 1} d^6 m q^{dm} \\ &= \sum _{m \ge 1} \frac {m q^m (q^{5m} + 57 q^{4m} + 302 q^{3m} + 302 q^{2m} + 57 q^m + 1)}{(1 - q^m)^7}\end {align*}


$t$


\begin {equation*}g_6(t) := t^6 \frac {e^{-t} (e^{-5t} + 57 e^{-4t} + 302 e^{-3t} + 302 e^{-2t} + 57 e^{-t} + 1)}{(1 - e^{-t})^7}.\end {equation*}


\begin {equation*}\frac {\dd g_6}{\dd t} = -\frac {e^t t^5 (t P(e^t) - Q(e^t))}{(e^t - 1)^8}\end {equation*}


$P(x)$


$Q(x)$


\begin {align*}P(x) &= x^6 + 120 x^5 + 1191 x^4 + 2416 x^3 + 1191 x^2 + 120 x + 1, \\ Q(x) &= 6 (x^6 + 56 x^5 + 245 x^4 - 245 x^2 - 56 x - 1).\end {align*}


$t P(e^t) - Q(e^t) > 0$


$t > 0$


\begin {equation*}\frac {\dd }{\dd t} \left [t - \frac {Q(e^t)}{P(e^t)}\right ] = \frac {R(e^t)}{P(e^t)^2} > 0,\end {equation*}


\begin {align*}R(x) &= (x^6 - 72 x^5)^2 + (1 - 72 x)^2 + 246 (x^{10} + x^2) + 23408 (x^9 + x^3) \\ &\quad + 342687 (x^8 + x^4) + 754464 (x^7 + x^5) + 1377108 x^6\end {align*}


$x > 1$


$Q(1) = 0$


$t \mapsto t^{8} X_{10, 1}(it)$


$t > 0$


$X_{10, 1}$


\begin {align*}X_{10, 1}(z) &= \sum _{n \ge 1} n \sigma _7(n) q^n = \sum _{m \ge 1} \sum _{d \ge 1} d^8 m q^{dm} \\ &= \sum _{m \ge 1} \frac {m q^m ((q^{7m} + 1) + 247 (q^{6m} + q^{m}) + 4293 (q^{5m} + q^{2m}) + 15619 (q^{4m} + q^{3m}))}{(1 - q^m)^9}\end {align*}


$t$


\begin {equation*}g_8(t) := t^8 \frac {e^{-t} ((e^{-7t} + 1) + 247 (e^{-6t} + e^{-t}) + 4293 (e^{-5t} + e^{-2t}) + 15619 (e^{-4t} + e^{-3t}))}{(1 - e^{-t})^9}.\end {equation*}


\begin {equation*}-\frac {e^{-9t} t^7 (t P(e^t) - Q(e^t))}{(1 - e^{-t})^{10}}\end {equation*}


$P(x)$


$Q(x)$


\begin {align*}P(x) &= (x^8 + 1) + 502 (x^7 + x) + 14608 (x^6 + x^2) + 88234 (x^5 + x^3) + 156190 x^4, \\ Q(x) &= 8 (x^8 - 1 + 246 (x^7 - x) + 4046 (x^6 - x^2) + 11326 (x^5 - x^3)),\end {align*}


\begin {equation}\label {eqn:fpos} f(t) := t P(e^t) - Q(e^t) > 0 \text { for } t > 0.\end {equation}


$t = 0$


\begin {equation*}f(t) = \sum _{k=0}^{8} (a_k t + b_k) e^{kt} = \sum _{k = 0}^{8} \left (\sum _{n \ge 1} \frac {(na_k + kb_k)k^{n-1}}{n!} t^n + b_k\right ) = \sum _{n \ge 0} \frac {c_n}{n!} t^n\end {equation*}


$P(x) = \sum _{0 \le k \le 8} a_k x^k$


$Q(x) = \sum _{0 \le k \le 8} b_k x^k$


$c_0 = f(0) = 8 > 0$


\begin {align*}c_n &= \sum _{k=1}^{8} (na_k + kb_k) k^{n-1} \\ &= (n - 64) 8^{n-1} + (502n - 13376) 7^{n-1} + (14608 n - 194208) 6^{n-1} \\ &\quad + (88234 n - 453040) 5^{n-1} + 156190 n 4^{n-1} + (88234n + 271824) 3^{n-1} \\ &\quad + (14608 n + 64736) 2^{n-1} + (502 n + 1968).\end {align*}


$c_n > 0$


$n \ge 1$


$n \ge 65$


$c_n > 0$


$c_n > 0$


$1 \le n \le 64$


$g_8(t)$


$g_9(t)$


$2.5 \le t \le 20$


$g_9(t)$


$t^8$


$g_8(t)$


$t^9$


$g_9(t)$


$g_9(t)$


$t \to 0^+$


$g_9(10)$


$t \mapsto t^9 X_{10, 1}(it)$


\begin {equation*}t \mapsto t^4 (E_4(it) - 1)\end {equation*}


$t > 0$


\begin {equation*}E_4(z) - 1 = 240 \sum _{n \ge 1} \sigma _3(n)q^n = 240 \sum _{m, d \ge 1} d^2 q^{dm} = 240 \sum _{m \ge 1} \frac {q^m(1 + 4q^m + q^{2m})}{(1 - q^m)^4}\end {equation*}


\begin {equation*}t \mapsto t^4 \frac {e^{-t}(1 + 4e^{-t} + e^{-2t})}{(1 - e^{-t})^4}\end {equation*}


$6 + \frac {t^4}{120} + O(t^5)$


$t = 0$


\begin {equation*}t \mapsto t^5 X_{6, 1}(it)\end {equation*}


$t > 0$


$X_{6, 1}$


\begin {align*}X_{6, 1}(z) = \sum _{m \ge 1} \sum _{d \ge 1} d^4 m q^{dm} = \sum _{m \ge 1} \frac {mq^m (1 + 11q^m + 11 q^{2m} + q^{3m})}{(1 - q^m)^5}\end {align*}


\begin {equation*}t \mapsto t^5 \frac {e^{-t} (1 + 11 e^{-t} + 11 e^{-2t} + e^{-3t})}{(1 - e^{-t})^5}\end {equation*}


$24 + \frac {t^6}{252} + O(t^7)$


$t = 0$


$12$


$1$


\begin {equation*}X_{12, 1} = - \frac {E_{10}'}{277200} - \frac {\Delta }{1050} = \frac {1}{1050} \sum _{n \ge 1} (n \sigma _9(n) - \tau (n)) q^n\end {equation*}


$\tau (n)$


$t^m F(it)$


\begin {equation*}h(t) := \frac {F(it)}{F'(it)}.\end {equation*}


$h(0) := \lim _{t \to 0^+} h(t) = 0$


$h'(0) = \frac {2\pi }{m}$


$h(t)$


$t = 0$


$l(t) = \frac {2\pi }{m} t$


\begin {equation*}\frac {\dd }{\dd t}(t^m F(it)) = m t^{m-1} F(it) + t^m (-2\pi ) F'(it) = m t^{m-1} F'(it) \left (h(t) - l(t)\right ),\end {equation*}


$h(t) < l(t)$


$t > 0$


$g(t) = l(t) - h(t)$


$g(0) = 0$


$g(t)$


\begin {equation*}\frac {\dd }{\dd t} g(t) = \frac {2\pi }{m} + 2\pi \cdot \frac {(F'(it))^2 - F''(it) F(it)}{(F'(it))^2} > 0 \Leftrightarrow (m+1) (F')^2 - m F'' F > 0.\end {equation*}


$h(t)$


$t = 0$


$(m+1) (F')^2 - m F'' F$


$F$


\begin {equation*}\Phi _{n;k,s;\ell ,t}(F, G) = \sum _{r=0}^{n} (-1)^r \binom {k-s+n-1}{n-r} \binom {\ell -t+n-1}{r} (D^r F) (D^{n-r} G)\end {equation*}


$0 \le s \le k/2$


$0 \le t \le \ell /2$


$[F, G]_n^{(k, \ell )}$


$s = t = 0$


\begin {align*}\Phi _{2;m,0;m,0}(F, F) &= [F, F]_{2}^{(m,m)} \\ &= \sum _{r=0}^{2} (-1)^r \binom {m+1}{2-r} \binom {m+1}{r} (D^r F)(D^{2-r}F) \\ &= (m+1)m F''F - (m+1)^2 (F')^2\end {align*}


$\Phi _{2;m,0;m,0}(F, F)$


$F$


$w$


$s$


$m = w - s$


\begin {equation*}(m+1) (F')^2 - m F'' F = - \frac {1}{m + 1} \Phi _{2;w,s;w,s}(F, F).\end {equation*}


$2w + 4$


$2s$


$F$


$F'' F - (F')^2 > 0$


$X_{w, 1}$


$w$


$1$


\begin {align}\lim _{t \to 0^+} \frac {X_{w, 1}(it)}{t X_{w, 1}'(it)} &= \frac {2\pi }{w-1} \label {eqn:extremallimit} \\ \lim _{t \to 0^+} t^{w-1} X_{w, 1}(it) &= -\frac {6(-1)^{\frac {w}{2}}\beta _{w-2}}{\pi } \label {eqn:extremallimit2}\end {align}


$w \ge 6$


\begin {equation*}X_{w, 1}\left (-\frac {1}{z}\right ) = z^w A_w(z) + \left (z^2 E_2(z) - \frac {6iz}{\pi }\right ) z^{w-2}B_{w-2}(z) = z^w X_{w, 1}(z) - \frac {6iz^{w-1}}{\pi } B_{w-2}(z)\end {equation*}


$z = it$


\begin {equation}X_{w,1} \left (\frac {i}{t}\right ) = (-1)^{\frac {w}{2}}\left [t^w X_{w, 1}(it) - \frac {6 t^{w-1}}{\pi } B_{w-2}(it)\right ]. \label {eqn:Xw1trans}\end {equation}


$X_{w, 1}$


\begin {align*}X_{w, 1}' &= A_{w}' + E_2' B_{w-2} + E_2 B_{w-2}' \\ &= \partial _w A_w + \frac {w}{12} E_2 A_{w} + \frac {E_2^2 - E_4}{12} B_{w-2} + E_2 \left (\partial _{w-2} B_{w-2} + \frac {w-2}{12} E_2 B_{w-2}\right ) \\ &= \left (\partial _{w} A_{w} - \frac {1}{12} E_4 B_{w-2}\right ) + E_2 \left (\frac {w}{12} A_w + \partial _{w-2} B_{w-2}\right ) + E_2^2 \cdot \frac {w-1}{12} B_{w-2} \\ &=: \widetilde {A}_{w+2} + E_2 \widetilde {B}_{w} + E_2^2 \widetilde {C}_{w-2},\end {align*}


\begin {align*}\widetilde {A}_{w+2} &:= \partial _{w} A_{w} - \frac {1}{12} E_4 B_{w-2} \in \cM _{w+2}(\SL _2(\bZ )), \\ \widetilde {B}_{w} &:= \frac {w}{12} A_w + \partial _{w-2} B_{w-2} \in \cM _{w}(\SL _2(\bZ )), \\ \widetilde {C}_{w-2} &:= \frac {w-1}{12} B_{w-2} \in \cM _{w-2}(\SL _2(\bZ )).\end {align*}


$z = it$


\begin {align}&X_{w, 1}'\left (\frac {i}{t}\right ) \nonumber \\ &= (-1)^{\frac {w}{2} + 1} \left [t^{w+2} X_{w, 1}'(it) + \frac {t^{w+1}}{\pi } (-6 \widetilde {B}_{w}(it) - (w-1) B_{w-2}(it) E_{2}(it)) + \frac {t^w}{\pi ^2} \cdot 3(w-1) B_{w-2}(it)\right ] \nonumber \\ &= (-1)^{\frac {w}{2} + 1} \left [t^{w+2} X_{w, 1}'(it) + \frac {t^{w+1}}{\pi } \left (-\frac {w}{2} X_{w, 1}(it) - 6 B_{w}'(it)\right ) + \frac {t^w}{\pi ^2} \cdot 3(w-1) B_{w-2}(it)\right ] \label {eqn:dXw1trans}\end {align}


\begin {align*}\lim _{t \to 0^+} \frac {X_{w, 1}(it)}{t X_{w, 1}'(it)} &= \lim _{t \to \infty } \frac {X_{w, 1}(i/t)}{\frac {1}{t} X_{w, 1}'(i/t)} \\ &= \lim _{t \to \infty } -\frac {t^w X_{w, 1}(it) - \frac {6 t^{w-1}}{\pi } B_{w-2}(it)}{t^{w+1} X_{w, 1}'(it) + \frac {t^w}{\pi } \left (-\frac {w}{2} X_{w, 1}(it) - 6 B_{w-2}'(it)\right ) + \frac {t^{w-1}}{\pi ^2} \cdot 3(w-1) B_{w-2}(it)} \\ &= -\lim _{t \to \infty } \frac {t X_{w, 1}(it) - \frac {6}{\pi } B_{w-2}(it)}{t^2 X_{w, 1}'(it) + \frac {t}{\pi } \left (-\frac {w}{2} X_{w, 1}(it) - 6 B_{w-2}'(it)\right ) + \frac {1}{\pi ^2} \cdot 3(w-1) B_{w-2}(it)}.\end {align*}


$X_{w, 1}, X_{w, 1}'$


$-\frac {w}{2} X_{w, 1} - 6 B_{w-2}'$


$t \to \infty $


$B_{w-2}$


\begin {equation*}-\frac {-\frac {6}{\pi } \cdot \beta _{w-2}}{\frac {1}{\pi ^2} \cdot 3(w-1) \cdot \beta _{w-2}} = \frac {2\pi }{w-1}\end {equation*}


$X_{w, 1}$


$t \mapsto t^5 X_{6, 1}(it)$


$t > 0$


$X_{6, 1}$


$w = 6$


\begin {equation*}6 (X_{6, 1}')^2 - 5 X_{6, 1}'' X_{6, 1} = \Delta X_{4, 2}\end {equation*}


$t \mapsto t^4 (E_4(it) - 1)$


$t > 0$


\begin {equation*}\frac {\dd }{\dd t} \left [t^4 (E_4(it) - 1)\right ] = 4 t^3 (E_4(it) - 1) - 2\pi t^4 E_4'(it) < 0 \Leftrightarrow E_4(it) - 1 - \frac {\pi t}{6}(E_2(it) E_4(it) - E_6(it)) < 0.\end {equation*}


$t$


$1/t$


\begin {align*}&E_4\left (\frac {i}{t}\right ) - 1 - \frac {\pi }{6t}\left [E_2\left (\frac {i}{t}\right ) E_4\left (\frac {i}{t}\right ) - E_6\left (\frac {i}{t}\right )\right ] \\ &= t^4 E_4(it) - 1 - \frac {\pi }{6t}\left [\left (-t^2 E_2(it) + \frac {6t}{\pi }\right ) \cdot t^4 E_4(it) + t^6 E_6(it)\right ] \\ &= -1 + \frac {\pi t^5}{6}(E_2(it) E_4(it) - E_6(it)) \\ &= -1 + 120 \pi t^5 X_{6, 1}(it) < 0.\end {align*}


$\lim _{t \to 0^+} t^5 X_{6, 1}(it) = \frac {1}{120 \pi }$


$t \mapsto t^{11}X_{12, 1}(it)$


$t > 0$


$X_{12, 1}$


$w = 12$


\begin {equation*}12 (X_{12, 1}')^2 - 11 X_{12, 1}'' X_{12, 1} = \frac {1}{2^{10} \cdot 3^{6} \cdot 5^{2} \cdot 7^{2}}\cdot \Delta F,\end {equation*}


\begin {equation*}F = 49 E_2^2 E_4^3 - 25 E_2^2 E_6^2 - 48 E_2 E_4^2 E_6 - 25 E_4^4 + 49 E_4 E_6^2\end {equation*}


$16$


$2$


$t \mapsto t^{13}X_{14, 1}(it)$


$t > 0$


\begin {equation*}14 (X_{14, 1}')^2 - 13 X_{14, 1}'' X_{14, 1} = 4 \Delta ^2 X_{8, 2},\end {equation*}


$X_{8, 2}$


$8$


$2$


$t \mapsto t^{7} X_{8, 1}(it)$


$t \mapsto t^{9} X_{10, 1}(it)$


$t = 1$


\begin {equation*}\frac {\dd }{\dd t} (t^{7} X_{8, 1}(it)) = t^6 (7 X_{8, 1}(it) - 2\pi t X_{8, 1}'(it))\end {equation*}


$E_2(i) = \frac {3}{\pi }$


$E_6(i) = 0$


\begin {align*}7 X_{8, 1}(i) - 2\pi X_{8, 1}'(i) &= 7 \cdot \frac {E_4(i)^2 - E_2(i) E_6(i)}{1008} - 2\pi \left (\frac {-E_2(i)^2 E_6(i) + 2 E_2(i) E_4(i)^2 - E_4(i) E_6(i)}{1728}\right ) \\ &= E_4(i)^2 \left (\frac {7}{1008} - \frac {2\pi \cdot 2 \cdot \frac {3}{\pi }}{1728}\right ) = 0.\end {align*}


\begin {equation*}X_{10, 1} = \frac {E_4(E_2 E_4 - E_6)}{720}, \quad X_{10, 1}' = \frac {9 E_2^2 E_4^2 - 18 E_2 E_4 E_6 + 5 E_4^3 + 4 E_6^2}{8640}.\end {equation*}


$t \to 0^+$


$-\frac {6(-1)^{\frac {10}{2}} \beta _8}{\pi } = \frac {1}{120\pi }$


$t = 1$


\begin {equation*}X_{10, 1}(i) = \frac {E_2(i) E_4(i)^2}{720} = \frac {1}{720} \cdot \frac {3}{\pi } \cdot \frac {9 \Gamma (1/4)^{16}}{4096 \pi ^{12}} > \frac {1}{120\pi }.\end {equation*}


$t^{m+1} F'(it)$


$t^m F(it)$


$a > 1$


$t > 0$


\begin {equation*}g_a(t) := F(it) - a^{m} F(iat).\end {equation*}


\begin {equation*}\frac {\dd }{\dd t} g_a(t) = (-2 \pi ) (F'(it) - a^{m+1} F'(iat)),\end {equation*}


$g_a(t)$


$a > 1$


$\lim _{t \to \infty } g_a(t) = 0$


$g_a(t) \ge 0$


$t \mapsto t^m F(it)$


\begin {align*}t \mapsto t^{7} X_{8, 2}(it), \\ t \mapsto t^{9} X_{10, 2}(it), \\ t \mapsto t^{11} X_{12, 2}(it), \\ t \mapsto t^{13} X_{14, 2}(it).\end {align*}


$X_{8, 2}' = 2 X_{4, 2} X_{6, 1}$


$t^{8} X_{8, 2}'(it) = 2 \cdot t^3 X_{4, 2}(it) \cdot t^5 X_{6, 1}(it)$


$t^{7} X_{8, 2}(it)$


$t^{w-1} X_{w, 1}(it)$


$1$


$w \ge 6$


$w = 8, 10$


\begin {equation*}t \mapsto t^{w-1} X_{w, 1}(it)\end {equation*}


$t > 0$


$w = 8$


$w = 10$


$t = 0$


$w \ge 12$


$t \mapsto t^{w-1} X_{w, 1}(it)$


$t = 0$


$w \ge 16$


$t = 0$


\begin {equation*}2 \pi t X_{w, 1}'(it) - (w-1) X_{w, 1}(it) > 0\end {equation*}


$t = 0$


$t$


$1/t$


\begin {align*}&\frac {2\pi }{t} X_{w, 1}'\left (\frac {i}{t}\right ) - (w-1) X_{w, 1}\left (\frac {i}{t}\right ) \\ &= (-1)^{\frac {w}{2}} \left [-2 \pi t^{w+1} X_{w,1}'(it) + t^w \left (w X_{w, 1}(it) + 12 B_{w-2}'(it)\right ) - \frac {2t^{w-1}}{\pi }\cdot 3(w-1) B_{w-2}(it) \right . \\ &\quad \left .- (w-1)t^w X_{w, 1}(it) + \frac {6(w-1)t^{w-1}}{\pi }B_{w-2}(it)\right ] \\ &= (-1)^{\frac {w}{2}} t^w \left ( -2 \pi t X_{w, 1}'(it) + X_w(it) + 12 B_{w-2}'(it)\right ) > 0\end {align*}


$t$


$X_{w, 1}(it)$


$X_{w, 1}'(it)$


$O(e^{-4 \pi t})$


$t$


$\lim _{t \to \infty } (-1)^{\frac {w}{2}} B_{w-2}'(it) = (-1)^{\frac {w}{2}} \beta _{w-2,1} > 0$


$t^{a_w} X_{w, 1}(it)$


\begin {equation*}a_w = w - \lceil w/6 \rceil \le w - 1\end {equation*}


$w \ge 6$


\begin {equation*}t \mapsto t^{w-\lceil w/6 \rceil } X_{w, 1}(it)\end {equation*}


$t > 0$


$a_w := w - \lceil w/6 \rceil $


$a_w$


$w \ge 12$


$w \equiv 0 \pmod {6}$


\begin {align}a_w &= \min \{a_{w-4} + 4, a_{w-6} + 5\} \label {eqn:awrec1} \\ a_{w+2} &= \min \{a_{w-2} + 4, a_{w-4} + 5\} \label {eqn:awrec2} \\ a_{w+4} &= \min \{a_w + 4, a_{w-2} + 5, a_{w-4} + 7\} \label {eqn:awrec3}\end {align}


$w = 6k$


$a_w = 5k$


$a_{w-4} + 4 = 6k - 4 - k + 4 = 5k$


$a_{w-6} + 5 = 5(k-1) + 5 = 5k$


$w = 6, 8, 10$


$w -6, w-4, w-2$


$w \ge 12$


$w \equiv 0 \pmod {6}$


\begin {equation*}t^5 X_{6, 1}(it) \cdot t^{a_{w-4}} X_{w-4, 1}(it), \quad t^6 X_{8, 1}(it) \cdot t^{a_{w-6}} X_{w-6, 1}(it)\end {equation*}


\begin {equation*}t^{a_w + 1} X_{w, 1}'(it) := \frac {5w}{72} \cdot t^5 X_{6, 1}(it) \cdot t^{a_w - 4} X_{w-4, 1}(it) + \frac {7w}{72} \cdot t^6 X_{8, 1}(it) \cdot t^{a_w - 5} X_{w-6, 1}(it)\end {equation*}


$t^{a_w} X_{w, 1}(it)$


$t^{a_{w+2}} X_{w+2, 1}(it)$


$t^{a_{w+4}} X_{w+4, 1}(it)$


$F$


$1$


$N \in \bZ _{\ge 1}$


$F^{\langle N \rangle }(z) := F(Nz)$


$\Gamma _0(N)$


$F'$


$t \mapsto F(it)$


$t > 0$


$F(z) - F^{\langle N \rangle }(z)$


$t \mapsto t^m F(it)$


$m > 0$


$F$


$m \in \bR _{> 0}$


$t \mapsto t^m F(it)$


$t > 0$


$N \in \bZ _{\ge 1}$


$F(z) - N^{m} F^{\langle N \rangle }(z)$


$\Gamma _0(N)$


$\lim _{t \to 0^+} t^m F(it)$


$N^{m}$


$c > N^{m}$


$F(z) - c F^{\langle N \rangle }(z)$


$t^{m} F(it)$


\begin {equation*}t^m F(it) - (Nt)^m F(iNt) = t^m (F(it) - N^m F(iNt))\end {equation*}


$t > 0$


$\lim _{t \to 0^+} t^m F(it) = L > 0$


\begin {equation*}\lim _{t \to 0^+} \frac {F(it)}{F(iNt)} = \lim _{t \to 0^+} \frac {N^m \cdot t^m F(it)}{(Nt)^m F(iNt)} = \frac {N^m \cdot L}{L} = N^m\end {equation*}


$N = 2$


\begin {align*}P_1(z) &:= X_{4, 2}(z) - 8 X_{4, 2}(2z) \\ &= \sum _{n \ge 1} n \left (\sigma _1(n) - 4 \sigma _1\left (\frac {n}{2}\right )\right ) q^n \in \QM _{4}^{2, +}(\Gamma _0(2)) \\ P_2(z) &:= \frac {-E_2(z) + 5E_2(2z) - 4E_2(4z)}{24} \\ &= \sum _{n \ge 1} \left (\sigma _1(n) - 5 \sigma _1\left (\frac {n}{2}\right ) + 4\sigma _1\left (\frac {n}{4}\right )\right ) q^n \in \QM _{2}^{1, +}(\Gamma _0(4)) \\ P_3(z) &:= X_{6, 1}(z) - 32 X_{6, 1}(2z) \\ &= \sum _{n \ge 1} n \left (\sigma _3(n) - 16 \sigma _3\left (\frac {n}{2}\right )\right ) q^n \in \QM _{6}^{1, +}(\Gamma _0(2)) \\ P_4(z) &:= X_{12, 1}(z) - 2^{11} X_{12, 1}(2z) \\ &= \frac {1}{1050}\sum _{n \ge 1} \left [n\left (\sigma _9(n) - 2^{10} \sigma _9\left (\frac {n}{2}\right )\right ) - \left (\tau (n) - 2^{11}\tau \left (\frac {n}{2}\right )\right ) \right ]q^n \in \QM _{12}^{1, +}(\Gamma _0(2))\end {align*}


$n$


$P_1(z)$


$n$


$n \sigma _1(n)$


$n = 2^k \cdot m$


$k \ge 1$


$m$


\begin {equation*}n\left (\sigma _1(n) - 4\sigma _1\left (\frac {n}{2}\right )\right ) = n \cdot (\sigma _1(2^k) \sigma _1(m) - 4 \sigma _1(2^{k-1}) \sigma _1(m)) = n \cdot (-2^{k+1} + 3) \sigma _1(m) < 0.\end {equation*}


$z \mapsto z + \frac {1}{2}$


$\Gamma _0(4)$


\begin {equation*}- P_1\left (z + \frac {1}{2}\right ) = -X_{4, 2} \left (z + \frac {1}{2}\right ) + 8 X_{4, 2} \left (2z\right ) = \sum _{n \ge 1} n \left (\sigma _1(n) - 4 \sigma _1\left (\frac {n}{2}\right )\right ) (-1)^{n+1} q^n \in \QM _{4}^{2, ++}(\Gamma _0(4)).\end {equation*}


$n$


$P_3(z)$


$n$


$\Gamma _0(4)$


\begin {equation*}- P_3\left (z + \frac {1}{2}\right ) = -X_{6, 1} \left (z + \frac {1}{2}\right ) + 32 X_{6, 1} \left (2z\right ) = \sum _{n \ge 1} n \left (\sigma _3(n) - 16 \sigma _3\left (\frac {n}{2}\right )\right ) (-1)^{n+1} q^n \in \QM _{6}^{1, ++}(\Gamma _0(4)).\end {equation*}


$P_2(z)$


$n$


$n$


$n = 2m$


$m$


$n = 2^k \cdot m$


$k \ge 2$


$n$


\begin {equation*}(\sigma _1(2^k) - 5 \sigma _1(2^{k-1}) + 4 \sigma _1(2^{k-2})) \sigma _1(m) = ((2^{k+1} - 1) - 5 (2^k - 1) + 4 (2^{k-1} - 1))\sigma _1(m) = 3 \cdot 2^{k-1} \sigma _1(m) > 0.\end {equation*}


$n$


$P_2(z)$


$n \not \equiv 2 \pmod {4}$


$P_2(z) = \sum _{n \ge 1} a_n q^n$


\begin {align*}P_2\left (\frac {z}{2} + \frac {1}{4}\right ) &= i a_1 q^{1/2} - a_2 q - i a_3 q^{3/2} + a_4 q^2 + i a_5 q^{5/2} - a_6 q^3 - i a_7 q^{7/2} + a_8 q^4 + \cdots \\ P_2\left (\frac {z}{2} - \frac {1}{4}\right ) &= -i a_1 q^{1/2} - a_2 q + i a_3 q^{3/2} + a_4 q^2 - i a_5 q^{5/2} - a_6 q^3 + i a_7 q^{7/2} + a_8 q^4 + \cdots \end {align*}


\begin {align*}&\frac {1}{2} \left (P_2(z) - P_2\left (z + \frac {1}{2}\right )\right ) = \frac {- E_2(z) + E_2\left (z + \frac {1}{2}\right )}{48} = \sum _{k \ge 0} \sigma _1(2k + 1) q^{2k + 1} \\ &\frac {1}{14} \left (P_2\left (\frac {z}{2} + \frac {1}{4}\right ) + P_2 \left (\frac {z}{2} - \frac {1}{4}\right )\right ) = \frac {1}{24} (6 E_2(4z) - 5 E_2(2z) - E_2(z)) \\ &= \frac {1}{2} \sum _{n \equiv 0\,(\mathrm {mod}{4})} \left (\sigma _1(n) - 5 \sigma _1\left (\frac {n}{2}\right ) + 4 \sigma _1\left (\frac {n}{4}\right )\right ) q^{n/2} + \frac {1}{2} \sum _{n \equiv 2\,(\mathrm {mod}{4})} \left (5 \sigma _1\left (\frac {n}{2}\right ) - \sigma _1(n)\right )q^{n/2}\end {align*}


$\Gamma _0(4)$


$P_4(z)$


$\tau (n)$


$n$


$P_4(z)$


$n$


\begin {equation*}n \sigma _9(n) - \tau (n) > n \sigma _9(n) - \sigma _0(n) n^{\frac {11}{2}} \ge n^{10} - n^{\frac {13}{2}} > 0,\end {equation*}


$\sigma _9(n) > n^9$


$\sigma _0(n) \le n$


$|\tau (n)| < \sigma _0(n) n^{\frac {11}{2}}$


$n = 2^k \cdot m$


$k \ge 1$


$m$


$n$


\begin {align*}&n \left (\sigma _9(2^k) - 2^{10} \sigma _9(2^{k-1})\right ) \sigma _9(m) - \left (\tau (2^k) - 2^{11} \tau (2^{k-1})\right ) \tau (m) \\ &= n \cdot \frac {-2^{9(k+1)} + 1023}{511} \cdot \sigma _9(m) - (\tau (2^{k+1}) + 25 \tau (2^{k})) \tau (m) \\ &< 2^k \cdot \frac {-2^{9(k+1)} + 1023}{511} \cdot m \sigma _9(m) + ((k+2) 2^{\frac {11(k+1)}{2}} + 25 (k+1) 2^{\frac {11k}{2}}) m^{\frac {13}{2}}\end {align*}


$k \ge 2$


\begin {align*}2^k \cdot \frac {2^{9(k+1)} - 1023}{511} > 2^{\frac {11k}{2}} ((2^{\frac {11}{2}} + 25)k + (2^{\frac {13}{2}} + 25)), \quad m \sigma _9(m) > m^{10} \ge m^{\frac {13}{2}}\end {align*}


$k \ge 2$


$m \ge 1$


$\tau (2^{k+1}) = \tau (2)\tau (2^k) - 2^{11} \tau (2^{k-1}) = -24 \tau (2^k) - 2048 \tau (2^{k-1})$


$k=1$


$n = 2m$


$n$


\begin {equation*}n (\sigma _9(2) - 2^{10} \sigma _9(1)) - (\tau (2) - 2^{11}\tau (1)) \tau (m) = -1022 m \sigma _9(m) + 2072 \tau (m)\end {equation*}


$m = 1$


$m \ge 2$


$w \ge 6$


$N \ge 2$


\begin {equation*}X_{w, 1}(z) - N^{w - \lceil w/6 \rceil } X_{w, 1}(Nz)\end {equation*}


$\Gamma _0(N)$


$w - 1$


$w - \lceil w/6 \rceil $


\begin {align*}\widetilde {X}_{8, 2}(z) := X_{8, 2}(z) - 2^{7} X_{8, 2}(2z) & \in \QM _{8}^{2, +}(\Gamma _0(2)) \\ \widetilde {X}_{10, 2}(z) := X_{10, 2}(z) - 2^{9} X_{10, 2}(2z) & \in \QM _{10}^{2, +}(\Gamma _0(2)) \\ \widetilde {X}_{12, 2}(z) := X_{12, 2}(z) - 2^{11} X_{12, 2}(2z) & \in \QM _{12}^{2, +}(\Gamma _0(2)) \\ \widetilde {X}_{14, 2}(z) := X_{14, 2}(z) - 2^{13} X_{14, 2}(2z) & \in \QM _{14}^{2, +}(\Gamma _0(2)).\end {align*}


$m$


$F(z) - N^m F(Nz)$


$F$


\begin {align*}F &= 49 E_2^2 E_4^3 - 25 E_2^2 E_6^2 - 48 E_2 E_4^2 E_6 - 25 E_4^4 + 49 E_4 E_6^2, \\ G &= H_2^5 (2 H_2^2 + 7 H_2 H_4 + 7 H_4^2).\end {align*}


\begin {equation*}F(it) < \frac {432}{\pi ^2} G(it)\end {equation*}


$t > 0$


$F(it)/G(it)$


$\lim _{t \to 0^+} F(it)/G(it) = 432/\pi ^2$


$F$


$G$


\begin {equation*}\cL _{1, 0} := F' G - F G' = (\partial _{14} F) G - F (\partial _{14} G)\end {equation*}


$\cL _{1, 0}$


\begin {equation}\label {eqn:d24ineqfactor} \cL _{1, 0} = \frac {105}{8} \cdot H_{2}^{5} H_{4}^{2} (H_{2} + H_{4})^{2} \cdot L,\end {equation}


$L := K_{10}E_2^2 + K_{12}E_2 + K_{14}$


$14$


$\Gamma (2)$


$2$


\begin {align*}K_{10} &= -2 (23 H_2^4 + 46 H_2^3 H_4 + 54 H_2^2 H_4^2 + 16 H_2 H_4^3 + 8 H_4^4) (H_2 + 2H_4), \\ K_{12} &= -2 (10 H_2^4 + 35 H_2^3 H_4 + 3 H_2^2 H_4^2 -64 H_2 H_4^3 -32 H_4^4)(H_2^2 + H_2 H_4 + H_4^2), \\ K_{14} &= (26 H_2^6 + 78 H_2^5 H_4 + 177 H_2^4 H_4^2 + 182 H_2^3 H_4^3 + 51 H_2^2 H_4^4 - 48 H_2 H_4^5 - 16 H_4^6)(H_2 + 2H_4).\end {align*}


$K_w$


$w \in \{10, 12, 14\}$


$w$


$\Gamma (2)$


$K_w$


$z \mapsto z + 1$


$\Gamma _0(2) \subset \Gamma (2)$


$\Gamma _0(2)$


$A = H_2^2$


$B = H_2 + 2H_4$


\begin {equation*}A = 4 \left (\sum _{n \geq 0} r_4(2n+1) q^{n + \frac {1}{2}}\right )^{2}, \quad B = 2\left (1 + \sum _{n \geq 1}r_4(2n) q^{n}\right ).\end {equation*}


$r_4(n)$


$n$


$X_{w, s}^{\langle 2 \rangle }(z) := X_{w, s}(2z)$


$L$


$X_{8, 2}^{\langle 2 \rangle }, \widetilde {X}_{8, 2}, X_{10, 2}^{\langle 2 \rangle }, \widetilde {X}_{10, 2}, X_{12, 2}^{\langle 2 \rangle } , \widetilde {X}_{12, 2}$


$A, B$


\begin {equation}\label {eqn:d24ineqLcomb} L = a_1 X_{8, 2}^{\langle 2 \rangle }AB + a_2 \widetilde {X}_{8, 2}AB + a_3 X_{10, 2}^{\langle 2 \rangle }A + a_4 \widetilde {X}_{10, 2}A + a_5 X_{12, 2}^{\langle 2 \rangle } B + a_6 \widetilde {X}_{12, 2} B\end {equation}


$a_1, \dots , a_6$


\begin {align*}a_1 &= 78278400, \\ a_2 &= 550800, \\ a_3 &= 90823680, \\ a_4 &= 116640, \\ a_5 &= 678813696000, \\ a_6 &= 331776000,\end {align*}


$L$


$X_{8, 2}, X_{10, 2}, X_{12, 2}$


$\rE _8$


$8$


$24$


\begin {align}\what {\cE }_{1, 0} &= 12 \pi i (-E_2 E_4 E_6 + E_6^2 + 720 \Delta ) \\ \what {\cE }_{1, 1} &= 2 \pi ^2 (E_2^2 E_4 E_6 - 2 E_2 E_6^2 - 1728 E_2 \Delta + E_4^2 E_6) \\ \what {\cE }_{1}(\tau ) &= \tau \what {\cE }_{1, 1}(\tau ) + \what {\cE }_{1, 0}(\tau ).\end {align}


\begin {equation}\label {eqn:inequality3b} i \what {\cE _{1}}(it) > 0\end {equation}


$t > 0$


$d = 24$


$t \mapsto t^{11} X_{12, 1}(it)$


$(0, \infty )$


\begin {equation*}X_{12, 1} = \frac {-12 E_2 E_4 E_6 + 5 E_4^3 + 7 E_6^2}{3991680} \Leftrightarrow -12 E_2 E_4 E_6 + 5 E_4^3 + 7 E_6^2 = 3991680 X_{12, 1}.\end {equation*}


\begin {equation*}X_{12, 1}' = 2 X_{6, 1} X_{8, 1} = 2 \cdot \frac {E_2 E_4 - E_6}{720} \cdot \frac {- E_2 E_6 + E_4^2}{1008} = \frac {11}{3991680} (-E_2^2 E_4 E_6 + E_2 E_4^3 + E_2 E_6^2 - E_4^2 E_6).\end {equation*}


$\what {\cE }_{1, 0}$


$\what {\cE }_{1, 1}$


$X_{12, 1}$


$X_{12, 1}'$


\begin {align*}\what {\cE }_{1, 0} &= 12 \pi i \left (- E_2 E_4 E_6 + E_6^2 + \frac {5}{12} (E_4^3 - E_6^2)\right ) = \pi i \cdot (-12 E_2 E_4 E_6 + 5 E_4^3 + 7 E_6^2) = \pi i \cdot 3991680 X_{12, 1} \\ \what {\cE }_{1, 1} &= 2 \pi ^2 (E_2^2 E_4 E_6 - 2 E_2 E_6^2 - E_2 (E_4^3 - E_6^2) + E_4^2 E_6) = -\frac {2 \pi ^2}{11} \cdot 3991680 X_{12, 1}'\end {align*}


\begin {align*}i\what {\cE }_{1}(it) &= -t \what {\cE }_{1, 1}(it) + i \what {\cE }_{1, 0}(it) = 3991680 \pi \left (\frac {2 \pi t}{11} X_{12, 1}'(it) - X_{12, 1}(it)\right ) \\ &= -362880 \pi t^{-10} \cdot \frac {\dd }{\dd t}(t^{11} X_{12, 1}(it))\end {align*}


$t \mapsto t^{11} X_{12, 1}(it)$


$t \mapsto X_{12, 1}(it) / X_{12, 1}'(it)$


\begin {equation*}\lim _{t \to 0^+} t^{11} X_{12, 1}(it) = \frac {6(-1)^{\frac {12}{2}}\beta _{10}}{\pi } = \frac {1}{55400 \pi }\end {equation*}


$t = 0$


$l(t) := \frac {2\pi t}{11}$


$\psi _I(z) = z^2\psi _S(-1/z)$


\begin {align}\phi _0 &= 1728 \frac {(E_2 E_4 - E_6)^2}{E_4^3 - E_6^2}, \label {eqn:d8forig} \\ \psi _S &= -128 \left ( \frac {\Theta _3^4 + \Theta _2^4}{\Theta _4^8} + \frac {\Theta _2^4 - \Theta _4^4}{\Theta _3^8}\right ). \label {eqn:d8gorig}\end {align}


\begin {align}\phi _0(it) - \frac {36}{\pi ^2}\psi _S(it) &> 0, \label {eqn:d8ineq1} \\ \phi _0(it) + \frac {36}{\pi ^2}\psi _S(it) &> 0, \label {eqn:d8ineq2}\end {align}


$t > 0$


$n$


$\phi _0$


$\psi _S$


\begin {align}|c_{\phi _0}(n)| &\le 2e^{4 \pi \sqrt {n}}, \quad n \in \bZ _{>0} \label {eqn:c_phi_0_bound} \\ |c_{\psi _S}(n)| &\le 2e^{4 \pi \sqrt {n}}, \quad n \in \frac {1}{2} \bZ _{>0}. \label {eqn:c_psi_S_bound}\end {align}


$\psi _S(it) < 0$


$t > 0$


$\varphi (it) < 0$


\begin {equation*}- \Delta ^2 \varphi = 25 E_4^4 - 49 E_6^2 E_4 + 48 E_6 E_4^2 E_2 - 49 E_4^3 E_2^2 + 25 E_6^2 E_2^2 = \sum _{n \ge 3} a_n q^n \ge 0\end {equation*}


$q = e^{-2\pi t}$


$t > 0$


$t \ge 1$


$q = e^{-2\pi t} < 1/535$


$n \ge 50$


$10^{-50} q^6$


$\sum _{3 \le n < 50} a_n q^n + 10^{-50} q^6$


$(0, 1/535)$


$\varphi (it) < 0$


$-\Delta (it)^2 \varphi (it) > 0$


$t$


$0 < t < 1$


$\varphi (i/t)$


$t$


$\pi $


$\pi $


$3.141592653 < \pi < 3.141592654$


$\phi _0(it) > 0$


$\psi _S(it) < 0$


$\phi _0 = (E_2 E_4 - E_6)^2 / \Delta $


$\Delta (it) = e^{-2\pi t} \prod _{n \ge 1} (1 - e^{-2 \pi n t})^{24} > 0$


$\psi _S(it) < 0$


$\psi _I(it) = -t^{2} \psi _S(i/t) > 0$


\begin {equation}\psi _I = 128 \left (\frac {\Theta _3^4 + \Theta _4^4}{\Theta _2^8} + \frac {\Theta _4^4 - \Theta _2^4}{\Theta _3^8}\right ).\end {equation}


$\psi _I$


\begin {equation}\psi _I = \frac {128}{\Theta _3^4} \frac {(1 - \lambda )(2 + \lambda + 2 \lambda ^2)}{\lambda ^2}\end {equation}


$\lambda $


\begin {equation}\label {eqn:lambda} \lambda = \frac {H_2}{H_3} = \frac {H_2}{H_2 + H_4}\end {equation}


$f: \mathbb {H} \to \mathbb {C}$


$\mathbb {H} = \{z \in \mathbb {C}: \Im z > 0\}$


$w$


$\gamma \in \mathrm {SL}_2(\mathbb {Z})$


\begin {equation*}(f|_{w} \gamma )(z) := (cz + d)^{-w}f \left (\frac {az + b}{cz + d}\right ), \quad \gamma = \begin {bmatrix} a & b \\ c & d \end {bmatrix} \in \mathrm {SL}_{2}(\mathbb {Z}).\end {equation*}


$T = \left [\begin {smallmatrix} 1 & 1 \\ 0 & 1\end {smallmatrix}\right ]$


$S = \left [\begin {smallmatrix} 0 & -1 \\ 1 & 0\end {smallmatrix}\right ]$


$\mathrm {SL}_{2}(\mathbb {Z})$


$w \ge 4$


\begin {equation*}\sum _{\gamma \in \SL _2(\bZ )} (1|_w \gamma )(z) = \sum _{\gamma = \left [\begin {smallmatrix} a&b \\c & d \end {smallmatrix}\right ] \in \SL _2(\bZ )} \frac {1}{(cz + d)^w}\end {equation*}


$\Gamma _\infty = \{\left [\begin {smallmatrix} 1 & n \\ 0 & 1 \end {smallmatrix}\right ] : n \in \bZ \}$


\begin {equation}\label {eqn:eis_def} E_w(z) := \sum _{\gamma \in \Gamma _\infty \backslash \SL _2(\bZ )} (1|_{w} \gamma )(z) = \frac {1}{2}\sum _{\substack {(c, d) \in \bZ ^2 \\ \gcd (c, d) = 1}} \frac {1}{(cz + d)^w}\end {equation}


$w > 2$


$w$


$E_w$


\begin {equation}\label {eqn:eis_fourier} E_w(z) = 1 - \frac {2w}{B_w} \sum _{n \ge 1} \sigma _{w-1}(n) q^n,\end {equation}


$B_w$


$w$


\begin {equation}\frac {x}{e^x - 1} = \sum _{k \ge 0} B_k \frac {x^k}{k!}\end {equation}


$\sigma _a(n) := \sum _{d | n} d^a$


$4$


$6$


\begin {align}E_4(z) &= 1 + 240 \sum _{n \ge 1} \sigma _3(n) q^n \\ E_6(z) &= 1 - 504 \sum _{n \ge 1} \sigma _5(n) q^n\end {align}


\begin {align}E_4(z + 1) &= E_4(z), \label {eqn:E4_T} \\ E_6(z + 1) &= E_6(z), \label {eqn:E6_T} \\ z^{-4} E_4\left (-\frac {1}{z}\right ) &= E_4(z), \label {eqn:E4_S} \\ z^{-6} E_6\left (-\frac {1}{z}\right ) &= E_6(z). \label {eqn:E6_S}\end {align}


$1$


$\bC [E_4, E_6]$


$E_w$


$1$


\begin {equation}\label {eqn:disc_form} \Delta (z) = \frac {E_4^3 - E_6^2}{1728} = q \prod _{n \ge 1} (1 - q^n)^{24} = \eta (z)^{24}\end {equation}


$12$


$1$


$\eta (z) = q^{1/24} \prod _{n\geq 1} (1 - q^n)$


$q^{1/24} = e^{2 \pi i z / 24}$


$\Lambda \subset \bR ^d$


$d$


$\bZ $


$d$


$\Lambda $


$\Lambda $


\begin {equation}\label {eqn:lattice_theta} \Theta _\Lambda (z) = \sum _{v \in \Lambda } q^{\frac {\langle v, v \rangle }{2}}.\end {equation}


$\Lambda ^\ast := \{ w \in \bR ^d : \langle v, w \rangle \in \bZ , \,\forall v \in \Lambda \}$


$\Lambda $


$f: \bR ^d \to \bR $


\begin {equation}\label {eqn:lattice_poisson} \sum _{v \in \Lambda } f(v) = \frac {1}{|\Lambda |} \sum _{w \in \Lambda ^\ast } \what {f}(w)\end {equation}


$\what {f}$


\begin {equation}\what {f}(\by ) := \int _{\bR ^{d}} f(\bx ) e^{-2 \pi i \langle \bx , \by \rangle } \dd \bx \end {equation}


$|\Lambda |$


$\bR ^{d} / \Lambda $


$\Lambda = \bZ $


\begin {equation}\sum _{n \in \bZ } f(n) = \sum _{n \in \bZ } \what {f}(n)\end {equation}


$f : \bR \to \bR $


$f(\bx ) := e^{\pi i z |\bx |^2}$


$\bx \in \bR ^d$


\begin {equation}\label {eqn:lattice_theta_transform} \Theta _{\Lambda ^\ast }(z) = |\Lambda |^{\frac {1}{2}}\left (\frac {i}{z}\right )^{\frac {d}{2}} \Theta _\Lambda \left (-\frac {1}{z}\right ).\end {equation}


$\Lambda $


$\Lambda ^\ast = \Lambda $


\begin {equation}\label {eqn:lattice_theta_transform_selfdual} \Theta _{\Lambda }(z) = |\Lambda |^{\frac {1}{2}}\left (\frac {i}{z}\right )^{\frac {d}{2}} \Theta _\Lambda \left (-\frac {1}{z}\right ),\end {equation}


$\Theta _\Lambda $


$d/2$


\begin {equation}\label {eqn:lattice_theta_qexp} \Theta _\Lambda (z) = \sum _{n \ge 0} r_\Lambda (n) q^{\frac {n}{2}}\end {equation}


$r_\Lambda (n) := \# \{ v \in \Lambda : \langle v, v \rangle = n\}$


$\Lambda $


$n$


$\Lambda $


$\langle v, v \rangle \in 2\bZ $


$v \in \Lambda $


$|\Lambda | = 1$


$\Theta _\Lambda $


$d/2$


$\SL _2(\bZ )$


$d = 1$


$\Lambda = \bZ $


\begin {equation}\label {eqn:jacobi_theta3} \Theta _3(z) := \Theta _{\bZ }(z) = \sum _{n \in \bZ } q^{\frac {n^2}{2}},\end {equation}


\begin {equation}\label {eqn:theta3_S} \Theta _3\left (-\frac {1}{z}\right ) = \left (\frac {z}{i}\right )^{\frac {1}{2}} \Theta _3(z).\end {equation}


$\Theta _2$


$\Theta _4$


\begin {align}\Theta _2(z) &:= \sum _{n \in \bZ } q^{\frac {1}{2}\left (n + \frac {1}{2}\right )^2} \label {eqn:jacobi_theta2} \\ \Theta _4(z) &:= \sum _{n \in \bZ } (-1)^n q^{\frac {n^2}{2}} \label {eqn:jacobi_theta4}\end {align}


\begin {align}\Theta _2(z + 1) &= \sqrt {i} \Theta _2(z) \label {eqn:theta2_T} \\ \Theta _3(z + 1) &= \Theta _4(z) \Leftrightarrow \Theta _4(z + 1) = \Theta _3(z) \label {eqn:theta34_T} \\ \Theta _2\left (-\frac {1}{z}\right ) &= \left (\frac {z}{i}\right )^{\frac {1}{2}} \Theta _4(z) \Leftrightarrow \Theta _4\left (-\frac {1}{z}\right ) = \left (\frac {z}{i}\right )^{\frac {1}{2}} \Theta _2(z). \label {eqn:theta24_S}\end {align}


\begin {equation}\label {eqn:jacobi_identity_theta} \Theta _3^4 = \Theta _2^4 + \Theta _4^4\end {equation}


\begin {equation}\label {eqn:h234} H_2 := \Theta _2^4, \quad H_3 := \Theta _3^4, \quad H_4 := \Theta _4^4.\end {equation}


\begin {align}H_2(z) &= 2 \sum _{n \geq 0} r_4(2n + 1) q^{n + \frac {1}{2}}, \label {eqn:h2_qexp} \\ H_3(z) &= 1 + \sum _{n \geq 1} r_4(n)q^{\frac {n}{2}}, \label {eqn:h3_qexp} \\ H_4(z) &= 1 + \sum _{n \geq 1} (-1)^{n} r_4(n)q^{\frac {n}{2}}, \label {eqn:h4_qexp}\end {align}


$r_4(k) := \# \{ \mathbf {x} \in \mathbb {Z}^{4}: \|\mathbf {x}\|^2 = k\}$


$2$


$\Gamma (2)$


\begin {align}H_2|T = - H_2, \quad H_3|T &= H_4, \quad H_4|T = H_3, \label {eqn:h2h3h4_T} \\ H_2|S = - H_4, \quad H_3|S &= -H_3, \quad H_4|S = -H_2. \label {eqn:h2h3h4_S}\end {align}


$E_4, E_6, \Delta $


\begin {align}E_4 &= \frac {1}{2}(H_{2}^{2} + H_{3}^{2} + H_{4}^{2}) = H_{2}^{2} + H_{2}H_{4} + H_{4}^{2} \label {eqn:e4theta} \\ E_6 &= \frac {1}{2} (H_{2} + H_{3})(H_{3} + H_{4}) (H_{4} - H_{2}) = \frac {1}{2}(H_2 + 2H_4)(2H_2 + H_4)(H_4 - H_2) \label {eqn:e6theta} \\ \Delta &= \frac {1}{256} (H_{2}H_{3}H_{4})^2. \label {eqn:disctheta}\end {align}


$\rE _8$


$8$


$\rE _8$


$8$


$24$


$1$


$E_2$


$E_2$


$E_2$


$E_2$


$E_2 : \bH \to \bC $


$\bH $


$E_2$


\begin {align}E_2(z) &= \frac {1}{2\zeta (2)} \lim _{N \to \infty } \sum _{-N \le m \le N} \sum _{n \in \bZ } \frac {1}{(mz + n)^2} \label {eqn:lean_E2_doublesum} \\ E_2(z) &= 1 - 24 \sum _{n \ge 1} \sigma _1(n) q^n \label {eqn:lean_E2_qexp} \\ E_2(z) &= (\log \Delta )'(z) = \frac {\Delta '(z)}{\Delta (z)} \label {eqn:lean_E2_eq_logderiv_delta} \\ E_2(z) &= \frac {3E_4'(z) + E_6(z)}{E_4(z)}. \label {eqn:lean_E2_ramanujan}\end {align}


$\Delta (z)$


$\Delta $


$\frac {E_4^3 - E_6^2}{1728}$


$\Delta (z)$


$\bH $


$\Delta $


$q$


$q \prod _{n \ge 1} (1 - q^n)^{24}$


$\Delta (z)$


$\bH $


$q$


$E_4(z)$


$e^{2\pi i / 3}$


$\SL _2(\bZ )$


$q$


$E_2$


$\pi \cot (\pi z) = \frac {1}{z} + \sum _{n > 0} \left (\frac {1}{z - n} + \frac {1}{z + n}\right )$


$\Delta (z)$


$\Delta (z) = \eta (z)^{24}$


$\eta (z) = q^{1/24} \prod _{n \ge 1} (1 - q^n)$


$E_2(z) = \frac {1}{24} (\log \eta )'(z)$


$\eta (z)$


\begin {equation*}\eta \left (-\frac {1}{z}\right ) = \sqrt {\frac {z}{i}} \eta (z),\end {equation*}


$\Delta (z)$


$\Delta (z)$


$12$


$1$


$f: \bR ^d \to \bC $


$\delta > 0$


$|f(\bx )|$


$|\what {f}(\bx )|$


$C(1 + |\bx |)^{-d - \delta }$


$C > 0$


\begin {align}|\phi _0(z)| &\le C_{0} e^{-2 \pi \Im z} \label {eqn:phi_0_exp_bound} \\ |\psi _S(z)| &\le C_{S} e^{- \pi \Im z} \label {eqn:psi_S_exp_bound}\end {align}


$C_{0}, C_{S} > 0$


$\Im z > 1/2$


\begin {equation}F(z) = \sum _{n \ge n_0} a_n e^{\pi i n z}\end {equation}


\begin {equation}\left |\frac {F(z)}{\Delta (z)}\right | \le C_F e^{-\pi (n_0 - 2) \Im z}\end {equation}


\begin {align*}\left |\frac {F(z)}{\Delta (z)}\right | &= \left |\frac {\sum _{n \ge n_0} a_n e^{\pi i n z}}{e^{2 \pi i z}\prod _{n \ge 1} (1 - e^{2\pi i n z})^{24}}\right | \\ &= |e^{\pi i (n_0 - 2)z}| \cdot \frac {|\sum _{n \ge n_0} a_n e^{\pi i (n - n_0) z}|}{\prod _{n \ge 1} |1 - e^{2\pi i n z}|^{24}} \\ &\le e^{-\pi (n_0 - 2) \Im z} \cdot \frac {\sum _{n \ge n_0} |a_n| e^{-\pi (n - n_0) \Im z}}{\prod _{n \ge 1} (1 - e^{- 2\pi n \Im z})^{24}} \\ &\le e^{-\pi (n_0 - 2) \Im z} \cdot \frac {\sum _{n \ge n_0} |a_n| e^{-\pi (n - n_0) / 2}}{\prod _{n \ge 1} (1 - e^{-\pi n})^{24}} \\ &= C_f \cdot e^{-\pi (n_0 - 2) \Im z}\end {align*}


\begin {equation}C_f = \frac {\sum _{n \ge n_0} |a_n| e^{-\pi (n - n_0) / 2}}{\prod _{n \ge 1} (1 - e^{-\pi n})^{24}}.\end {equation}


$e^{\pi } \cdot \Delta (i/2)$


\begin {align*}\phi _0(z) &= \frac {(E_2(z) E_4(z) - E_6(z))^2}{\Delta (z)} = \frac {720^2 e^{4 \pi i z} + O(e^{5 \pi i z})}{\Delta (z)} \\ \psi _S(z) &= -\frac {H_2^3 (2H_2^2 + 5 H_2 H_4 + 5 H_4^2)}{2\Delta (z)} = - \frac {10240 e^{3 \pi i z} + O(e^{4 \pi i z})}{\Delta (z)}.\end {align*}


$D = \frac {1}{2\pi i} \frac {\dd }{\dd z}$


$\partial _k$


$\partial _k F$


$k + 2$


$F$


$k$


$1$


$\partial _1 E_2$


$\partial _4 E_4$


$\partial _6 E_6$


$4$


$6$


$8$


$E_4$


$E_6$


$E_4^2$


$\Im z \to \infty $


$\Theta _2, \Theta _3, \Theta _4$


$H_2, H_3, H_4$


\begin {equation*}\theta (z, \tau ) = \sum _{n \in \bZ } e^{2 \pi i n z + \pi i n^2 \tau }\end {equation*}


$\Theta _2, \Theta _3, \Theta _4$


$H_2, H_3, H_4$


$\theta (z, \tau )$


\begin {align*}\Theta _2(\tau ) &= e^{\pi i \tau / 4} \theta (\tau /2, \tau ), \\ \Theta _3(\tau ) &= \theta (0, \tau ), \\ \Theta _4(\tau ) &= \theta (1/2, \tau ).\end {align*}


$S$


$\theta (z, \tau )$


\begin {equation*}\theta (z, \tau ) = \frac {1}{(-i\tau )^{1/2}} e^{-\pi i z^2 / \tau } \theta (z/\tau , -1/\tau ),\end {equation*}


$H_2, H_3, H_4$


$\alpha = T^2$


$\beta = -ST^{-2}S$


$-I$


$\Gamma (2)$


$H_2, H_3, H_4$


$2$


$\Gamma (2)$


$q$


$\cS _4(\Gamma (2))$


$\dim _\bC \cS _4(\Gamma (2))$


$1$


$H_2 + H_4 = H_3$


$f = (H_2 + H_4 - H_3)^{2}$


$f$


$4$


$\Gamma (2)$


$H_2, H_3, H_4$


\begin {align}f|_{S} &= (-H_4 - H_2 + H_3)^{2} = f,\\ f|_{T} &= (-H_2 + H_3 - H_4)^{2} = f,\end {align}


$f$


$1$


$z \to i\infty $


$f$


$f = 0$


$4$


$1$


$1$


$H_2$


$\dim \cM _4(1) = \dim \cM _6(1) = \dim \cS _{12}(1) = 1$


$q$


$f_{2}, f_{3}, f_{4}$


\begin {align*}f_{2} &:= \partial _{2} H_{2} - \frac {1}{6} H_{2}(H_{2} + 2H_{4}), \\ f_{3} &:= \partial _{2} H_{3} - \frac {1}{6} (H_{2}^2 - H_{4}^2), \\ f_{4} &:= \partial _{2} H_{4} + \frac {1}{6} H_{4}(2H_{2} + H_{4}).\end {align*}


$4$


$\Gamma (2)$


$f_{2} + f_{4} = f_{3}$


$H_2, H_3, H_4$


\begin {align*}f_{2}|_{S} &= -f_{4}, \\ f_{2}|_{T} &= -f_{2}, \\ f_{4}|_{S} &= -f_{2}, \\ f_{4}|_{T} &= f_{3} = f_{2} + f_{4}.\end {align*}


\begin {align*}g &:= (2 H_2 + H_4) f_2 + (H_2 + 2 H_4) f_4, \\ h &:= f_{2}^{2} + f_{2}f_{4} + f_{4}^{2}.\end {align*}


$g$


$h$


$S$


$T$


$1$


$g$


$h$


$z \to i \infty $


$g = h = 0$


$\dim _\bC \cS _6(1) = \dim _\bC \cS _8(1) = 0$


\begin {align*}3 E_4 f_2^{2} &= 3 (H_2^2 + H_2 H_4 + H_4^2) f_2^{2} \\ &= \bigl ((2 H_2 + H_4)^{2} - (2H_2 + H_4)(H_2 + 2H_4) + (H_2 + 2H_4)^{2}\bigr ) f_2^{2}\\ &= (2 H_2 + H_4)^{2} (f_2^2 + f_2 f_4 + f_4^2) = 0,\end {align*}


$f_2 = 0$


$\bC $


$\bC $


$\bC $


$a + bi$


$a, b \in \bR $


$E_2, E_4, E_6, H_2, H_4$


$E_2, E_4, E_6, H_2, H_4$


$w$


$\le s$


$\Gamma \subseteq \SL _2(\bZ )$


$F : \bH \to \bC $


\begin {equation*}(F|_w \gamma )(z) = \sum _{j=0}^{s} f_j(z) \left (\frac {c}{cz+d}\right )^j, \quad \gamma = \begin {bmatrix} a & b \\ c & d \end {bmatrix} \in \Gamma ,\end {equation*}


$f_0, \dots , f_s$


$\bH $


$0$


$2$


\begin {equation}E_2(z) = 1 - 24 \sum _{n\geq 1}\sigma _1(n)q^n. \label {eqn:e2qexp}\end {equation}


\begin {equation}(E_{2}|_{2}S)(z) = z^{-2}E_2\left (-\frac {1}{z} \right ) = E_2(z) - \frac {6 i}{\pi z}, \label {eqn:e2trans}\end {equation}


$E_2$


$2$


$1$


$\SL _2(\bZ )$


$\bC [E_2, E_4, E_6]$


$E_2$


$E_2$


$E_4$


$E_6$


\begin {equation}\label {eqn:modformdiff} F' = DF := \frac {1}{2\pi i} \frac {\dd F}{\dd z} = q \frac {\dd F}{\dd q}, \quad \sum _{n} a_n q^n \mapsto \sum _{n} na_n q^n\end {equation}


$1$


$2$


\begin {align}E_2' &= \frac {E_2^2 - E_4}{12}, \label {eqn:e2der} \\ E_4' &= \frac {E_2E_4 - E_6}{3}, \label {eqn:e4der} \\ E_6' &= \frac {E_2 E_6 - E_4^2}{2}. \label {eqn:e6der}\end {align}


$\QM _{w}^{s} = \QM _{w}^{s}(\SL _{2}(\mathbb {Z}))$


$w$


$\leq s$


$\cM _{w} := \QM _{w}^{0}$


$w$


$\Delta = (E_4^3 - E_6^2)/1728$


$12$


$\SL _2(\bZ )$


$k$


$F$


$k$


$\partial _{k} F$


$F$


\begin {equation*}\partial _{k}F := F' - \frac {k}{12} E_2 F.\end {equation*}


$F \in \QM _{w}^{s}$


$\partial _{k}F$


$w + 2$


$s+1$


$k = w - s$


$\partial _{k} F \in \QM _{w+2}^{s}$


$\mathrm {SL}_2(\mathbb {Z})$


\begin {equation*}\partial _k (F|_k \gamma ) = (\partial _k F)|_{k+2}\gamma , \quad \forall \gamma \in \mathrm {SL}_2(\mathbb {Z}).\end {equation*}


\begin {equation}\label {eqn:serre_eis} \partial _{1}E_{2} = - \frac {1}{12} E_4, \quad \partial _{4}E_{4} = - \frac {1}{3} E_6, \quad \partial _{6}E_{6} = - \frac {1}{2} E_{4}^{2}\end {equation}


\begin {align}\partial _{2} (H_{2}) &= \frac {1}{6} (H_{2}^{2} + 2 H_{2} H_{4}), \label {eqn:serre_H2}\\ \partial _{2} (H_{3}) &= \frac {1}{6} (H_{2}^{2} - H_{4}^{2}), \label {eqn:serre_H3} \\ \partial _{2} (H_{4}) &= -\frac {1}{6} (2H_{2} H_{4} + H_{4}^{2}), \label {eqn:serre_H4}\end {align}


\begin {align}H_{2}' &= \frac {1}{6} (H_{2}^{2} + 2 H_{2} H_{4} + E_2 H_2) \label {eqn:dH2} \\ H_{3}' &= \frac {1}{6} (H_{2}^{2} - H_{4}^{2} + E_2 (H_2 + H_4)) \label {eqn:dH3} \\ H_{4}' &= -\frac {1}{6} (2H_{2} H_{4} + H_{4}^{2} - E_2 H_4) \label {eqn:dH4}\end {align}


\begin {equation}\label {eqn:thetaprodserreder} \partial _{2a + 2b} (H_{2}^{a} H_{4}^{b}) = \frac {1}{6} H_{2}^{a}H_{4}^{b}((a-2b)H_{2} + (2a-b)H_{4})\end {equation}


$a, b$


\begin {equation}\label {eqn:serre_prod} \partial _{w_1 + w_2} (FG) = (\partial _{w_1}F)G + F(\partial _{w_2}G).\end {equation}


\begin {align}\partial _{w}(E_2F) &= E_2 (\partial _{w-1}F) - \frac {1}{12} E_4 F, \label {eqn:serre_e2}\\ \partial _{w}(E_4F) &= E_4 (\partial _{w-4}F) - \frac {1}{3}E_6 F, \label {eqn:serre_e4} \\ \partial _{w}(E_6F) &= E_6 (\partial _{w-6}F) - \frac {1}{2} E_4^2 F, \label {eqn:serre_e6}\end {align}


\begin {equation}6E_2(2z) = 4 E_2(2z) + E_2\left (\frac {z}{2}\right ) + E_2\left (\frac {z+1}{2}\right ). \label {eqn:e2_level2}\end {equation}


$q^{n/2}$


\begin {equation*}6 \sigma _1\left (\frac {n}{2}\right ) = 4 \sigma _1\left (\frac {n}{4}\right ) + \sigma _1(n) (1 + (-1)^n)\end {equation*}


$\sigma _1(a) = 0$


$a \notin \bZ _{\ge 0}$


$n$


$\sigma _1(n/2) = \sigma _1(n/4) = 0$


$1 + (-1)^n = 0$


$n$


$n = 2^k m$


$m$


$k \ge 1$


$k = 1$


$\sigma _1(n/2) = \sigma _1(m)$


$\sigma _1(n/4) = 0$


$6 \sigma _1(m) = 2 \sigma _1(2m)$


$\sigma _1$


$\sigma _1(2) = 3$


$k \ge 2$


\begin {equation*}\sigma _1(n) = \sigma _1(2^k) \sigma _1(m) = (1 + 2 + 2^2 + \cdots + 2^k) \sigma _1(m) = (2^{k+1} - 1) \sigma _1(m)\end {equation*}


$\sigma _1(n/2)$


$\sigma _1(n/4)$


$6(2^k - 1) = 4(2^{k-1} - 1) + 2(2^{k+1} - 1)$


$f$


$g$


$k, l, n$


$[f, g]_n^{(k, l)}$


\begin {equation}\label {eqn:rankin_cohen} [f, g]_n^{(k, l)} = \sum _{i + j = n} (-1)^i \binom {n + k - 1}{j} \binom {n + l - 1}{i} f^{(i)} g^{(j)}\end {equation}


$k$


$l$


$f$


$g$


$[f, g]_n^{(k, l)}$


$k + l + 2n$


\begin {align*}[f, g]_0^{(k, l)} &= fg \\ [f, g]_1^{(k, l)} &= kfg' - lf'g \\ [f, g]_2^{(k, l)} &= \binom {k+1}{2} fg'' - (k + 1)(l + 1) f'g' + \binom {l+1}{2} f''g \\ [f, g]_3^{(k, l)} &= \binom {k+2}{3} fg''' - \binom {k+2}{2}(l+2) f'g'' + (k+2)\binom {l+2}{2} f''g' - \binom {l+2}{3} f'''g.\end {align*}


$[-,-]_n$


$f \in \QM _{k}^{\le s}(\Gamma )$


$g \in \QM _{l}^{\le t}(\Gamma )$


$[f, g]_{n}^{(k-s, l-t)} \in \QM _{k + l + 2n}^{\le s + t}$


$d$


$\bR ^d$


$\Delta _d$


$d = 1$


$d = 2$


$\Delta _2 = \frac {\pi }{\sqrt {12}}$


$d = 3$


$\Delta _3 = \frac {\pi }{\sqrt {18}}$


$\rD _4$


$\rD _5$


$\rE _6$


$\rE _7$


$\rE _8$


$\Lambda _{24}$


$\bR ^d$


$\rE _8$


$\Lambda _{24}$


$d = 3, 4, 5, 6, 7$


$\pi $


$z = i$


$1$


$\rE _8$


$\bR ^8$


$\bR ^{24}$


$\{a_n, b_n, \tilde {a}_n, \tilde {b}_n\}_{n \ge n_0}$


$f$


\begin {align*}f(\bx ) &= \sum _{n \ge n_0} f(\sqrt {2n}) a_n(\bx ) + \sum _{n \ge n_0} f'(\sqrt {2n}) b_n(\bx ) \\ &\quad + \sum _{n \ge n_0} \what {f}(\sqrt {2n}) \tilde {a}_n(\bx ) + \sum _{n \ge n_0} \what {f}'(\sqrt {2n}) \tilde {b}_n(\bx ),\end {align*}


$n_0 = 1$


$d = 8$


$n_0 = 2$


$d = 24$


$F, \widetilde {F} : \bH \times \bR ^d$


\begin {align*}F(\tau , \bx ) &= \sum _{n \ge n_0} a_n(\bx ) e^{2\pi i n \tau } + 2 \pi i \tau \sum _{n \ge n_0} \sqrt {2n} b_n(\bx ) e^{2\pi i n \tau } \\ \widetilde {F}(\tau , \bx ) &= \sum _{n \ge n_0} \tilde {a}_n(\bx ) e^{2\pi i n \tau } + 2 \pi i \tau \sum _{n \ge n_0} \sqrt {2n} \tilde {b}_n(\bx ) e^{2\pi i n \tau },\end {align*}


$\bx \mapsto e^{\pi i \tau \|\bx \|^2}$


\begin {equation*}F(\tau , \bx ) + \left (\frac {i}{\tau }\right )^{\frac {d}{2}} \widetilde {F}\left (-\frac {1}{\tau }, \bx \right ) = e^{\pi i \tau \|\bx \|^2}.\end {equation*}


$F$


$\widetilde {F}$


$\mathcal {K}(\tau , z)$


$\widehat {\mathcal {K}}(\tau , z)$


$\bH \times \bH $


\begin {equation*}t \mapsto t^m F(it)\end {equation*}


$m \ge 0$


$F$


$m = 11$


$F = X_{12, 1}$


$12$


$1$


$1$


$\Gamma _0(N)$


$N = 2, 3, 4$


$\Gamma _0(N)$


$s$


$(N, s) \in \{(2, 1), (2, 2), (3, 1), (4, 1)\}$


$(N, s)$


$1$


$\cD _w$


$\cF _w$


$\Gamma _0(2)$


$\Gamma _0(4)$


$1$


$(N, s) = (2, 2)$


$1$


$f$


$\bR ^d$


$r(f) r(\what {f})$


$r(f)$


$r(\what {f})$


$f$


$\what {f}$


$r(f) r(\what {f})$


$\rA _+(d)$


$\rA _{-}(d)$


$\rA _{+}(12) = \sqrt {2}$


$d \le 36000$


\begin {equation*}\rA _+(d) \le \sqrt {2\left \lfloor \frac {d}{16} \right \rfloor + 2}.\end {equation*}


$1/\sqrt {8} \approx 0.3535$


$1/\sqrt {2\pi } \approx 0.3989$


$d \le 10000$


\begin {equation*}\rA _{(-1)^{d/4 + 1}}(d) \ge \begin {cases} \sqrt {2\left \lfloor \frac {d}{24} \right \rfloor + 2} & d \not \equiv 4 \pmod {24}, \\ \sqrt {2\left \lfloor \frac {d}{24} \right \rfloor } & d \equiv 4 \pmod {24}. \end {cases}\end {equation*}


$1/\sqrt {12} \approx 0.2887$


$1/\sqrt {4\pi } \approx 0.2821$


$1$


$1$


$\rE _8$


$f: \mathbb {R}^{d} \to \mathbb {R}$


$r > 0$


$f(\mathbf {0}) = \what {f}(\mathbf {0}) > 0$


$f(\mathbf {x}) \leq 0$


$\|\mathbf {x}\| \geq r$


$\what {f}(\mathbf {x}) \geq 0$


$\mathbf {x} \in \mathbb {R}^{d}$


$\Delta _d$


$\mathbb {R}^{d}$


\begin {equation*}\Delta _d \leq \left (\frac {r}{2}\right )^{d} \frac {\pi ^{d/2}}{(d/2)!}.\end {equation*}


$r$


$d = 1$


\begin {equation}\label {eqn:magic_d1} f(x) = \frac {1}{1 - x^2}\left (\frac {\sin (\pi x)}{\pi x}\right )^2\end {equation}


$r = 1$


$\Delta _1 \leq 1$


$2$


$8$


$24$


$f(\bx ) = p(2\pi \|\bx \|^2) e^{-\pi \|\bx \|^2}$


$p$


$p$


$\Delta _d$


$d = 8$


$24$


\begin {align*}\Delta _8 &\le 1.000001 \cdot \Delta _{\rE _8} \\ \Delta _{24} &\le 1.0007071 \cdot \Delta _{\Lambda _{24}}\end {align*}


$\Delta _{\rE _8}$


$\Delta _{\Lambda _{24}}$


$\rE _8$


\begin {equation*}\Delta _{24} \le (1 + 1.65 \cdot 10^{-30}) \cdot \Delta _{\Lambda _{24}}\end {equation*}


$8$


$24$


$8$


$\rE _8$


$24$


$2$


$f$


$(\pm 1)$


$f = f_+ + f_-$


$\what {f}_{+} = f_{+}$


$\what {f}_{-} = - f_{-}$


\begin {equation*}f_{\pm }(\mathbf {x}) = \sin ^{2}\left (\frac {\pi |\mathbf {x}|^2}{2}\right ) \int _{0}^{\infty } \varphi _{\pm }(it) e^{-\pi |\mathbf {x}|^{2} t} \dd t\end {equation*}


$x \in \bR ^{d}$


$\varphi _{\pm }$


$\bH $


$f$


$\sin ^{2}$


$\rE _8$


$f$


$f$


$\what {f}$


$f_{\pm }$


$\pm 1$


$\varphi _{\pm }$


$d = 8$


$\varphi _{\pm }(t) = t^{2}\psi _{\pm }(i/t)$


$f(\bzero ) = \what {f}(\bzero ) = \frac {5}{4 \pi }$


\begin {align*}\psi _{+} &= -\phi _0 = - \frac {(E_2 E_4 - E_6)^2}{\Delta }, \\ \psi _{-} &= \frac {36}{\pi ^2} \psi _S = - \frac {18}{\pi ^2}\frac {\Theta _{2}^{12} (2 \Theta _{2}^{8} + 5 \Theta _{2}^{4} \Theta _{4}^{4} + 5 \Theta _{4}^{8})}{\Delta }.\end {align*}


$\|\mathbf {x}\| > \sqrt {2}$


$0 \leq \|\mathbf {x}\| \leq \sqrt {2}$


$f_{\pm }$


$\varphi _{\pm }$


$f(\bx ) \le 0$


$\what {f}(\bx ) \ge 0$


\begin {align}\psi _{+}(it) + \psi _{-}(it) &< 0 \\ \psi _{+}(it) - \psi _{-}(it) &> 0\end {align}


$t > 0$


$\psi _{+}$


$\psi _{-}$


$0$


$-2$


$d = 24$


$\Gamma (2)$


$X(2)$


$X(2)$


$S$


\begin {equation}\label {eqn:lambdaS} \lambda _S := \lambda |_0 S = \frac {H_4}{H_2 + H_4} = 1 - \lambda .\end {equation}


$\cL _S := \log \lambda _S$


\begin {equation}\label {eqn:LS_qexp} \cL _S(z) = -16 \sum _{k \ge 0} \frac {\sigma _1(2k + 1)}{2k + 1} q^{k + \frac {1}{2}}\end {equation}


\begin {equation}\label {eqn:LS_derivative} \cL _S' = \frac {H_4'}{H_4} - \frac {H_2' + H_4'}{H_2 + H_4} = -\frac {1}{2} H_2.\end {equation}


$d$


$4$


$(-1)^{d/4}$


$(-1)^{d/4}$


$(-1)^{d/4 + 1}$


$(-1)^{d/4}$


$\{F_w\}_w$


$2$


$(-1)^{d/4+1}$


$\{G_w\}_w$


$\{Y_w\}_w$


$2$


$Y_w$


$G_w$


$Y_w$


$G_w$


$Y_w$


$\phi _w|_S$


$\phi _w$


$4$


$(-1)^{d/4}$


$d \equiv 0\,(\mathrm {mod}\,4)$


$(-1)^{d/4}$


$1$


$2$


$(+1)$


$d = 8$


$d = 24$


$f_w$


$1$


$F_w$


$w \geq 8$


$\{F_w\}_{w \geq 8}$


$w$


$2$


\begin {align*}F_{8} &= \frac {1}{1728}(E_2^2 E_4 - 2E_2 E_6 + E_4^2) \\ F_{10} &= \frac {1}{1728}(- E_2^2 E_6 + 2 E_2 E_4^2 - E_4 E_6) \\ F_{12} &= \frac {1}{518400}(E_2^2 E_4^2 - 2 E_2 E_4 E_6 + E_6^2)\\ F_{14} &= \frac {1}{725760}(-E_2^2 E_4 E_6 + E_2 E_4^3 + E_2 E_6^2 - E_4^2 E_6)\\ F_{16} &= \frac {1}{3657830400}(49 E_2^2 E_4^3 - 25 E_2^2 E_6^2 - 48 E_2 E_4^2 E_6 - 25 E_4^4 + 49 E_4 E_6^2)\\ F_{18} &= \frac {1}{2874009600} (-12 E_2^2 E_4^2 E_6 + 5 E_2 E_4^4 + 19 E_2 E_4 E_6^2 - 5 E_4^3 E_6 - 7 E_6^3)\end {align*}


\begin {align}F_{w + 2} &= \frac {3(w-8)(w-4)}{16(w-18)(w-7)(w-6)(w-5)} \left (\frac {(w-11)(w-10)}{36} E_{4} F_{w-2} - \partial _{w-4}^{2} F_{w-2}\right ) \label {eqn:poseig2} \\ F_{w + 4} &= \frac {3(w-4)w}{16(w-10)(w-5)(w-3)(w+2)} \left (\frac {(w-6)(w-5)}{36} E_{4} F_{w} - \partial _{w-2}^{2} F_{w} \right ).\label {eqn:poseig4}\end {align}


$F_{w}$


$\lfloor \frac {w}{4}\rfloor - 1$


$w \equiv 0\,(\mathrm {mod}\,4)$


$F_w$


\begin {equation}\begin {aligned} \partial _{w-2}^{3}F_w - \frac {3w^2 - 36w + 140}{144}E_4 \partial _{w-2}F_{w} - \frac {(w-14)(w-5)(w-2)}{864}E_6 F_w = 0. \label {eqn:poseigde} \end {aligned}\end {equation}


$d$


$4$


$n_+ = \lfloor (d + 4)/16\rfloor + 1$


$w = w_{d, +} = 12 \lfloor (d+4) / 16\rfloor - d /2 + 16$


\begin {align}\label {eqn:Md+} M_{d, +}(\mathbf {x}) = 4 \sin ^{2} \left (\frac {\pi \|\mathbf {x}\|^{2}}{2}\right ) \int _{0}^{\infty } \frac {t^{2-w}F_{w}(i/t)}{\Delta (it)^{n_+}} e^{-\pi \|\mathbf {x}\|^{2} t} \dd t\end {align}


$\mathbf {x}\in \mathbb {R}^{d}$


$M_{d,+}(\mathbf {x}) = M_{d,+}(\|\mathbf {x}\|)$


\begin {align*}\widehat {M_{d,+}}(\mathbf {x}) &= (-1)^{d/4} M_{d,+}(\mathbf {x}) \quad \forall \mathbf {x} \in \mathbb {R}^{d}, \\ M_{d,+}(\sqrt {2 n_+}) &= 0\quad \text {and}\quad M_{d,+}'(\sqrt {2n_+}) \neq 0, \\ M_{d,+}(\sqrt {2m}) &= M_{d,+}'(\sqrt {2m}) = 0 \quad \forall m > n_+, m \in \mathbb {Z}.\end {align*}


$w \equiv 0 \pmod {4}$


$q^{\frac {w}{4}}$


$q$


$F_w$


\begin {equation}F_w = c_w \left (q^{\frac {w}{4} - 1} + \frac {2(w^3 - 12 w^2 + 224w - 960)}{(w-4)w} q^{\frac {w}{4}} + \cdots \right )\end {equation}


$c_w$


$w$


$c_w = 1$


$w \equiv 0 \pmod {4}$


$F_w$


$w \equiv 2 \pmod {4}$


$d \equiv 0 \pmod {8}$


$w_+$


$n_+$


\begin {equation}\label {eqn:pos_wn} w_+ = \begin {cases} \frac {d}{4} + 16 & d \equiv 0 \pmod {16} \\ \frac {d}{4} + 10 & d \equiv 8 \pmod {16} \end {cases}, \quad n_+ = \begin {cases} \frac {d}{16} + 1 = \frac {w}{4} - 3 & d \equiv 0 \pmod {16} \\ \frac {d-8}{16} + 1 = \frac {w}{4} - 2 & d \equiv 8 \pmod {16} \end {cases}.\end {equation}


$n_+ = \lfloor \frac {d}{16} \rfloor + 1$


$d \equiv 0 \pmod {8}$


$F_w$


$F_w$


$w \geq 8$


$F_w$


$2$


$w = 12$


$w \geq 16$


${}_{w}$


${}_{w}$


${}_{w+4}$


$\partial _{w}^{2}F_{w+2}$


$\frac {6}{w-5}\partial _{w-2}^{3}F_{w}$


${}_{w}$


${}_{w}$


${}_{w}$


$E_4 F_{w+2}$


$E_6 F_{w}$


${}_{w+4}$


${}_{w+4}$


$\partial _{w+2}$


${}_{w}$


${}_{w}$


${}_{w+4}$


$F_{w}$


$2$


${}_{w}$


${}_{w}$


$\partial _{w-2}$


${}_{w-4}$


${}_{w}$


$F_{w}$


$X_{w-4, 2}$


$w$


$\frac {w}{4} - 1$


$E_{4} X_{w-4, 2} - F_{w}$


$w$


$2$


$\frac {w}{4}$


$X_{w, 2}$


$c_{w}$


$E_{4} X_{w-4, 2} - F_{w} = c_{w}X_{w, 2}$


$F_{w}$


$X_{w-4, 2}$


\begin {align*}X_{w-4, 2} &= q^{\frac {w}{4} - 1} + a_{\frac {w}{4}}^{(w-4)} q^{\frac {w}{4}} + a_{\frac {w}{4} +1}^{(w-4)}q^{\frac {w}{4} + 1} + \cdots , \\ F_{w} &= q^{ \frac {w}{4}- 1} + b_{\frac {w}{4}}^{(w)}q^{\frac {w}{4}} + b_{\frac {w}{4} + 1}^{(w)} q^{\frac {w}{4} + 1} + \cdots .\end {align*}


$E_{4}X_{w-4, 2} - F_{w}$


\begin {align*}E_{4}X_{w-4, 2} - F_{w} &= \left (1 + 240q + 2160q^{2} + \cdots \right )\left (q^{\frac {w}{4} - 1} + a_{\frac {w}{4}}^{(w-4)} q^{\frac {w}{4}} + a_{\frac {w}{4} +1}^{(w-4)}q^{\frac {w}{4} + 1} + \cdots \right ) \\ &\qquad -\left (q^{ \frac {w}{4}- 1} + b_{\frac {w}{4}}^{(w)}q^{\frac {w}{4}} + b_{\frac {w}{4} + 1}^{(w)} q^{\frac {w}{4} + 1} + \cdots \right ) \\ &=\left (240 + a_{\frac {w}{4}}^{(w-4)} - b_{\frac {w}{4}}^{(w)}\right )q^{\frac {w}{4}} + \cdots \end {align*}


$c_{w} = 240 + a_{\frac {w}{4}}^{(w-4)} - b_{\frac {w}{4}}^{(w)}$


$a_{\frac {w}{4}}^{(w-4)}$


$b_{\frac {w}{4}}^{(w)}$


$w \geq 12$


$w \equiv 0 \,(\mathrm {mod}\,4)$


\begin {align}a_{\frac {w}{4}}^{(w-4)} &= \frac {2(w-4)(w^2 + 4w - 48)}{w^2} \label {eqn:possecondcoeff1} \\ b_{\frac {w}{4}}^{(w)} &= \frac {2(w^3 - 12w^2 + 224w - 960) }{w(w-4)} \label {eqn:possecondcoeff2}\end {align}


$\partial _{w-6}^2$


${}_{w-4}$


$\frac {w}{4}$


$X_{w, 2}$


\begin {align*}\frac {3w^2}{16(w-1)(w-2)^2 (w-3)} \left ( - \frac {2w - 1}{6}a_{\frac {w}{4}}^{(w-4)} + \frac {18w^2 - 129w + 240}{3}\right )\end {align*}


$(\frac {w}{4}-1)$


$X_{w, 2}$


$1$


$a_{\frac {w}{4}}^{(w-4)}$


${}_{w}$


\begin {align*}c_{w} &= 240 + a_{\frac {w}{4}}^{(w-4)} - b_{\frac {w}{4}}^{(w)} \\ &= \frac {240w^2(w-4) + 2(w-4)^{2}(w^2 + 4w - 48) - 2w(w^3 - 12w^2 + 224w - 960)}{(w-4)w^2} \\ &= \frac {256(w-3)(w-2)(w-1)}{(w-4)w^2}\end {align*}


${}_{w}$


$F_w$


$w$


$w\geq 8$


$F_w \in \QM _{w}^{2, +}$


${}_{w}$


$F_{w+2}$


$w \equiv 0 \,(\mathrm {mod}\,4)$


$w \geq 8$


$F_{w-4}$


$F_{w-2}$


$E_4$


$E_6(it) \leq 0$


$E_{6}(it) > 0$


$0 < t \leq 1$


$t > 1$


${}_{w}$


${}_{w}$


$F_{w+2}(it) > 0$


$0 < t \leq 1$


$t > 1$


$F_{w+2}$


$F_{w+2}$


$X_{w+2, 2}$


$X_{w-2, 2}$


$w\equiv 0\,(\mathrm {mod}\,4)$


\begin {equation}\label {eqn:poseigeq5} F_{w+2} = -\frac {256(w-6)(w-1)(w+1)}{(w-4)w^2} X_{w+2, 2} + E_4 X_{w-2, 2},\end {equation}


$M_{d, +}$


$d$


$8$


$M_{d,+}(\bx ) \ge 0$


$\bx \in \mathbb {R}^d$


$\|\bx \| \ge \sqrt {2n_+}$


$n_+$


$F_w$


$X_{w,2}$


$F/G$


$F_{12}$


$F_{16}$


$X_{4, 2}$


$X_{8, 2}$


$F_w$


\begin {equation}L_{2, k}:= \partial _{k}^{2} - \frac {k(k+2)}{144} E_{4}\end {equation}


$(k, k + 4)$


$w \geq 12$


\begin {equation}\label {eqn:LF} L_{2, w-2} F_{w} = \left (\left \lfloor \frac {w}{4} \right \rfloor - 1\right ) \left (\left \lfloor \frac {w}{4} \right \rfloor - \frac {w+5}{6}\right ) \Delta X_{w-8, 2}.\end {equation}


$L_{2, w-2}F_{w}$


$4|w$


${}_{w}$


\begin {equation}\label {eqn:LF2} L_{2, w-2} F_{w} = \frac {(w-10)(w-4)}{48} \Delta X_{w-8, 2}.\end {equation}


$_{w-4}$


$_{w-4}$


\begin {align}\partial _{w-2}X_{w, 2} &= \frac {w^{2}}{768(w-3)(w-1)} \left (E_{4} \partial _{w-6} X_{w-4, 2} - \frac {w-3}{6} E_{6} X_{w-4, 2}\right ) \label {eqn:sxw} \\ \partial _{w-2}^{2}X_{w, 2} &= \frac {w^{2}}{768(w-3)(w-1)} \left (E_{4} \partial _{w-6}^{2} X_{w-4, 2} - \frac {w-1}{6} E_{6} \partial _{w-6} X_{w-4, 2} + \frac {w-3}{12} E_{4}^{2} X_{w-4, 2}\right ). \label {eqn:ssxw}\end {align}


$_{w}$


$L_{2, w-2}F_{w}$


\begin {equation}\label {eqn:LFX} \begin {aligned} L_{2, w-2}F_{w} &= - \frac {256(w-1)(w-2)(w-3)}{w^{2}(w-4)} \partial _{w-2}^{2} X_{w, 2} + E_{4} \partial _{w-6}^{2} X_{w-4, 2} \\ &\quad + \frac {16(w-1)(w-2)^{2}(w-3)}{9w(w-4)} E_{4}X_{w, 2} - \frac {2}{3} E_{6} \partial _{w-6}X_{w-4, 2} \\ &\quad - \frac {(w+4)(w-6)}{144} E_{4}^{2} X_{w-4, 2} \end {aligned}\end {equation}


$_{w}$


${}_{w-4}$


${}_{w}$


${}_{w}$


${}_{w-4}$


\begin {equation}E_{4} \partial _{w-6}^{2} X_{w-4, 2} + \frac {w-5}{6} E_{6} \partial _{w-6} X_{w-4, 2} + \frac {(w-6)^{2}}{144} X_{w-4, 2} = \left (\frac {w-4}{4}\right )^{2} \Delta X_{w-8, 2}.\end {equation}


$w \equiv 2\,(\mathrm {mod}\,4)$


${}_{w-2}$


${}_{w-2}$


${}_{w-10}$


${}_{w-2}$


$L_{2, w-2} X_{w, 2}$


$F_{w+4}$


$w \geq 8$


\begin {equation}\label {eqn:LX} L_{2, w-2} X_{w, 2} = \left \lfloor \frac {w}{4} \right \rfloor \left (\left \lfloor \frac {w}{4} \right \rfloor - \frac {w-1}{6}\right ) F_{w+4}.\end {equation}


$(-1)^{d/4 + 1}$


$(-1)^{d/4 + 1}$


$(-1)^{d/4}$


$\{\phi _w\}_{w \geq 8}$


$\Theta _2, \Theta _3, \Theta _4$


$\Delta $


$\log \lambda $


$\lambda $


$\phi _w|_w S$


$\phi _w$


$\cL _S = \log \lambda _S$


$\mathrm {SL}_2(\mathbb {Z})$


$\phi _w|_S$


$\phi _w$


$4$


$6$


$G_4$


$G_6$


$w = 4$


$\phi _{16}$


$\phi _{18}$


$d \equiv 4 \pmod {8}$


$w$


$n_-$


\begin {equation}\label {eqn:neg_wn} w_- = \begin {cases} \frac {d}{4} + 11 & d \equiv 4 \pmod {16} \\ \frac {d}{4} + 5 & d \equiv 12 \pmod {16} \end {cases},\quad n_- = \begin {cases} \frac {d + 12}{16} = \frac {w}{4} - 2 & d \equiv 4 \pmod {16} \\ \frac {d + 4}{16} = \frac {w}{4} - 1 & d \equiv 12 \pmod {16} \end {cases}.\end {equation}


$n_- = \lfloor \frac {d}{16} \rfloor + 1$


$d \equiv 4 \pmod {8}$


$G_{w}$


$\cL _S$


$w$


$\SL _2(\bZ )$


$w - 12$


$\widetilde {G}_{w-12}$


$\Gamma (2)$


$\Psi _w$


\begin {equation}\label {eqn:Gw_decomp} G_w = \widetilde {G}_{w-12} \Delta \cL _S + \Psi _w.\end {equation}


$\widetilde {G}_{w} = 0$


$w = -8, -6, -4, -2, 2$


$\widetilde {G}_{0} = \frac {3}{2^{11} \cdot 7}$


$w \equiv 0 \pmod {4}$


$w \geq 12$


\begin {equation}\label {eqn:Gtilde_rec} \widetilde {G}_{w+4} = \frac {3(w+10)(w+14)}{16(w+4)(w+9)(w+11)(w+16)} \left (\frac {(w+8)(w+9)}{36} E_4 \widetilde {G}_{w} - \partial _{w}^{2} \widetilde {G}_{w}\right )\end {equation}


$w$


$G_w$


$\partial _{12} \Delta = 0$


$A$


$w$


$\SL _2(\bZ )$


$B$


$\Gamma (2)$


$A \cL _S + B = 0$


$A = B = 0$


$A$


$B$


$\cL _S = -\frac {B}{A}$


$\Gamma (2)$


$\lambda $


$R \in \bC (x)$


\begin {equation*}\cL _S(z) = \log (1 - \lambda (z)) = R(\lambda (z)),\end {equation*}


$z \in \bH $


$\log (1 - x)$


$x$


$G_w$


$q^{1/2} = e^{\pi i z}$


$G_{w}$


$1$


$w \geq 8$


$4$


\begin {align}G_{w+2} &= \frac {(w-6)(w-2)}{768(w-5)(w-3)} (E_4 G_{w-2} -E_6 G_{w-4}) \label {eqn:negeigeq1} \\ \partial _{w}G_{w} &= \frac {w-3}{6} G_{w + 2} \label {eqn:negeigeq2}\end {align}


$X_{w,2}$


$\Gamma (2)$


$G_{w}$


$F_{w}$


$X_{w, 2}$


$G_{w}$


$L_{2, w} G_{w}$


$\Delta $


$w \ge 8$


$\{Y_{w}\}_{w \ge 2}$


$Y_{w}$


\begin {align*}Y_{2} &= \frac {H_{2}}{2^4} \\ Y_{4} &= -\frac {3 E_4 \cL _S}{2^{11} \cdot 5} -\frac {3}{2^{12} \cdot 5} (H_{2}^{2} + 2 H_{2} H_{4}) \\ Y_{6} &= 0 \\ Y_{8} &= -\frac {5 E_4^2 \cL _S}{2^{19} \cdot 7} - \frac {5}{2^{21} \cdot 3 \cdot 7} (11 H_2^4 + 28 H_2^3 H_4 + 18 H_2^2 H_4^2 + 12 H_2 H_4^3)\end {align*}


$w \geq 8$


$w \equiv 0 \pmod {4}$


\begin {align}Y_{w+4} &= \frac {3(w+6)^{2}}{16 (w+3)(w+4)^2 (w+5)}\left (\frac {(w+2)(w+3)}{36} E_4 Y_{w} - \partial _{w}^{2} Y_{w}\right ) \label {eqn:Ywdef1}\\ Y_{w+2} &= \frac {6}{w + 3} \partial _{w} Y_{w} \label {eqn:Ywdef2}\end {align}


$q$


$Y_w$


$w \le 10$


\begin {align*}Y_{2} &= \frac {H_{2}}{2^4} = q^{\frac {1}{2}} + 4 q^{\frac {3}{2}} + 6 q^{\frac {5}{2}} + 8 q^{\frac {7}{2}} + 13 q^{\frac {9}{2}} + \cdots \\ Y_{4} &= -\frac {3 E_4 \cL _S}{2^{11} \cdot 5} -\frac {3}{2^{12} \cdot 5} (H_{2}^{2} + 2 H_{2} H_{4}) \\ &= q^{\frac {3}{2}} + \frac {276}{25}q^{\frac {5}{2}} + \frac {1566}{35}q^{\frac {7}{2}} + \frac {14072}{105}q^{\frac {9}{2}} + \frac {113963}{385}q^{\frac {11}{2}}+ \cdots \\ Y_{6} &= 0 \\ Y_{8} &= -\frac {5 E_4^2 \cL _S}{2^{19} \cdot 7} - \frac {5}{2^{21} \cdot 3 \cdot 7} (11 H_2^4 + 28 H_2^3 H_4 + 18 H_2^2 H_4^2 + 12 H_2 H_4^3) \\ &= q^{\frac {5}{2}} + \frac {1020}{49}q^{\frac {7}{2}} + \frac {80470}{441}q^{\frac {9}{2}} + \frac {1593080}{1617}q^{\frac {11}{2}} + \frac {27913055}{7007}q^{\frac {13}{2}} + \cdots \\ Y_{10} &= \frac {5 E_4 E_6 \cL _S}{2^{17} \cdot 7 \cdot 11} - \frac {5}{2^{17} \cdot 7 \cdot 11} (2 H_2^5 + 11 H_2^4 H_4 - H_2^3 H_4^2 - 24 H_2^2 H_4^3 - 12 H_2 H_4^4) \\ &= q^{\frac {5}{2}} + \frac {2004}{49}q^{\frac {7}{2}} + \frac {259918}{441}q^{\frac {9}{2}} + \frac {84839768}{17787}q^{\frac {11}{2}} + \frac {26865297}{1001}q^{\frac {13}{2}} + \cdots .\end {align*}


$G_{w}$


$\cL _S$


$Y_w$


$X_{w, 2}$


$w \equiv 0 \pmod {4}$


$R_w$


\begin {equation*}R_w = \frac {3(w+6)^2}{16(w+3)(w+4)^2(w+5)} \left (\frac {(w+2)(w+3)}{36} E_4 - \partial _w^2\right ).\end {equation*}


$R_w(\ker \theta _w^{(2)}) \subseteq \ker \theta _{w+4}^{(2)}$


$Y_w$


${}_{w}$


$Y_{w+4} = R_w Y_w$


${}_{w+4}$


$Y_w$


$w$


$w + 2$


$G_{w}$


$Y_{w}$


$Y_w$


\begin {align}Y_{4k}(z) &= j(z)^{-k - \frac {1}{2}} E_4(z)^{k} \cdot {}_{3}F_{2} \left (\frac {4k + 3}{6}, \frac {4k+5}{6}, \frac {4k+7}{6}; k + \frac {3}{2}, k + \frac {3}{2}; \frac {1728}{j(z)}\right ) \\ Y_{4k + 2}(z) &= j(z)^{-k -\frac {1}{2}} E_4(z)^{k - 1} E_6(z) \cdot {}_{3}F_{2} \left (\frac {4k + 5}{6}, \frac {4k+7}{6}, \frac {4k+9}{6}; k + \frac {3}{2}, k + \frac {3}{2}; \frac {1728}{j(z)}\right )\end {align}


$z = it$


$t \ge 1$


$G_{w}$


$Y_{w}$


$w \geq 8$


$G_{w}$


$G_{w}(it) > 0$


$t > 0$


$Y_w(it)$


$t \ge 1$


$0 < t \leq 1$


$d \equiv 4 \pmod {8}$


$M_{d,-}(\bx ) \ge 0$


$\bx \in \bR ^d$


$\|\bx \| \ge \sqrt {2n_-}$


$n_-$


$Y_{w}$


$G_{w}$


$G_{w}$


$\Gamma _0(2)$


$\psi _I(it)$


$0 < \lambda (it) < 1$


$t \ge 1$


$0 < t < 1$


$z = i$


$t = 1$


\begin {equation}\label {eqn:eis_i} E_2(i) = \frac {3}{\pi }, \quad E_4(i) = \frac {3\Gamma (1/4)^6}{64 \pi ^6}, \quad E_6(i) = 0.\end {equation}


$t \ge 1$


$f(it) < g(it)$


\begin {align}f &= \frac {\pi ^2}{18} (E_2 E_4 - E_6)^2 \\ g &= \Theta _4^8 (\Theta _3^{12} + \Theta _4^4 \Theta _3^8 + \Theta _2^8 \Theta _4^4 - \Theta _2^{12}).\end {align}


$f(z)$


$g(z)$


\begin {align}f(z) &= 28800 \pi ^2 q^2 + 1036800 \pi ^2 q^3 + 14169600 \pi ^2 q^4 + \cdots \\ g(z) &= 20480 q^{\frac {3}{2}} + 2015232q^{\frac {5}{2}} + 41656320q^{\frac {7}{2}} + \cdots \end {align}


$q = e^{2 \pi i z}$


$t \mapsto e^{3 \pi t} f(it)$


$t \mapsto e^{3 \pi t} g(it)$


$t$


\begin {equation}e^{3 \pi t} f(it) \le e^{3 \pi } f(i) = e^{3 \pi } \frac {9\Gamma (1/4)^6}{8192 \pi ^{12}} < 13130.48 < 20480 < e^{3 \pi t} g(it).\end {equation}


$0 < t < 1$


$\tilde {f}(it) = t^{-2} f(i/t)$


$\tilde {g}(it) = t^{-2} g(i/t)$


$t$


$t = 1$


\begin {align}F &= (E_2 E_4 - E_6)^2, \label {eqn:d8F} \\ G &= H_2^3 (2 H_2^2 + 5 H_2 H_4 + 5 H_4^2). \label {eqn:d8G}\end {align}


$F = \Delta \phi _0$


$G = -2 \Delta \psi _S$


$\psi _S(it) < 0$


$G(it) > 0$


\begin {equation}F(it) < \frac {18}{\pi ^2} G(it) \Leftrightarrow \frac {F(it)}{G(it)} < \frac {18}{\pi ^2}.\end {equation}


$t \mapsto \frac {F(it)}{G(it)}$


$t \to 0^+$


\begin {equation}\label {eqn:d8lim} \lim _{t \to 0^+} \frac {F(it)}{G(it)} = \frac {18}{\pi ^2}.\end {equation}


\begin {equation*}\frac {\dd }{\dd t} \left (\frac {F(it)}{G(it)}\right ) = -2\pi \frac {F'(it)G(it) - F(it)G'(it)}{G(it)^2}\end {equation*}


$F(it) > 0$


$G(it) > 0$


\begin {equation}F' G - F G' = (\partial _{10}F) G - F (\partial _{10}G) =: \cL _{1, 0} \label {eqn:ineq3}\end {equation}


$24$


$\Gamma (2)$


$2$


$\cL _{1, 0} > 0$


$F$


$G$


$a = 12^3 \cdot 100$


$b = 640$


\begin {equation}\partial _{22}\cL _{1, 0} = (\partial _{10}^{2}F) G - F (\partial _{10}^{2}G) = \Delta (a X_{4, 2} G + b H_{2} F) > 0.\end {equation}


$\cL _{1, 0}(it) > 0$


$t > 0$


$E_2E_4 - E_6 = 3E_4' = 720 q + O(q^2)$


$H_2 = 16 q^{\frac {1}{2}} + O(q^{\frac {3}{2}})$


$H_4 = 1 + O(q^{\frac {1}{2}})$


\begin {equation*}F = 720^2 q^2 + O(q^3), \quad G = 16^3 \cdot 5 q^{\frac {3}{2}} + O(q^2)\end {equation*}


\begin {equation*}\frac {F'}{F} = \frac {2 \cdot 720^2 q^2 + O(q^3)}{720^2 q^2 + O(q^3)} = 2 + O(q), \quad \frac {G'}{G} = \frac {\frac {3}{2} \cdot 16^3 \cdot 5 q^{\frac {3}{2}} + O(q^2)}{16^3 \cdot 5 q^{\frac {3}{2}} + O(q^2)} = \frac {3}{2} + O(q^{\frac {1}{2}}).\end {equation*}


$2 > \frac {3}{2}$


$\frac {F'(it)}{F(it)} > \frac {G'(it)}{G(it)}$


$t > 0$


$\cL _{1, 0}(it) > 0$


\begin {equation}\label {eqn:d8ineqfactor} (H_2 + H_4)^2 H_4^2 (E_2 E_4 - E_6)\left (E_4 - \frac {1}{2}E_2(H_2 + 2H_4)\right ) > 0\end {equation}


$z = it$


$t > 0$


\begin {equation}\label {eqn:ineq4} E_4(it) - \frac {1}{2}E_2(it) (H_2(it) + 2 H_4(it)) > 0.\end {equation}


\begin {equation*}E_4 - \frac {1}{2} E_2 (H_2 + 2H_4) = \frac {3}{4} H_2^2 + \frac {1}{4} (H_2 + 2 H_4) (H_2 + 2 H_4 - 2 E_2)\end {equation*}


\begin {equation*}H_2 + 2 H_4 - 2 E_2 = (H_2 + 2 H_4 - 2) + 2 (1 - E_2) = 2\sum _{n \ge 1} r_4(2n) q^n + 48 \sum _{n \ge 1} \sigma _1(n) q^n.\end {equation*}


$\cL _{1, 0}(it)$


$t > 0$


\begin {equation*}\cL _{1, 0} = 5308416000 q^{\frac {7}{2}} + 50960793600 q^{\frac {9}{2}} - 528718233600 q^{\frac {11}{2}} + O(q^{\frac {13}{2}})\end {equation*}


\begin {equation*}\lim _{t \to 0^+} \frac {F(it)}{G(it)} = \lim _{t \to \infty } \frac {F(i/t)}{G(i/t)}.\end {equation*}


\begin {align*}F\left (\frac {i}{t}\right ) &= t^{12} F(it) - \frac {12t^{11}}{\pi } (E_2(it)E_4(it) - E_6(it))E_4(it) + \frac {36t^{10}}{\pi ^2}E_4(it)^2, \\ G\left (\frac {i}{t}\right ) &= t^{10} H_{4}(it)^{3}(2H_{4}(it)^{2} + 5 H_{4}(it)H_{2}(it) + 5 H_{2}(it)^{2}).\end {align*}


$F$


$E_2 E_4 - E_6$


$H_2$


$\lim _{t \to \infty }t^k A(it) = 0$


$A(z)$


$k \geq 0$


$\lim _{t \to \infty } E_4(it) = 1 = \lim _{t \to \infty }H_{4}(it)$


\begin {align*}\lim _{t \to \infty } \frac {F(i/t)}{G(i/t)} &= \lim _{t \to \infty } \frac {t^{12} F(it) - \frac {12t^{11}}{\pi } (E_2(it)E_4(it) - E_6(it))E_4(it) + \frac {36t^{10}}{\pi ^2}E_4(it)^2}{t^{10} H_{4}(it)^{3}(2H_{4}(it)^{2} + 5 H_{4}(it)H_{2}(it) + 5 H_{2}(it)^{2})} \\ &= \lim _{t \to \infty } \frac {t^{2} F(it) - \frac {12t}{\pi } (E_2(it)E_4(it) - E_6(it))E_4(it) + \frac {36}{\pi ^2}E_4(it)^2}{H_{4}(it)^{3}(2H_{4}(it)^{2} + 5 H_{4}(it)H_{2}(it) + 5 H_{2}(it)^{2})} \\ &= \frac {18}{\pi ^2}.\end {align*}


$F = -\Delta ^2 \varphi $


$G = -\Delta ^2 \psi _S$


\begin {align}F &= 49 E_2^2 E_4^3 - 25 E_2^2 E_6^2 - 48 E_2 E_4^2 E_6 - 25 E_4^4 + 49 E_4 E_6^2, \label {eqn:d24F} \\ G &= H_2^5 (H_2^2 + 7 H_2 H_4 + 7 H_4^2). \label {eqn:d24G}\end {align}


\begin {align}F(it) + \frac {432}{\pi ^2} G(it) &> 0, \label {eqn:d24ineq1new} \\ F(it) - \frac {432}{\pi ^2} G(it) &< 0, \label {eqn:d24ineq2new} \\ t^{10} \left (-\frac {F(i/t)}{\Delta (i/t)^2} + \frac {432}{\pi ^2} \frac {G(i/t)}{\Delta (i/t)^2}\right ) &\geq \frac {725760}{\pi } e^{2\pi t} \left (t - \frac {10}{3 \pi }\right ). \label {eqn:d24ineq3new}\end {align}


$G(it) > 0$


$F(it) > 0$


\begin {equation}\label {eqn:d24_s14F} \partial _{14}F = 6706022400 \cdot X_{6, 1} X_{12, 1} \in \QM _{18}^{2,++}.\end {equation}


$F(it) > 0$


$t > 0$


$F$


\begin {equation*}F = 3657830400 q^3 + 138997555200 q^4 + 2567796940800 q^5 + O(q^6)\end {equation*}


$F$


$f_{16}$


$f_{w}$


$w \leq 94$


$t \mapsto F(it) / G(it)$


$t \to 0^+$


$t \mapsto \frac {F(it)}{G(it)}$


$t > 0$


\begin {equation*}F' G - F G' = (\partial _{14}F) G - F (\partial _{14}G) =: \cL _{1, 0}\end {equation*}


$32$


$\Gamma (2)$


$2$


$F$


$G$


\begin {align}\partial _{14}^{2} F &= \frac {14}{9} E_4 F + c \Delta X_{8, 2} \label {eqn:d24ssf} \\ \partial _{14}^{2} G &= \frac {14}{9} E_4 G \label {eqn:d24ssg}\end {align}


$c = 5486745600$


$\partial _{30}$


\begin {equation}\label {eqn:d24L20} \partial _{30}\cL _{1, 0} = \cL _{2, 0} := (\partial _{14}^{2} F) G - F (\partial _{14}^{2}G) = c \Delta X_{8, 2}G > 0\end {equation}


$\cL _{1, 0}(it) > 0$


$t$


$F$


$G$


$F$


$G$


$\frac {5}{2}$


$\cL _{1, 0}(it)$


$t > 0$


$\cL _{1, 0}$


$\cL _{1, 0}$


\begin {equation*}\cL _{1, 0} = 13424296093286400 q^{\frac {11}{2}} + 494781198866841600 q^{\frac {13}{2}} + O(q^{\frac {15}{2}})\end {equation*}


$\cL _{1, 0}(it) > 0$


$t > 0$


\begin {equation}\label {eqn:d24lim} \lim _{t\to 0^+} \frac {F(it)}{G(it)} = \frac {432}{\pi ^2}.\end {equation}


$\cL _{1, 0}$


$d = 8$


$L_{2, 14}$


$(14, 18)$


$F$


$G$


$G$


$L_{2, 14} G = 0$


$t^{10}$


$e^{2 \pi t}$


$e^{2 \pi t}$


$1 / \Delta $


$t > 0$


\begin {equation}\Delta (it) < e^{-2 \pi t}. \label {eqn:discineq}\end {equation}


$\Delta $


\begin {equation*}\Delta (it) = e^{-2 \pi t} \prod _{n \geq 1} (1 - e^{-2 \pi n t})^{24} < e^{-2 \pi t}.\end {equation*}


\begin {equation*}g(t) := \frac {432}{\pi ^2} - \frac {F(it)}{G(it)} - \frac {725760\Delta (it)}{G(it)} \left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right )\end {equation*}


$t$


$0 < t < \frac {3\pi }{10}$


$\lim _{t \to 0^+} g(t) = 0$


$g(t) > 0$


$0 < t < \frac {3\pi }{10}$


$\lim _{t \to 0^+} g(t) = \lim _{t \to \infty } g(1/t)$


$\Delta |_{12}S = \Delta $


$G|_{14}S = -H_4^5(7 H_2^2 + 7 H_2 H_4 + 2 H_4^2)$


$g(t)$


$t \to 0^+$


\begin {equation*}\frac {\dd }{\dd t} \left (\frac {F(it)}{G(it)}\right ) = -2 \pi \frac {\cL _{1, 0}(it)}{G(it)^2}\end {equation*}


$\Delta ' = E_2 \Delta $


\begin {align*}&\frac {\dd }{\dd t} \left [\frac {\Delta (it)}{G(it)} \left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right )\right ] \\ &= (-2\pi ) \frac {\Delta (it)(E_2(it)G(it) - G'(it))}{G(it)^2} \left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right ) + \frac {\Delta (it)}{G(it)} \left (-\frac {3}{\pi t^4} + \frac {20}{3 \pi ^2 t^3}\right ) \\ &= (2\pi ) \frac {\Delta (it)}{G(it)^2} \left [(\partial _{12}G)(it) \left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right ) - G(it) \left (\frac {3}{2\pi ^2 t^4} - \frac {10}{3 \pi ^3 t^3}\right ) \right ],\end {align*}


$\dd g / \dd t > 0$


$1 / G^2$


\begin {equation*}\widetilde {\cL }_{1, 0}(it) := \cL _{1, 0}(it) - 725760\Delta (it) \left [(\partial _{12}G)(it) \left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right ) - G(it) \left (\frac {3}{2\pi ^2 t^4} - \frac {10}{3 \pi ^3 t^3}\right ) \right ] > 0.\end {equation*}


$\widetilde {\cL }_{1, 0}(\frac {3\pi i}{10}) > 0$


$\cL _{1, 0}(\frac {3 \pi i}{10}) > 0$


$t = \frac {3 \pi }{10}$


\begin {equation*}(\partial _{12}G)(it) \left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right ) - G(it) \left (\frac {3}{2\pi ^2 t^4} - \frac {10}{3 \pi ^3 t^3}\right ) = -G\left (\frac {3\pi i}{10}\right ) \cdot \left (\frac {5000}{81 \pi ^6}\right ) < 0.\end {equation*}


\begin {equation*}\partial _{30}\widetilde {\cL }_{1, 0}(it) = \widetilde {\cL }_{1, 0}'(it) - \frac {5}{2} E_2(it) \widetilde {\cL }_{1, 0}(it) = - \frac {1}{2\pi } \frac {\dd \widetilde {\cL }_{1, 0}(it)}{\dd t} - \frac {5}{2} E_2(it) \widetilde {\cL }_{1, 0}(it)\end {equation*}


$t \mapsto \widetilde {\cL }_{1,0}(it) / \eta (it)^{60}$


$t$


$0 < t < \frac {3\pi }{10}$


$\partial _{30}\cL _{1, 0} = c \Delta X_{8, 2} G$


$\partial _{12} \Delta = 0$


$\widetilde {\cL }_{1, 0}$


$725760 \Delta $


\begin {align}&\partial _{18} \left [(\partial _{12}G)(it) \left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right ) - G(it) \left (\frac {3}{2\pi ^2 t^4} - \frac {10}{3 \pi ^3 t^3}\right ) \right ] \nonumber \\ &= \left [\frac {37 E_4(it) - E_2(it)^2}{24}\left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right ) + E_2(it)\left (\frac {3}{4 \pi ^2 t^4} - \frac {5}{3 \pi ^3 t^3}\right ) - \left (\frac {3}{\pi ^3 t^5} - \frac {5}{\pi ^4 t^4}\right )\right ] G(it), \label {eqn:S18}\end {align}


$\Delta G$


$\partial _{30}\widetilde {\cL }_{1,0}(it) > 0$


\begin {equation}\label {eqn:d24ineq3fac} 7560 X_{8, 2}(it) - \frac {37 E_4(it) - E_2(it)^2}{24} \left (\frac {1}{\pi t^3} - \frac {10}{3 \pi ^2 t^2}\right ) - E_2(it)\left (\frac {3}{4 \pi ^2 t^4} - \frac {5}{3 \pi ^3 t^3}\right ) + \left (\frac {3}{\pi ^3 t^5} - \frac {5}{\pi ^4 t^4}\right ).\end {equation}


$h(t)$


\begin {equation*}7560 X_{8, 2} = \frac {-7 E_2^2 E_4 + 2 E_2 E_6 + 5 E_4^2}{48}\end {equation*}


\begin {align*}7560 X_{8, 2}|_S &= 7560 \left (X_{8, 2} + \frac {7 E_2 E_4 - E_6}{30240 \pi t} - \frac {E_4}{1440 \pi ^2 t^2}\right ) \\ &= \frac {-7 E_2^2 E_4 + 2 E_2 E_6 + 5 E_4^2}{48} + \frac {7 E_2 E_4 - E_6}{4 \pi t} - \frac {21 E_4}{4\pi ^2 t^2}.\end {align*}


\begin {align}&t^{-8}h\left (\frac {1}{t}\right ) \nonumber \\ &= 7560 \left (X_{8, 2}(it) + \frac {7 E_2(it) E_4(it) - E_6(it)}{30240 \pi t} - \frac {E_4(it)}{1440 \pi ^2 t^2}\right ) \nonumber \\ &\quad - \frac {1}{24} \left (37 E_4(it) - E_2(it)^2 + \frac {12 E_2(it)}{\pi t} - \frac {36}{\pi ^2 t^2}\right ) \left (\frac {1}{\pi t} - \frac {10}{3 \pi ^2 t^2}\right ) \nonumber \\ &\quad - \left (- E_2(it) + \frac {6}{\pi t}\right ) \left (\frac {3}{4 \pi ^2 t^2} - \frac {5}{3 \pi ^3 t^3}\right ) + \left (\frac {3}{\pi ^3 t^3} - \frac {5}{\pi ^4 t^4}\right ) \nonumber \\ &= 7560 X_{8, 2}(it) \nonumber \\ &\quad + \frac {1}{\pi t} \left (\frac {7 E_2(it) E_4(it) - E_6(it)}{4} - \frac {37 E_4(it) - E_2(it)^2}{24}\right ) + \frac {1}{\pi ^2 t^2} \left (- \frac {4 E_4(it) + 5 E_2(it)^2}{36} + \frac {E_2(it)}{4}\right ) \label {eqn:htinv}\end {align}


$X_{8, 2}$


$1 /\pi t$


\begin {equation}\label {eqn:d24hardernonhomo} \frac {7 E_2(it) E_4(it) - E_6(it)}{4} - \frac {37 E_4(it) - E_2(it)^2}{24} - \frac {1}{\pi t} \left (\frac {5 E_2(it)^{2} + 4 E_{4}(it)}{36} - \frac {1}{4} E_{2}(it)\right ) > 0\end {equation}


$t \geq \frac {10}{3 \pi }$


\begin {align}J_{1} &= \frac {5}{36} E_{2}^{2} + \frac {1}{9} E_{4} - \frac {1}{4} E_{2}, \\ J_{2} &= E_{2} - E_{6}.\end {align}


$E_{2}$


$E_{4}$


$E_{6}$


\begin {align*}J_{1} &= \frac {5}{3} E_{2}' -\frac {1}{4} E_{2} + \frac {1}{4} E_{4} = \sum _{n \geq 1} (60 \sigma _{3}(n) - 40 n\sigma _{1}(n) + 6 \sigma _{1}(n)) q^{n}, \\ J_{2} &= \sum _{n \geq 1} (504 \sigma _{5}(n) - 24 \sigma _{1}(n)) q^{n}.\end {align*}


$J_{1}$


$\sigma _{3}(n) \ge n^{3}$


$\sigma _{1}(n) \leq 1 + 2 + \cdots + n = \frac {n(n+1)}{2} \leq n^2$


$J_{2}$


$504 \sigma _{5}(n) - 24 \sigma _{1}(n) = \sum _{d|n} (504 d^{5} - 24 d) > 0$


$t \geq \frac {10}{3 \pi }$


\begin {align}&\frac {7 E_2(it) E_4(it) - E_6(it)}{4} - \frac {37 E_4(it) - E_2(it)^2}{24} - \frac {1}{\pi t} \left (\frac {5E_{2}(it)^{2} + 4 E_{4}(it)}{36} - \frac {E_{2}(it)}{4}\right ) \nonumber \\ &\ge \frac {7 E_2(it) E_4(it) - E_6(it)}{4} - \frac {37 E_4(it) - E_2(it)^2}{24} - \frac {3}{10} \left (\frac {5E_{2}(it)^{2} + 4 E_{4}(it)}{36} - \frac {E_{2}(it)}{4}\right ) \label {eqn:usej1pos} \\ &= \frac {7 E_2(it) E_4(it) - E_6(it)}{4} - \frac {63}{40} E_{4}(it) + \frac {3}{40} E_{2}(it) \nonumber \\ &> \frac {7 E_2(it) E_4(it) - E_6(it)}{4} - \frac {63}{40} E_{4}(it) + \frac {3}{40} E_{6}(it) \label {eqn:usej2pos} \\ &= \frac {7}{4} \left (E_{2}(it) E_{4}(it) - \frac {1}{10}E_{6}(it) - \frac {9}{10}E_{4}(it)\right ) =: \frac {7}{4} J_{3} \label {eqn:d24hardernonhomo2}\end {align}


$J_{1}$


$J_{2}$


$J_{3}$


$J_{3}$


\begin {align*}J_{3} &=E_{2} E_{4} - \frac {1}{10} E_{6} - \frac {9}{10} E_{4} \\ &= 3 E_{4}' + \frac {9}{10} E_{6} - \frac {9}{10} E_{4} \\ &= \sum _{n \geq 1} \left (720 n \sigma _{3}(n)- \frac {2268}{5} \sigma _{5}(n) - 216 \sigma _{3}(n)\right ) q^{n} \\ &=: \sum _{n \geq 1} a_{n}q^{n}.\end {align*}


$a_{1} = \frac {252}{5} > 0$


$n \geq 2$


\begin {equation*}n \sigma _{3}(n) \leq n (1^{3} + 2^{3} + \cdots + n^{3}) = \frac {n^{3}(n+1)^{2}}{4} \leq \frac {9}{16} n^{5} < \frac {9}{16} \sigma _{5}(n) < \frac {2268}{720 \cdot 5} \sigma _{5}(n)\end {equation*}


$a_{n} < 0$


\begin {equation*}t \mapsto e^{2\pi t} J_{3}(it) = a_{1} + \sum _{n\geq 2}a_{n}e^{-2\pi (n-1)t}\end {equation*}


\begin {equation*}e^{2\pi t} J_{3}(it) \geq e^{2 \pi } J_{3}(i) = e^{2\pi } \left (\frac {3}{\pi } - \frac {9}{10}\right ) E_{4}(i) > 0 \Rightarrow J_{3}(it) > 0\end {equation*}


$t \geq 1$


$t > \frac {10}{3 \pi }$


$\pi < \frac {10}{3}$


\begin {equation*}\pi < 8 \tan \left (\frac {\pi }{8}\right ) = 8 (\sqrt {2} - 1) < \frac {10}{3}.\end {equation*}


$\frac {1}{t} = \frac {i}{z}$


$\frac {1}{\pi }$


$E_2$


$t \leftrightarrow \frac {1}{t}$


$1 \leq t \leq \frac {10}{3\pi }$


$t > \frac {10}{3 \pi }$


\begin {equation*}\frac {725760}{\pi } e^{2 \pi t} \left (t - \frac {10}{3 \pi }\right ) < \frac {725760}{\pi } \frac {1}{\Delta (it)} \left (t - \frac {10}{3 \pi }\right ) = \frac {725760}{\pi } \frac {t^{12}}{\Delta (i/t)} \left (t - \frac {10}{3 \pi }\right )\end {equation*}


\begin {align*}t^{10} \left (- \frac {F(i/t)}{\Delta (i/t)^2} + \frac {432}{\pi ^2} \frac {G(i/t)}{\Delta (i/t)^2}\right ) &> \frac {725760}{\pi } \frac {t^{12}}{\Delta (i/t)} \left (t - \frac {10}{3 \pi }\right ) \nonumber \\ \Leftrightarrow \frac {1}{t^2} \left (- \frac {F(i/t)}{\Delta (i/t)} + \frac {432}{\pi ^2} \frac {G(i/t)}{\Delta (i/t)}\right ) &> \frac {725760}{\pi } \left (t - \frac {10}{3 \pi }\right )\end {align*}


$t > \frac {10}{3 \pi }$


$t$


$1/t$


$0 < t < \frac {3\pi }{10}$


$t$


$g_8(t)$


$g_9(t)$


$2.5 \le t \le 20$


$g_8(t)$


$g_9(t)$


$t^{7} X_{8, 1}(it)$


$X_{8, 1}(it) / X_{8, 1}'(it)$


$t \to 0^+$


$t^{7}X_{8, 1}(it)$


$X_{8, 1}(it) / X_{8, 1}'(it)$


$t^8 X_{10, 1}(it)$


$t^9 X_{10, 1}(it)$


$0.1 \le t \le 5$


$t^8 X_{10, 1}(it)$


$t^9 X_{10, 1}(it)$


$t^{11} X_{12, 1}(it)$


$X_{12, 1}(it) / X_{12, 1}'(it)$


$t \to 0^+$


$t \to \infty $


$t^{11}X_{12, 1}(it)$


$X_{12, 1}(it) / X_{12, 1}'(it)$


$\rA _+(d)$


$d \le 200$


$d \le 36000$


\begin {equation}\label {eqn:new_upper_bound} \rA _+(d) \le \sqrt {2 \left \lfloor \frac {d}{16} \right \rfloor + 2}.\end {equation}


$d \le 10000$


\begin {equation}\label {eqn:new_lower_bound} \rA _{(-1)^{d/4 + 1}}(d) \ge \begin {cases} \sqrt {2\left \lfloor \frac {d}{24} \right \rfloor + 2} & d \not \equiv 4 \pmod {24}, \\ \sqrt {2\left \lfloor \frac {d}{24} \right \rfloor } & d \equiv 4 \pmod {24}. \end {cases}.\end {equation}


$d \equiv 4 \pmod 8$


\begin {equation}\label {eqn:bck_upper_bound_general_d} \rA _+(d) \le \sqrt {\frac {d+2}{2\pi }} = \left (\frac {1}{\sqrt {2\pi }} + o(1)\right ) \sqrt {d}\end {equation}


$d \ge 2$


\begin {equation}\frac {1}{\sqrt {2\pi }} = 0.39894\dots .\end {equation}


\begin {equation}\label {eqn:bck_lower_bound_general_d} \rA _+(d) \ge \frac {1}{\sqrt {\pi }} \left (\frac {1}{2} \Gamma \left (\frac {d}{2} + 1\right )\right )^{\frac {1}{d}} \ge \sqrt {\frac {d}{2 \pi e}}.\end {equation}


$d \ge 1$


\begin {equation}\label {eqn:edwin_lowerbound} \rA _{\pm }(d) \ge \sqrt {\frac {d}{4\pi }}.\end {equation}


$d \ge 5$


$\rA _-(d)$


$d \le 200$


$d \equiv 0 \pmod 8$


$\leq 2$


$\leq 14$


$s$


$w$


$X_{w, s}$


$1$


$6$


$\dfrac {E_2 E_4 - E_6}{720}=q+18q^2+84q^3+292q^4+630q^5+\cdots $


$8$


$\dfrac {-E_2 E_6 + E_4^2}{1008}=q+66q^2+732q^3+4228q^4+15630q^5+\cdots $


$10$


$\dfrac {E_2 E_4^2 - E_4 E_6}{720}=q+258q^2+6564q^3+66052q^4+390630q^5+\cdots $


$12$


$\dfrac {-12 E_2 E_4 E_6 + 5E_4^3 + 7E_6^2}{3991680}=q^2+56q^3+1002q^4+9296q^5+57708q^6+\cdots $


$14$


$\dfrac {7 E_2 E_4^3 + 5 E_2 E_6^2 - 12 E_4^2 E_6}{4717440}=q^2+128q^3+4050q^4+58880q^5+525300q^6+\cdots $


$2$


$4$


$\dfrac {-E_2^2 + E_4}{288}=q+6q^2+12q^3+28q^4+30q^5+\cdots $


$8$


$\dfrac {-7 E_2^2 E_4 + 2 E_2 E_6 + 5 E_4^2}{362880}=q^2+16q^3+102q^4+416q^5+1308q^6+\cdots $


$10$


$\dfrac {5 E_2^2 E_6 + 2 E_2 E_4^2 - 7 E_4 E_6}{1088640}=q^2+\dfrac {104}{3}q^3+390q^4+2480q^5+11140q^6+\cdots $


$12$


$\dfrac {-77 E_2^2 E_4^2 + 34 E_2 E_4 E_6 + 50 E_4^3 - 7 E_6^2}{798336000}=q^3+\dfrac {51}{2}q^4+\dfrac {1422}{5}q^5+1944q^6+9714q^7+\cdots $


$14$


$\dfrac {13 E_2^2 E_4 E_6 + E_2 E_4^3 - 3 E_2 E_6^2 - 11 E_4^2 E_6}{415134720}=q^3+\dfrac {93}{2}q^4+810q^5+8004q^6+54474q^7+\cdots $


$1$


$\le 8$


$\Gamma _0(N)$


$N = 2, 3, 4$


$w$


$N$


$2$


$2$


$\dfrac {-E_2 + A_2}{48}=q+2q^2+4q^3+4q^4+6q^5+\cdots $


$4$


$\dfrac {-E_2 A_2 + A_{4,0}}{864}=q^2+\frac {8}{3}q^3+10q^4+16q^5+\frac {100}{3}q^6+\cdots $


$6$


$\dfrac {-5 E_2 A_2^2 - 3 E_2 A_{4,0} - 3 A_2^3 + 11 A_2 A_{4,0}}{115200}=q^3+3q^4+\frac {78}{5}q^5+32q^6+90q^7+\cdots $


$8$


$\dfrac {-20 E_2 A_2^3 - 52 E_2 A_2 A_{4,0} - 27 A_2^4 + 74 A_2^2 A_{4,0} + 25 A_{4,0}^2}{16934400}=q^4+\frac {16}{5}q^5+\frac {104}{5}q^6+\frac {1728}{35}q^7+\cdots $


$2$


$3$


$\dfrac {-E_2 + B_2}{36}=q+3q^2+3q^3+7q^4+6q^5+9q^6+\cdots $


$4$


$\dfrac {-2 E_2 B_2 - B_2^2 + 3 B_{4,0}}{432}=q^2+8q^3+15q^4+32q^5+75q^6+96q^7+\cdots $


$6$


$\dfrac {-5E_2 B_2^2 - 7 E_2 B_{4,0} - 5 B_2^3 + B_2 B_{4,0} + 16 B_{6,0}}{129600}=q^4+\frac {18}{5}q^5+6q^6+22q^7+45q^8+66q^9+\cdots $


$8$


$\dfrac {-35 E_2 B_2^3 - 84 E_2 B_2 B_{4,0} - 25 E_2 B_{6,0} - 273 B_2^2 B_{4,0} + 447 B_2 B_{6,0} - 30 B_{4,0}^2}{11430720}=q^5+7q^6+\frac {117}{7}q^7+\cdots $


$2$


$4$


$\dfrac {-E_2 + C_{2,0} - 24 C_{2,1}}{96}=q^2+2q^4+4q^6+4q^8+6q^{10}+\cdots $


$4$


$\dfrac {-E_{2} C_{2,0} + C_{2,0}^2 - 24 C_{2,0} C_{2,1} - 96 C_{2,1}^2}{1728}=q^4+\frac {8}{3}q^6+10q^8+16q^{10}+\frac {100}{3}q^{12}+\cdots $


$6$


$\dfrac {-E_{2} C_{2,0}^2 + 18 E_{2} C_{2,1}^2 + C_{2,0}^3 - 24 C_{2,0}^2 C_{2,1} - 114 C_{2,0} C_{2,1}^2 + 432 C_{2,1}^3}{28800}=q^6+3q^8+\frac {78}{5}q^{10}+32q^{12}+90q^{14}+\cdots $


$8$


$\dfrac {-3 E_{2} C_{2,0}^3 + 104 E_{2} C_{2,0} C_{2,1}^2 + 3 C_{2,0}^4 - 72 C_{2,0}^3 C_{2,1} - 392 C_{2,0}^2 C_{2,1}^2 + 2496 C_{2,0} C_{2,1}^3 + 4800 C_{2,1}^4}{1411200}=q^8+\frac {16}{5}q^{10}+\cdots $


$\rE _8$


$t^m F(it)$


$F$


$t > 0$


$\rE _8$


$\Gamma _0(N)$


$N = 2, 3, 4$


$\Gamma _0(2)$


$\rA _+(d)$


$d \le 36000$


$\rA _{(-1)^{d/4 + 1}}(d)$


$d \le 10000$


$8$


$24$


$t^{w-1} X_{w, 1}(it)$


$1$


$\Gamma _0(N)$


$N = 2, 3, 4$


$\Gamma _0(N)$


$s$


$(N, s) \in \{(2, 1), (2, 2), (3, 1), (4, 1)\}$


$(N, s)$


$1$


$2$


$1$


$\cD _w$


$\cF _w$


$1$


$(N, s) = (2, 2)$


$1$


$\Gamma _0(N)$


$N \ge 1$


$f = \sum _{n \ge 0} a_n q^n$


$w$


$r$


$\chi $


$\Gamma _0(N)$


\begin {equation*}m = \dim \QM _w^{r}(\Gamma _0(N), \chi ) = \sum _{i=0}^{r} \dim \cM _{w - 2i}(\Gamma _0(N), \chi ).\end {equation*}


$f$


$m$


\begin {equation*}a_0 = a_1 = \dots = a_{m-2} = 0, \quad a_{m-1} \ne 0.\end {equation*}


$f$


$a_{m-1} = 1$


$1$


$N = 2, 3, 4$


$1$


$\Gamma _0(N)$


$N = 2, 3, 4$


$\Gamma _0^+(2)$


$\Gamma _0^+(3)$


$\Gamma _0^+(N)$


$\SL _2(\bR )$


$\Gamma _0(N)$


\begin {equation}\label {eqn:kappal1} \kappa _s(w) := \dim \cM _{(s + 1)w}(\SL _2(\bZ )) - \dim \QM _{w}^{\le s}(\SL _2(\bZ )) \in \bZ \end {equation}


$\delta _{s}(w) := \dim \QM _{w}^{\le s}(\SL _2(\bZ ))$


\begin {equation}\delta _{s}(w) - 1 \le \nu _{\max }(s, w) \le \delta _{s}(w) - 1 + \kappa _s(w), \label {eqn:kappaineql1}\end {equation}


$\nu _{\max }(s, w)$


\begin {equation}\nu _{\max }(s, w) := \max \{n: \exists f \in \QM _{w}^{\le s}(\SL _2(\bZ )) \backslash \{0\}, f = q^n + O(q^{n+1})\}.\end {equation}


$\kappa _{s}(w) = 0$


$s = 1, 2, 3, 4$


$0$


$1$


$1$


$1$


$4$


$\cM _{w}(\SL _2(\bZ ))$


$g_0, g_1, \dots , g_{d - 1}$


$g_j(z) = \sum _{n \ge j} a_n(g_j) q^n$


$1$


\begin {align}\delta _{s}(w, N) &:= \dim \QM _{w}^{\le s}(\Gamma _0(N)) \label {eqn:deltaln} \\ \kappa _s(w, N) &:= \dim \cM _{(s + 1)w}(\Gamma _0(N)) - \dim \QM _{w}^{\le s}(\Gamma _0(N)) \nonumber \\ &= \delta _{0}((s+1)w, N) - \delta _{s}(w, N). \label {eqn:kappaln}\end {align}


$s$


$N$


$\kappa _s(w, N)$


$w$


$w$


$w$


$\kappa _{s}(N) := \lim _{w \to \infty } \kappa _{s}(w, N)$


$\kappa _{1}(2) = \kappa _{2}(2) = \kappa _{1}(3) = \kappa _{1}(4) = 0$


$N = 2$


\begin {equation}\label {eqn:delta02} \delta _{0}(w, 2) = \dim \cM _{w}(\Gamma _0(2)) = \left \lfloor \frac {w}{4} \right \rfloor + 1.\end {equation}


$\delta _{0}(w + 4, 2) = \delta _{0}(w, 2) + 1$


$w$


$w \ge 2s + 4$


$w = w' + 4$


$w' - 2i \ge 0$


$i \le s$


\begin {align*}\kappa _{s}(w, 2) &= \delta _{0}((s+1)w, 2) - \delta _{s}(w, 2) \\ &= (s + 1) + \delta _{0}((s+1)w', 2) - (s + 1) - \sum _{i=0}^{s} \delta _{0}(w' - 2i, 2) \\ &= \delta _{0}((s+1)w', 2) - \sum _{i=0}^{s} \delta _{0}(w' - 2i, 2) \\ &= \kappa _{s}(w', 2)\end {align*}


$\kappa _{1}(2) = \kappa _{2}(2) = 0$


\begin {align*}\delta _{0}(2w, 2) &= \delta _{0}(w, 2) + \delta _{0}(w - 2, 2), \\ \delta _{0}(3w, 2) &= \delta _{0}(w, 2) + \delta _{0}(w - 2, 2) + \delta _{0}(w - 4, 2),\end {align*}


\begin {align}\delta _0(w, 3) &= \dim \cM _{w}(\Gamma _0(3)) = \left \lfloor \frac {w}{3} \right \rfloor + 1, \label {eqn:delta03} \\ \delta _0(w, 4) &= \dim \cM _{w}(\Gamma _0(4)) = \frac {w}{2} + 1, \label {eqn:delta04}\end {align}


$\delta _0(w, 3) = \delta _0(w-6, 3) + 2$


$\delta _0(w, 4) = \delta _0(w-2, 4) + 1$


$\kappa _s(w, 3) = \kappa _s(w-6, 3)$


$\kappa _s(w, 4) = \kappa _s(w-2, 4)$


$\kappa _s(w, 3)$


$\kappa _s(w, 4)$


\begin {align*}\kappa _1(3) = 0 &\Leftrightarrow \delta _0(2w, 3) = \delta _0(w, 3) + \delta _0(w - 2, 3), \\ \kappa _1(4) = 0 &\Leftrightarrow \delta _0(2w, 4) = \delta _0(w, 4) + \delta _0(w - 2, 4),\end {align*}


$w \in 2 \bZ $


$N = 2, 3, 4$


$w$


$\Gamma _0(N)$


$w$


$\Gamma _0(2)$


$w$


$\Gamma _0(3)$


$2$


$3$


$4$


\begin {equation}(N, s) \in \{(2, 1), (2, 2), (3, 1), (4, 1)\}\end {equation}


$w$


$w$


$s$


$\Gamma _0(N)$


\begin {equation}\label {eqn:multestln} \delta _{s}(w, N) - 1 \le \nu _{\max }(s, w, N) \le \delta _{s}(w, N) - 1 + \kappa _s(w, N)\end {equation}


\begin {equation}\nu _{\max }(s, w, N) := \max \{n: \exists f \in \QM _{w}^{\le s}(\Gamma _0(N)) \backslash \{0\}, f = q^n + O(q^{n+1})\}.\end {equation}


$\delta _s(w, N) - 1 = \nu _{\max }(s, w, N)$


$\kappa _s(N) > 0$


$(N, s)$


$N = 2, 3, 4$


$\QM _{w}^{\le s}(\Gamma _0(N))$


$f_1, \cdots , f_d$


$\QM _{w}^{\le s}(\Gamma _0(N))$


\begin {equation*}f_i(z) = \sum _{n \ge 0} a_{i, n} q^n,\end {equation*}


$\cM _{w'}(\Gamma _0(N))$


$w' \le w$


$E_2$


$w$


$s$


$\Gamma _0(N)$


$d \times d$


\begin {equation*}\begin {pmatrix} a_{1, 0} & a_{1, 1} & \cdots & a_{1, d - 1} \\ a_{2, 0} & a_{2, 1} & \cdots & a_{2, d - 1} \\ \vdots & \vdots & \ddots & \vdots \\ a_{d, 0} & a_{d, 1} & \cdots & a_{d, d - 1} \end {pmatrix}.\end {equation*}


$(N, s) = (2, 3), (2, 4), (3, 2), (3, 3), (3, 4)$


$w \le 50$


$\Gamma _0(N)$


$\Gamma _1(N)$


$E_2$


$\SL _2(\mathbb {Z})$


$E_2$


$E_4$


$E_6$


$w$


$s$


$X_{w, s}$


$w$


$\leq s$


$s = 1$


$s = 2$


$d \times d$


$d$


$\Gamma (2)$


$\Gamma _0(N)$


$\Gamma _1(N)$


$\Gamma (2)$


$\Gamma (2)$


$H_2 = \Theta _2^4$


$H_4 = \Theta _4^4$


$E_2$


$q$


$t$


$z = it$


$q$


$= q^{1/2}$


$=q$


$\QM (\SL _2(\bZ ))$


$\QM (\Gamma (2))$


$f(z) \mapsto f(2z)$


$E_{2}$


$E_{4}$


$E_{6}$


\begin {equation*}\RQM (\Gamma ) = \QM (\Gamma ) \left [\frac {1}{\pi }, \frac {i}{z}\right ]\end {equation*}


$\Gamma = \SL _2(\bZ )$


$\Gamma (2)$


$1 /\pi $


$i/z = 1/t$


$D$


\begin {equation*}D\left (\frac {1}{\pi }\right ) = 0, \quad D\left (\frac {i}{z}\right ) = \frac {1}{2\pi i} \frac {\dd }{\dd z} \left (\frac {i}{z}\right ) = \frac {1}{2} \frac {1}{\pi } \left (\frac {i}{z}\right )^{2}\end {equation*}


$S$


$|_{w}S$


$F \cdot (1/\pi )^{a} \cdot (i/z)^{b}$


$F \in \mathcal {QM}_{w-a-b}(\Gamma )$


\begin {equation*}(F|_{w-a-b}S) \cdot (1/\pi )^{a} \cdot (i/(-1/z))^{b} \cdot z^{-a-b} = (-1)^{(a+b)/2} \cdot (F|_{w-a-b}S) \cdot (1/\pi )^{a} \cdot (i/z)^{a}\end {equation*}


$a + b$


$S$


$\lim _{t \to 0^+}$


$\lim _{t \to \infty }$


$F|_{12}S$


$G|_{10}S$


$\cM _{w}(\Gamma _0(2))$


$A_2$


$A_{4, 1}$


$g_0, g_1, \dots , g_{\lfloor \frac {w}{4} \rfloor }$


$i$


$g_j$


$a_{i}(g_j) = \delta _{ij}$


$0 \le i, j \le \lfloor \frac {w}{4} \rfloor $


$1$


$A_{2}^{a} A_{4, 1}^{b}$


$\Gamma _0(2)$


$\cM _{w}(\Gamma _0(3))$


$\cM _{w}(\Gamma _0(N))$


$N = 2, 3$


$\Gamma _0(2)$


$A_2^{\frac {w}{2} - i} A_{4, 1}^i$


$0 \le i \le \frac {w}{4}$


$\cM _{w}(\Gamma _0(2))$


$1, q, \dots , q^{\frac {w}{4}}$


$d = \frac {w}{4} + 1$


$1$


$\cM _{w}(\Gamma _0(3))$


$B_2^i B_{4, 1}^j B_{6, 2}^k$


$i, j, k \in \bZ _{\ge 0}$


$k \in \{0, 1\}$


$2i + 4j + 6k = w$


$j + 2k$


$2i_1 + 4j_1 + 6k_1 = 2i_2 + 4j_2 + 6k_2$


$j_1 + 2k_1 = j_2 + 2k_2$


$j_1 - j_2 = -2 (i_1 - i_2) = -2 (k_1 - k_2)$


$j_1, j_2 \in \{0, 1\}$


$j_1 = j_2$


$i_1 = i_2, k_1 = k_2$


$w = 8$


$\Gamma _0(2)$


\begin {align*}f_0 &= -\frac {5}{24} A_2^4 + \frac {5}{12} A_2^2 A_{4, 0} + \frac {19}{24} A_{4, 0}^2 = 1 - 7680 q^3 + 4320 q^4 - 276480 q^5 + \cdots , \\ f_1 &= -\frac {1}{288} A_2^4 + \frac {1}{36} A_2^2 A_{4, 0} - \frac {7}{288} A_{4, 0}^2 = q + 140 q^3 + 1024 q^4 + 4398 q^5 + \cdots , \\ f_2 &= \frac {1}{2304} A_2^4 - \frac {1}{1152} A_2^2 A_{4, 0} + \frac {1}{2304} A_{4, 0}^2 = q^2 + 16 q^3 + 120 q^4 + 576 q^5 + \cdots .\end {align*}


$\Gamma _0(3)$


\begin {align*}f_0 &= B_{4, 0}^2 = 1 + 480 q^3 + 61920 q^6 + \cdots , \\ f_1 &= -\frac {1}{48} B_2^2 B_{4, 0} + \frac {1}{8} B_2 B_{6, 0} - \frac {5}{48} B_{4, 0}^2 = q - 135 q^3 - 902 q^4 - \cdots , \\ f_2 &= \frac {1}{144} B_2^2 B_{4, 0} - \frac {1}{72} B_2 B_{6, 0} + \frac {1}{144} B_{4, 0}^2 = q^2 + 18 q^3 + 135 q^4 + \cdots .\end {align*}


$\rA _{+}(d)$


$M_{d,\pm }(\bzero )$


$(-1)^{d/4}$


$F_w$


$\widetilde {F}_{w}$


\begin {equation}\label {eqn:Ftilde} \widetilde {F}_{w-2} := B_{w-2} + 2 E_2 C_{w-4} = \sum _{n \ge 1} \tilde {a}_{n,+}^{(w-2)} q^n\end {equation}


$F_w = A_w + E_2 B_{w - 2} + E_2^2 C_{w-4}$


$A_w$


$B_{w-2}$


$C_{w-4}$


$w$


$w-2$


$w-4$


$w \equiv 0 \pmod {4}$


\begin {align*}F_w\left (\frac {i}{t}\right ) &= A_w\left (\frac {i}{t}\right ) + E_2\left (\frac {i}{t}\right ) B_{w-2}\left (\frac {i}{t}\right ) + E_2^2\left (\frac {i}{t}\right ) C_{w-4}\left (\frac {i}{t}\right ) \\ &= t^{w} A_w(it) - \left (-t^2 E_2(it) + \frac {6t}{\pi }\right ) t^{w-2} B_{w-2}(it) \\ &\quad + \left (t^4 E_2^2(it) - \frac {12t^3}{\pi } E_2(it) + \frac {36t^2}{\pi ^2}\right ) t^{w-4} C_{w-4}(it) \\ &= t^w F_w(it) - \frac {6t^{w-1}}{\pi } (B_{w-2}(it) + 2 E_2(it) C_{w-4}(it)) + \frac {36t^{w-2}}{\pi ^2} C_{w-4}(it)\end {align*}


\begin {equation}\label {eqn:phi} \frac {t^{2-w} F_w\left (i / t\right )}{\Delta (it)^{n_+}} = t^2 \frac {F_w(it)}{\Delta (it)^{n_+}} - \frac {6t}{\pi } \frac {B_{w-2}(it) + 2 E_2(it) C_{w-4}(it)}{\Delta (it)^{n_+}} + \frac {36}{\pi ^2} \frac {C_{w-4}(it)}{\Delta (it)^{n_+}}.\end {equation}


$q$


\begin {equation}\label {eqn:qexp_integrand} \frac {F_{w}}{\Delta ^{n_+}} = \sum _{n \ge \frac {w}{4} -n_+} a_{n,+} q^n, \quad \frac {B_{w-2} + 2 E_2 C_{w-4}}{\Delta ^{n_+}} = \sum _{n \ge 1-n_+} b_{n,+} q^n, \quad \frac {C_{w-4}}{\Delta ^{n_+}} = \sum _{n \ge - n_+} c_{n,+} q^n,\end {equation}


$1$


$w-2$


$\frac {w}{4} - n_+ > 0$


$\bx \in \bR ^d$


$\phi (t)$


$\widetilde {\phi }(t)$


\begin {equation}\label {eqn:phitilde} \widetilde {\phi }(t) := \phi (t) - \left [-\frac {6t}{\pi } \sum _{1-n_+ \le k \le 0} b_{k,+} e^{-2 \pi k t} + \frac {36}{\pi ^2} \sum _{-n_+ \le k \le 0} c_{k,+} e^{-2 \pi k t}\right ]\end {equation}


$\widetilde {\phi }$


$t \to \infty $


\begin {align*}M_{d,+}(\bx ) &= 4 \sin ^{2} \left (\frac {\pi \|\mathbf {x}\|^{2}}{2}\right ) \left [\int _{0}^{\infty } \widetilde {\phi }(t) e^{-\pi \|\mathbf {x}\|^{2} t} \dd t \right . \\ &\left .\quad - \sum _{1-n_+ \le k \le 0} \frac {6 b_{k,+}}{\pi } \int _{0}^{\infty } t e^{-\pi \|\mathbf {x}\|^{2} t} e^{-2 \pi k t} \dd t + \sum _{-n_+ \le k \le 0} \frac {36 c_{k,+}}{\pi ^2} \int _{0}^{\infty } e^{-\pi \|\mathbf {x}\|^{2} t} e^{-2 \pi k t} \dd t \right ] \\ &= 4 \sin ^2\left (\frac {\pi \|\bx \|^2}{2}\right )\int _0^{\infty } \widetilde {\phi }(t) e^{-\pi \|\bx \|^2 t} \dd t \\ &\quad + 4 \sin ^2\left (\frac {\pi \|\bx \|^2}{2}\right ) \left [ - \frac {6}{\pi }\sum _{1-n_+ \le k \le 0} \frac {b_{k,+}}{\pi ^2 (\|\bx \|^2 + 2k)^2} + \frac {36}{\pi ^2} \sum _{-n_+ \le k \le 0} \frac {c_{k,+}}{\pi (\|\bx \|^2 + 2 k)}\right ]\end {align*}


$\|\bx \|^2 > 2n_+$


$\bx = \mathbf {0}$


$b_{0,+}$


\begin {equation}\label {eqn:Morig} M_{d,+}(\mathbf {0}) = -\frac {6}{\pi } \cdot 4 \cdot \frac {\pi ^2}{4} \cdot \frac {b_{0,+}}{\pi ^2} = - \frac {6 b_{0,+}}{\pi }.\end {equation}


$(-1)^{d/4+1}$


$\cL _S$


$\cL _S$


$q$


$A$


$B$


$G = A + B \cL _S$


$\widetilde {G}_{w}$


$36000$


$\cE _w$


$\rA _{(-1)^{d/4+1}}(d)$


$1$


$E_w$


$f_1, \dots , f_\ell $


\begin {equation*}\cE _w = \frac {2w}{B_w} \sum _{n=1}^{\ell } \sigma _{w-1}(n) f_n + E_w\end {equation*}


$N \ge 1$


$w \ge 2$


$s \ge 0$


$w$


$s$


$\Gamma _0(N)$


$\Gamma _0(2)$


$\Gamma _0(2)$


$A_2$


$A_{4,1}$


$H_2$


$\Delta _2$


\begin {align}A_2(z) &= 2 E_2(2z) - E_2(z) = 1 + 24 q + 24 q^2 + 96 q^3 + 24 q^4 + 144 q^5 + \cdots , \label {eqn:a2} \\ A_{4,0}(z) &= E_4(2z) = 1 + 240 q^2 + 2160 q^4 + 6720 q^6 + 17520 q^8 + 30240 q^{10} + \cdots , \label {eqn:a40} \\ A_{4,1}(z) &= \frac {\eta (2z)^{16}}{\eta (z)^{8}} = \frac {A_2(z)^{2} - A_{4, 0}(z)}{48} = q + 8 q^2 + 28 q^3 + 64 q^4 + 126 q^5 + \cdots . \label {eqn:a41}\end {align}


$2, 4, 4$


$\Gamma _0(2)$


$E_2$


\begin {equation*}\QM (\Gamma _0(2)) = \bC [E_2, A_2, A_{4, 0}] = \bC [E_2, A_2, A_{4, 1}].\end {equation*}


$A_{4, 1}(z)$


$\infty $


$A_2$


$A_{4, 0}$


$A_{4, 1}$


$A_2$


\begin {align*}A_2(z) &= 2 \left (1 - 24 \sum _{n \ge 1} \sigma _1(n) q^{2n}\right ) - \left (1 - 24 \sum _{n \ge 1} \sigma _1(n) q^n \right ) \\ &= 1 + 24 \sum _{n \ge 1} \left ( \sigma _1(n) - 2 \sigma _1\left (\frac {n}{2}\right )\right ) q^{n}\end {align*}


$\sigma _1$


$n$


$n = 2^k m$


$k \ge 0$


$m$


\begin {equation*}\sigma _1(n) - 2 \sigma _1 \left (\frac {n}{2}\right ) = \sigma _1(m) > 0.\end {equation*}


$A_{4, 0}(z) = 1 + 240 \sum _{n \ge 1} \sigma _3(n) q^{2n}$


$A_{4, 1}$


\begin {align}A_{4, 1} &= \frac {A_{2}'}{24} - \frac {E_2'(2z)}{12} + \left (\frac {E_2(2z) - E_2(z)}{12}\right )^{2} \label {eqn:b4fourier} \\ &= \sum _{n \ge 1} n\left (\sigma _1(n) - \sigma _1\left (\frac {n}{2}\right )\right ) q^{n} + 4 \left [\sum _{n \ge 1}\left (\sigma _1(n) - \sigma _1\left (\frac {n}{2}\right )\right ) q^{n} \right ]^{2} \nonumber \end {align}


$A_{4, 1}$


\begin {equation}\label {eqn:a4sqrt} \frac {\eta (2z)^{8}}{\eta (z)^{4}} = \sum _{n \ge 1, 2\nmid n} \sigma _1(n) q^{\frac {n}{2}} = q^{\frac {1}{2}} + 4 q^{\frac {3}{2}} + 6 q^{\frac {5}{2}} + 8 q^{\frac {7}{2}} + 13 q^{\frac {9}{2}} + \cdots .\end {equation}


$A_{4, 1}$


\begin {equation*}\frac {\eta (2z)^{2}}{\eta (z)} = \frac {q^{\frac {1}{6}} \prod _{n \ge 1} (1 - q^{2n})^{2}}{q^{\frac {1}{24}} \prod _{n \ge 1} (1 - q^{n})} = q^{\frac {1}{8}} \sum _{n \ge 1} c_{2}(n) q^{n} = q^{\frac {1}{8}} \sum _{n \ge 0} q^{\binom {n+1}{2}}\end {equation*}


$c_{2}(n)$


$n$


$\Gamma _0(2)$


$\dim _{\mathbb {C}} \cM _{w}(\Gamma _0(2)) = \lfloor \frac {w}{4} \rfloor + 1$


$\Gamma _0(2)$


$\lfloor \frac {w}{4} \rfloor $


$A_{2}^{a} A_{4, 1}^{b}$


\begin {equation}(a, b) = \begin {cases} (0, \frac {w}{4}) & w \equiv 0 \pmod {4} \\ (1, \frac {w-2}{4}) & w \equiv 2 \pmod {4} \end {cases}\end {equation}


$2a + 4b = w$


$b = \lfloor \frac {w}{4} \rfloor $


$1$


$1$


$E_4^a E_6^b \Delta ^c$


$1$


$\cD _{w} = \cD _{w,1}$


$w$


$1$


$\Gamma _0(2)$


$\cD _n$


$2n$


\begin {equation}\label {eqn:eisl2} E_2^{[2]}(z) := \frac {E_2(z) + 2 A_2(z)}{3} = (\log A_{4, 1}(z))' = 1 + 8 \sum _{n \ge 1} \left (\sigma _1(n) - 4\sigma _1\left (\frac {n}{2}\right )\right ) q^n\end {equation}


$E_2$


$\Gamma _0(2)$


$E_2^{(2)}$


$[2]$


$\Gamma _0(2)$


\begin {equation}\label {eqn:serrederl2} \partial _k^{[2]} F := F' - \frac {k}{4} E_{2}^{[2]} F = \partial _k F - \frac {k}{6} A_2 F.\end {equation}


$\cD _{w}$


\begin {equation}\label {eqn:l2d1de} \cD _{w}'' - \frac {w}{2} E_{2}^{[2]} \cD _{w}' + \frac {w(w-1)}{4} E_{2}^{[2]\prime } \cD _{w} = 0.\end {equation}


$\cD _{w}$


$\cD _{w}$


\begin {equation}\cD _{w} = \sum _{n \ge \frac {w}{2}} d_{n}^{(w)} q^{n} = \sum _{k \ge 0} f_{k}(w) q^{\frac {w}{2}+k}\end {equation}


$f_{k}(w) = d_{\frac {w}{2} + k}^{(w)}$


$f_{k}(w)$


$w$


\begin {equation}f_{k}(w) = \frac {1}{\left (\frac {w}{2} + k\right )k} \left ( \sum _{i=1}^{k} \left (\frac {w}{2} \left (\frac {w}{2} + (k - i)\right ) - \frac {w(w-1)i}{4}\right ) b_{i} f_{k-i}(w)\right )\end {equation}


$f_{0}(w) = 1$


$b_{i}$


$i$


$E_{2}^{[2]}$


$q^{\frac {w}{2} + k}$


$f_{k}(w)$


$1 \le k \le 4$


\begin {align}f_{1}(w) &= \frac {4w}{w+2}, \label {eqn:f1} \\ f_{2}(w) &= \frac {2w(w^2 + 12 w - 4)}{(w+2)(w+4)}, \nonumber \\ f_{3}(w) &= \frac {8w(w^3 + 14 w^2 - 16w + 16)}{(w+2)(w+4)(w+6)}, \nonumber \\ f_{4}(w) &= \frac {2w(w^5 + \frac {63}{2}w^4 + 312 w^3 - 654 w^2 + 1472 w - 480)}{(w+2)(w+4)(w+6)(w+8)}. \nonumber \end {align}


$w \ge 2$


$\cD _{w}$


$w$


$1$


\begin {align}\cD _{w+4} &= \frac {(w+2)(w+4)}{16(w+3)^{2}} (A_2 \cD _{w+2} - A_{4,1} \cD _{w}). \label {eqn:l2rec1} \\ \cD _{w+2} &= \frac {w+2}{8(w+1)^{2}}\left (\frac {5w + 1}{12} A_2 \cD _{w} - \partial _{w-1} \cD _{w} \right ) \label {eqn:l2rec3} \\ \cD _{w+2}' &= -4(w+1) \cD _{2} \cD _{w+2} + \left (\frac {w+2}{2}\right ) A_{4,1} \cD _{w} \label {eqn:l2rec4}\end {align}


$w+2$


$1$


$\frac {w}{2} + 1$


$\cD _{w+2}$


${}_{w}$


\begin {align*}\cD _{w+2}' &= \frac {w+2}{8(w+1)^{2}} \left ( \frac {5w + 1}{12} A_2 \cD _{w}' + \frac {5w + 1}{12} A_2' \cD _{w} - \cD _{w}'' + \frac {w-1}{12} E_2' \cD _{w} + \frac {w-1}{12} E_2 \cD _{w}'\right ) \\ &= \frac {w+2}{8(w+1)} \left (4 \cD _{2} \cD _{w}' + \frac {1}{12}((2w + 1) A_2' + (w-1) E_2') \cD _{w}\right )\end {align*}


$\cD _{w}''$


$4(w+1) \cD _{2} \cD _{w+2}$


${}_{w}$


$\cD _{2} \cD _{w}'$


${}_{w}$


$w \ge 2$


$\cD _{w}$


$\cD _{w}(it) > 0$


$t > 0$


$\tcD _{w}$


\begin {equation}\tcD _{w}(z) := \left ( \frac {\eta (2z)}{\eta (z)^{2}} \right )^{2(w-1)} \cD _{w}(z).\end {equation}


$\tcD _{w}(z)$


$\cD _{w}(z)$


$\eta $


$w = 2$


\begin {equation}\cD _{2} = \frac {A_2(z) - E_2(z)}{48} = \frac {E_2(2z) - E_2(z)}{24} = \sum _{n \ge 1} \left (\sigma _1(n) - \sigma _1\left (\frac {n}{2}\right )\right ) q^n \label {eqn:D2fourier}\end {equation}


\begin {equation}\label {eqn:eta2z2} \frac {\eta (2z)}{\eta (z)^{2}} = \prod _{n \ge 1} \frac {(1 - q^{2n})}{(1 - q^{n})^{2}} = \prod _{n \ge 1} \frac {1 + q^n}{1 - q^n} = \prod _{n \ge 1} (1 + q^n)(1 + q^n + q^{2n} + \cdots )\end {equation}


$\tcD _{2}(z)$


$\eta ' = \frac {1}{24} E_2 \eta $


$_{w-2}$


$\tcD _{w}$


\begin {align*}\tcD _{w}'(z) &= 2(w-1)\left (\frac {\eta (2z)}{\eta (z)^{2}}\right )^{2w-3} \frac {\frac {1}{12} E_2(2z) \eta (2z) \eta (z)^{2} - \frac {1}{12} E_2(z) \eta (2z) \eta (z)^{2}}{\eta (z)^{4}} \cD _{w}(z) \\ &\quad + \left (\frac {\eta (2z)}{\eta (z)^{2}}\right )^{2(w-1)} \cD _{w}'(z)\\ &= \left (\frac {\eta (2z)}{\eta (z)^{2}}\right )^{2(w-1)} \left [ 4(w-1) \cD _{2}(z) \cD _{w}(z) + \cD _{w}'(z) \right ] \\ &= \frac {w}{2} A_{4,1}(z) \left (\frac {\eta (2z)}{\eta (z)^{2}}\right )^{2(w-1)} \cD _{w-2}(z) \\ &= \frac {w}{2} A_{4,1}(z) \left (\frac {\eta (2z)^{2}}{\eta (z)^{4}}\right ) \tcD _{w-2}(z).\end {align*}


$\tcD _{w}(z)$


$w$


$N \in \bZ _{\ge 2}$


$N^3 E_2'(Nz) - E_2'(z) \in \QM _{4}^{\le 1}(\Gamma _0(N))$


$N \in \bZ _{\ge 2}$


$t > 0$


$N^2 E_2(iNt) - E_2(it) > N^2 - 1$


$t \mapsto N^2 E_2(iNt) - E_2(it)$


$N^2 E_2(iNt) - E_2(it) > \lim _{t \to \infty } N^2 E_2(iNt) - E_2(it) = N^2 - 1$


$w \ge 2$


$\cD _{w}'$


\begin {equation}\label {eqn:l2d1de2} \left (\frac {\cD _{w}'}{A_{4, 1}^{\frac {w}{2}}}\right )' = -\frac {w(w-1)}{4} E_{2}^{[2]\prime } \frac {\cD _{w}}{A_{4, 1}^{\frac {w}{4}}}.\end {equation}


$N = 2$


$E_{2}^{[2]\prime } > 0$


$t \mapsto \cD _{w}'(it) / A_{4, 1}(it)^{\frac {w}{2}}$


$t > 0$


$\lim _{t \to 0^+} \cD _{w}'(it) / A_{4, 1}(it)^{\frac {w}{2}}$


$\eta (z)$


\begin {equation}\label {eqn:a41invlim} A_{4, 1} \left (\frac {i}{2t}\right ) = \frac {t^{4}}{16} \frac {\eta (it)^{16}}{\eta (2it)^8} = \frac {t^4}{16} \prod _{n \ge 1} \left (\frac {1 - e^{-2\pi n t}}{1 + e^{-2 \pi n t}}\right )^8 = \frac {t^4}{16} (1 + O(e^{-2 \pi t}))\end {equation}


$t \to \infty $


$\cD _{w}'(it)$


$\cD _{w}' = F_0 + F_1 E_2 + F_2 E_2^2$


$F_j \in \cM _{w - 2j}(\Gamma _0(2))$


\begin {align*}z^{-w}\cD _{w}'\left (-\frac {1}{2z}\right ) &= z^{-w} F_0\left (-\frac {1}{2z}\right ) \\ & \quad + z^{-(w-2)} F_1\left (-\frac {1}{2z}\right ) \cdot z^{-2} E_2\left (-\frac {1}{2z}\right ) \\ & \quad + z^{-(w-4)} F_2\left (-\frac {1}{2z}\right ) \cdot z^{-4} E_2\left (-\frac {1}{2z}\right )^{2} \\ &= \widetilde {F}_{1}(z) + \widetilde {F}_{2}(z) \left (4 E_2(2z) - \frac {12 \pi i}{z}\right ) + \widetilde {F}_{3}(z) \left (4 E_2(2z) - \frac {12 \pi i}{z}\right )^{2}\end {align*}


$\widetilde {F}_{j} \in \cM _{w - 2j}(\Gamma _0(2))$


$F_j$


$z = it$


$\cD _{w}'\left (\frac {i}{2t}\right ) = O(t^{w})$


$t \to \infty $


$\widetilde {F}_{j}(it) = O(1)$


\begin {equation*}\lim _{t \to 0^+} \frac {\cD _{w}'(it)}{A_{4, 1}(it)^{\frac {w}{2}}} = \lim _{t \to \infty } \frac {\cD _{w}'\left (\frac {i}{2t}\right )}{A_{4, 1}\left (\frac {i}{2t}\right )^{\frac {w}{2}}} = \lim _{t \to \infty } \frac {O(t^{w})}{\frac {t^{2w}}{2^{2w}}(1 + O(e^{-2 \pi t}))} = 0.\end {equation*}


$t \mapsto \cD _{w}(it)$


$t > 0$


$\cD _w$


$w \ge 2$


$\cD _{w}$


$w \ge 2$


$\cD _{w}$


$w$


$\cD _{w}$


$1$


$\le 4$


$\cD _{w}$


$w = 2$


$\cD _{w}$


$w + 2$


$8$


$w = 2$


$w = 6$


$\cD _{2}$


$q^5$


$\cD _{6}$


$\frac {78}{5}$


$2$


$w$


$\cD _{w, 2}$


$1$


$1$


$s \le 4$


$X_{w, s}$


\begin {equation*}X_{w, s}^{(s+1)} - \frac {w}{12} [E_2, X_{w, s}]_{s}^{(2, w-s)} = 0\end {equation*}


$\cD _{w, 2}$


$\cD _{w} = \cD _{w, 1}$


\begin {equation*}\cD _{w, 1}'' - \frac {w}{4} [E_{2}^{[2]}, \cD _{w, 1}]_{1}^{(2, w-1)} = 0.\end {equation*}


$2$


$w \equiv 0 \pmod {4}$


$\Gamma _0(2)$


$w$


$2$


\begin {align}&\cD _{w, 2}''' - \frac {w}{4} [E_{2}^{[2]}, \cD _{w, 2}]_{2}^{(2, w-2)} \label {eqn:l2d2de1} \\ &= \cD _{w, 2}''' - \frac {3w}{4} E_{2}^{[2]} \cD _{w, 2}'' + \frac {3(w-1)w}{4} E_{2}^{[2]\prime } \cD _{w, 2}' - \frac {(w-2)(w-1)w}{8} E_{2}^{[2]\prime \prime } \cD _{w, 2} = 0, \label {eqn:l2d2de2}\end {align}


\begin {equation}\partial _{w+2}^{[2]} \partial _{w}^{[2]} \partial _{w-2}^{[2]} \cD _{w, 2} - \left (\frac {-A_2^2 + 4A_{4, 0}}{3}\right ) \left [\frac {3w^2 - 4}{16} \partial _{w-2}^{[2]} \cD _{w, 2} + \frac {(w+1)(w-2)^2}{32} A_2 \cD _{w, 2}\right ] = 0 \label {eqn:l2d2de3}\end {equation}


$\cD _{4, 2}$


$K_w^{\mathrm {up}}$


\begin {align}K_w^{\mathrm {up}}f &= \partial _{w}^{[2]} \partial _{w-2}^{[2]} f + \alpha _{w}^{(1)} A_2 \partial _{w-2}^{[2]} f + \alpha _{w}^{(2)} A_2^2 f + \alpha _{w}^{(3)} A_{4, 1} f\end {align}


\begin {align*}\alpha _{w}^{(1)} &= -\frac {(w+2)(3w^2 + 12w + 10)}{3(7w^2 + 28w + 24)} \\ \alpha _{w}^{(2)} &= -\frac {(w+1)(15 w^3 + 48 w^2 + 4w - 40)}{12(7w^2 + 28w + 24)} \\ \alpha _{w}^{(3)} &= \frac {16(w+1)(16w^3 + 55w^2 + 20w - 28)}{3(7w^2 + 28w + 24)}\end {align*}


$f$


${}_{w}$


$K_w^{\mathrm {up}} f$


${}_{w+4}$


$\partial _{w+2}^{[2]} K_{w}^{\mathrm {up}} \cD _{w, 2}$


$\partial _{w+4}^{[2]} \partial _{w+2}^{[2]} K_{w}^{\mathrm {up}} \cD _{w, 2}$


$\partial _{w+6}^{[2]} \partial _{w+4}^{[2]} \partial _{w+2}^{[2]} K_{w}^{\mathrm {up}} \cD _{w, 2}$


$\partial _{w}^{[2]} \partial _{w-2}^{[2]} \cD _{w, 2}$


$\partial _{w-2}^{[2]} \cD _{w, 2}$


$\cD _{w, 2}$


$\Gamma _0(2)$


${}_{w+4}$


$f = K_{w}^{\mathrm {up}}\cD _{w, 2}$


$\cD _{w, 2}$


$\lfloor \frac {3w}{4} \rfloor $


$q^{\frac {3w}{4}+1}$


$q^{\frac {3w}{4} + 2}$


$w \equiv 0 \pmod {4}$


$q$


$\cD _{w, 2}$


\begin {equation}\label {eqn:l2d2exp} \begin {aligned} \cD _{w, 2} &= q^{\frac {3w}{4}} - \frac {2w(w^2 - 12w - 16)}{(3w + 4)^2} q^{\frac {3w}{4} + 1} \\ &\quad + \frac {w(2w^5 + 21w^4 + 1136w^3 + 4048 w^2 + 2432 w - 1024)}{(3w+4)^2 (3w+8)^2} q^{\frac {3w}{4} + 2} + \cdots \end {aligned}\end {equation}


$\cD _{w+4, 2}$


$K_{w}^{\mathrm {up}} \cD _{w, 2}$


\begin {equation*}K_{w}^{\mathrm {up}} \cD _{w, 2} = \frac {2^{20}(w+1)^3 (w+2)^4 (w+3)^3}{3^{3}(w+4)^2 (3w + 4)^2 (3w + 8)^2 (7w^2 + 28w + 24)} \cD _{w+4, 2}.\end {equation*}


$w \equiv 0 \pmod {4}$


\begin {equation}\label {eqn:l2d2rec} \cD _{w+2, 2} = \frac {(3w+4)^2}{256(w+1)^3} \left ((w+1) A_2 \cD _{w,2} - 2 \partial _{w-2}^{[2]} \cD _{w,2}\right )\end {equation}


$A_2 \cD _{w,2}$


$\partial _{w-2}^{[2]} \cD _{w,2}$


$w + 2$


$\le 2$


$q^{\frac {3w}{4}}$


$q^{\frac {3w}{4} + 1}$


$a, b$


$a A_2 \cD _{w,2} + b \partial _{w-2}^{[2]} \cD _{w,2} = \cD _{w+2,2}$


$q^{\frac {3w}{4}}$


$q^{\frac {3w}{4} + 1}$


$\cD _{w, 2}$


$w \in \{4, 6, 8, 10, 12, 14, 18\}$


$w = 4$


$w = 6$


\begin {align}\cD _{4, 2}'(z) &= 3 \cD _{2, 1}(z) X_{4, 2}(2z) \label {eqn:D_4_2} \\ \cD _{6, 2}(z) &= \frac {1}{2880}\left (\frac {98E_4'(2z) - 13 E_4'(z)}{100} + \frac {E_6(2z) - E_6(z)}{70} + A_2''(z)\right ) \label {eqn:D_6_2}\end {align}


$\cD _{4, 2}$


$n$


$\cD _{6, 2}$


\begin {equation}\label {eqn:D_6_2_coeff} \frac {1}{2880} \left [n\left (-13 \sigma _3(n) + 49 \sigma _3\left (\frac {n}{2}\right )\right ) + 3 \left (\sigma _5(n) - \sigma _5\left (\frac {n}{2}\right )\right ) + 10 n^2 \left (\sigma _1(n) - 2 \sigma _1 \left (\frac {n}{2}\right )\right )\right ]\end {equation}


$4$


$E_4$


$E_6$


$\sigma _3$


$\sigma _5$


$n \ge 4$


\begin {equation}\Delta _2(z) := \eta (z)^8 \eta (2z)^8 = \sum _{n \ge 1} c_n q^n = \frac {(A_2^2 - A_{4,0})(4A_{4,0} - A_2^2)}{144}\end {equation}


$\Gamma _0(2)$


$8$


$n$


$c_n$


$\sigma _0(n) n^{\frac {7}{2}} < n^{\frac {9}{2}}$


$w \in \{8, 10, 12, 14, 18\}$


$\cD _{w, 2}$


\begin {equation}\cD _{w, 2} = P_w'' + Q_w' + R_w\end {equation}


$P_w, Q_w, R_w$


$\Gamma _0(2)$


$w - 4$


$w - 2$


$w$


$\cD _{w, 2} = \sum _{n \ge \lfloor \frac {3w}{4} \rfloor } d_{n, 2}^{(w)} q^n$


$n$


$w = 8$


\begin {align*}P_8 &= \frac {E_4(z) - 8 E_4(2z)}{1612800} \\ Q_8 &= \frac {11 E_6(z) - 191 E_6(2z)}{71124480} \\ R_8 &= \frac {E_8(z) - E_8(2z)}{51179520} - \frac {11 \Delta _2(z)}{137088}\end {align*}


$n$


$\cD _{8, 2}$


\begin {align*}d_{n,2}^{(8)} &= \frac {240 n^2 (\sigma _3(n) - 8 \sigma _3(\frac {n}{2}))}{1612800} - \frac {504 n (11 \sigma _5(n) - 191 \sigma _5(\frac {n}{2}))}{71124480} + \frac {480 (\sigma _7(n) - \sigma _7(\frac {n}{2}))}{51179520} - \frac {11 c_n}{137088}\end {align*}


$n^k \le \sigma _k(n) < 2 n^k$


$n \ge 1$


$k \ge 2$


$d_{n, 2}^{(8)} > 0$


$n \ge n_0$


$n_0$


$n < n_0$


$w = 10, 12, 14, 18$


\begin {align*}P_{10} &= - \frac {E_6(z) + 73 E_6(2z)}{731566080} \\ Q_{10} &= - \frac {361 E_8(z) + 26839 E_8(2z)}{284265676800} + \frac {241 \Delta _2}{84602880} \\ R_{10} &= \frac {-E_{10}(z) + E_{10}(2z)}{2715254784} - \frac {121 A_2 \Delta _2}{39997440} \\ P_{12} &= \frac {-E_8(z) + 5441 E_8(2z)}{2895298560000} - \frac {\Delta _2}{5222400} \\ Q_{12} &= \frac {151 E_{10}(z) + 110953 E_{10}(2z)}{53236592640000} + \frac {A_2 \Delta _2}{733286400} \\ R_{12} &= \frac {E_{12}(z) - E_{12}(2z)}{811819008000} - \frac {(333895 A_2^2 - 801981 A_{4,0}) \Delta _2}{2451778560000} \\ P_{14} &= \frac {-45 E_{10}(z) + 18893 E_{10}(2z)}{304513309900800} - \frac {A_2 \Delta _2}{230461440} \\ Q_{14} &= \frac {-22363 E_{12}(z) + 20343643 E_{12}(2z)}{228186736223846400} + \frac {(688459 A_2^2 - 1265209 A_{4,0}) \Delta _2}{168290080358400} \\ R_{14} &= \frac {-E_{14}(z) + E_{14}(2z)}{43911212826624} - \frac {A_2(8883883 A_2^2 - 20201636 A_{4,0}) \Delta _2}{1463003388887040} \\ P_{18} &= - \frac {5197 E_{14}(z) + 2098067315 E_{14}(2z)}{44416420158497587200000} \\ &\quad - \frac {A_2(98935 A_2^2 - 269494 A_{4,0}) \Delta _2}{21751003975680000} \\ Q_{18} &= - \frac {581 E_{16}(z) + 24329659 E_{16}(2z)}{272898149276712960000} \\ &\quad + \frac {(61058626865 A_2^4 - 197501459863 A_2^2 A_{4,0} + 270388013672 A_{4,0}^2) \Delta _2}{15689843541552660480000} \\ R_{18} &= \frac {-E_{18}(z) + E_{18}(2z)}{778506238269849600} \\ &\quad - \frac {A_2(143215428358562 A_2^4 - 667208676525767 A_2^2 A_{4,0} + 767756329212366 A_{4,0}^2) \Delta _2}{14883124757451581030400000}\end {align*}


$\cD _{w, 2}$


$w \equiv 0 \pmod {4}$


$w \ge 16$


$w \equiv 2 \pmod {4}$


\begin {equation}\label {eqn:l2d2_second_2mod4} -\frac {2(w^3 - 18 w^2 - 4w + 8)}{(3w + 2)^2}\end {equation}


$w \ge 22$


$\cD _{w, 2}$


$w = 4, 6, 8, 10, 12, 14, 18$


$\cD _{w, 2}$


$\Gamma _0(2)$


$2$


$w \equiv 0 \pmod {4}$


$\cD _{w, 2}$


\begin {equation*}-\frac {2w(w^2 - 12w - 16)}{(3w + 4)^2} \in \bZ ,\end {equation*}


\begin {equation*}27(3w+4) \cdot \frac {2w(w^2 - 12w - 16)}{(3w + 4)^2} - (18w^2 - 240w + 32) = -\frac {128}{3w + 4} \in \bZ \end {equation*}


$w$


$w = 4$


$w = 20$


$4$


$\frac {3}{2}$


$-\frac {45}{32}$


$w \equiv 2 \pmod {4}$


$\Gamma _0(2)$


$s \ge 3$


$\ge 3$


$\cD _{w, 3}$


$\Gamma _0(2)$


$w$


$3$


\begin {align*}&F^{(4)} - \frac {w}{4} [E_{2}^{[2]}, F]_{3}^{(2, w-3)} \\ &= F^{''''} - w E_2^{[2]} F^{'''} + \frac {3}{2}(w-1)w E_{2}^{[2]\prime } F^{''} - \frac {(w-2)(w-1)w}{2} E_2^{[2]\prime \prime } F' + \frac {(w-3)(w-2)(w-1)w}{24} E_{2}^{[2]\prime \prime \prime } F \\ &= 0.\end {align*}


$F$


$w$


$\cD _{w, 3}$


\begin {equation*}\dim \QM _{w}^{\le 3}(\Gamma _0(2)) - 1 = \sum _{k=0}^{3} \dim \cM _{w-2k}(\Gamma _0(2)) - 1 = w - 1.\end {equation*}


$3$


$\Gamma _0(2)$


$\cD _{6, 3}$


\begin {align}\cD _{6, 3}(z) &= \frac {25}{84} (\cD _{6, 1}(z) - \cD _{6, 2}(z) - \cD _{2, 1}(z)X_{4, 2}(2z)) \label {eqn:cD63_1} \\ &= \frac {-700 E_2''(z) - 8400 E_2''(2z) - 91 E_4'(z) - 714 E_4'(2z) - 10 E_6(z) + 10 E_6(2z)}{4515840} \label {eqn:cD63_2} \\ &= q^5 + \frac {10}{7}q^6 + \frac {60}{7}q^7 + \frac {80}{7}q^8 + \frac {260}{7}q^9 + \frac {324}{7}q^{10} + \cdots \label {eqn:cD63_qexp}\end {align}


$\cD _{6, 3}$


$n$


$\cD _{6, 3}$


\begin {equation}a_n = \frac {A_n + B_{n/2}}{2688}\end {equation}


\begin {equation*}A_n = 10 n^2 \sigma _1(n) - 13 n \sigma _3(n) + 3 \sigma _5(n), \quad B_n = 120 n^2 \sigma _1(n) - 102 n \sigma _3(n) - 3 \sigma _5(n)\end {equation*}


$B_n = 0$


$n$


$n^k \le \sigma _k(n) < 2 n^k$


$k \ge 2$


$\sigma _1(n) < n^2$


\begin {equation*}A_n \ge 3n^5 - 26 n^4 + 10n^3, \quad B_n \ge -6n^5 - 204n^4 + 120 n^3\end {equation*}


$A_n > 0$


$n \ge 9$


$A_n + B_{n/2} > 0$


$n \ge 14$


$a_n > 0$


$n \ge 14$


$a_n > 0$


$5 \le n \le 13$


$a_n$


$3$


$\Gamma _0(2)$


\begin {equation*}\cD _{12, 3} = q^{11} - \frac {553179}{162637}q^{12} + \frac {2138466}{162637}q^{13} - \frac {4442592}{162637}q^{14} + \cdots .\end {equation*}


$\Gamma _0(3)$


$\Gamma _0(3)$


\begin {align}B_{2}(z) &= \frac {3 E_2(3z) - E_2(z)}{2} = 1 + 12 q + 36 q^2 + 12 q^3 + 84 q^4 + 72 q^5 + \cdots , \\ B_{4,1}(z) &= \frac {B_{2}(z)^{2} - B_{4,0}(z)}{24} = q + 9 q^2 + 27 q^3 + 73q^4 + 126 q^5 + 243 q^6 + \cdots , \\ B_{6,2}(z) &= \frac {B_{2}(z)^{3} - 3 B_{2}(z) B_{4,0}(z) + 2 B_{6,0}(z)}{432} = q^2 + 6 q^3 + 27 q^4 + 80 q^5 + 207 q^6 + \cdots .\end {align}


$B_{2}, B_{4,1}, B_{6,2}$


$B_{4,1}^{2} = B_{2}B_{6,2}$


\begin {align}\label {eqn:eisl3} E_{2}^{[3]}(z) = \frac {E_2(z) + 3 B_2(z)}{4} = \frac {9E_2(3z) - E_2(z)}{8} = 1 + 3 \sum _{n \ge 1} \left (\sigma _1(n) - 9\sigma _1\left (\frac {n}{3}\right )\right ) q^n\end {align}


$\Gamma _0(3)$


\begin {equation}\label {eqn:serrederl3} \partial _{k}^{[3]} F = F' - \frac {k}{3} E_{2}^{[3]} F = \partial _k F - \frac {k}{4} B_2 F.\end {equation}


$B_2, B_{4,1}, B_{6,2}$


$B_2$


\begin {equation}\label {eqn:b2fourier} B_{2}(z) = 1 + 12 \sum _{n \ge 1} \left (\sigma _1(n) - 3 \sigma _1\left (\frac {n}{3}\right )\right ) q^{n}.\end {equation}


$B_{4,1}$


\begin {align}B_{4,1}(z) &= \frac {B_{2}'(z)}{12} - \frac {E_{2}'(3z)}{4} + 3 \left (\frac {E_2(3z) - E_2(z)}{24}\right )^{2} \\ &= \sum _{n \ge 1} n\left (\sigma _1(n) - 3 \sigma _1\left (\frac {n}{3}\right )\right ) q^n + 6 \sum _{n \ge 1} n \sigma _1(n) q^{3n} + 3 \left [\sum _{n \ge 1}\left (\sigma _1(n) - \sigma _1\left (\frac {n}{3}\right )\right ) q^{n}\right ]^{2} \nonumber \end {align}


$B_{6,2}$


\begin {equation}\frac {\eta (3z)^{3}}{\eta (z)} = \frac {q^{\frac {3}{8}} \prod _{n \ge 1} (1 - q^{3n})^{3}}{q^{\frac {1}{24}} \prod _{n \ge 1} (1 - q^{n})} = q^{\frac {1}{3}} \sum _{n \ge 0} c_{3}(n) q^{n},\end {equation}


$3$


$\Gamma _0(3)$


$\lfloor \frac {w}{3} \rfloor $


$B_{2}^{a} B_{4,1}^{b} B_{6,2}^{c}$


\begin {equation}(a, b, c) = \begin {cases} (0, 0, \frac {w}{6}) & w \equiv 0 \pmod {6} \\ (1, 0, \frac {w-2}{6}) & w \equiv 2 \pmod {6} \\ (0, 1, \frac {w-4}{6}) & w \equiv 4 \pmod {6} \end {cases}\end {equation}


$2a + 4b + 6c = w$


$b + 2c = \lfloor \frac {w}{3} \rfloor $


$\cE _{w}$


$\Gamma _0(3)$


$w$


$1$


$\Gamma _0(2)$


$\cE _{w}$


$w \equiv 0 \pmod {6}$


\begin {equation}\label {eqn:l3d1de} \cE _{w}'' - \frac {w}{3} [E_{2}^{[3]}, \cE _{w}]_{1}^{(2, w-1)} = \cE _{w}'' - \frac {2w}{3} E_{2}^{[3]}\cE _{w}' + \frac {w(w-1)}{3} E_{2}^{[3]\prime } \cE _{w} = 0.\end {equation}


$\cE _{w}$


\begin {equation}\cE _{w} = \sum _{n \ge \lfloor \frac {2w}{3} \rfloor } e_{n}^{(w)} q^{n} = \sum _{k \ge 0} g_{k}(w) q^{\lfloor \frac {2w}{3} \rfloor + k}\end {equation}


$g_{k}(w) = e_{\lfloor \frac {2w}{3} \rfloor + k}^{(w)}$


$w \equiv 0 \pmod {6}$


$g_{k}(w)$


$w$


\begin {equation}g_{k}(w) = \frac {1}{\left (\frac {2w}{3} + k\right )k} \left ( \sum _{i=1}^{k} \left (\frac {2w}{3} \left (\frac {2w}{3} + (k - i)\right ) - \frac {w(w-1)i}{3}\right ) c_{i} g_{k-i}(w)\right )\end {equation}


$g_{0}(w) = 1$


$c_{i}$


$i$


$E_{2}^{[3]}$


$g_k(w)$


$1 \le k \le 4$


\begin {align}g_1(w) &= \frac {w(w+3)}{2w+3} \label {eqn:g1_w0m6} \\ g_2(w) &= \frac {w(w^3 + 45w + 54)}{8(w + 3/2) (w+3)} \label {eqn:g2_w0m6} \\ g_3(w) &= \frac {w(w+5)(w^4 - 14 w^3 + 315 w^2 + 342 w - 324)}{48(w+3/2)(w+3)(w+9/2)} \\ g_4(w) &= \frac {w(w^6 - 27w^5 + 899w^4 + 6015w^3 + 11484w^2 - 3348w + 27216)}{384(w+3/2)(w+9/2)(w+6)}\end {align}


$\cE _{w}$


$w \equiv 0 \pmod {6}$


\begin {align}\cE _{w+2} &= \frac {2w + 3}{9(w+1)^2} \left (-\partial _{w-1} \cE _{w} + \frac {7w + 1}{12} B_2 \cE _w\right ) \label {eqn:l3_d1_rec1} \\ \cE _{w+4} &= \frac {2(w+3)}{9(w+2)^2} \left (- \partial _{w+1} \cE _{w+2} + \frac {7w+11}{12} B_2 \cE _{w+2}\right ) \label {eqn:l3_d1_rec2} \\ \cE _{w+6} &= \frac {2(w+6)(2w+9)}{243(w+5)^2} \left (-\partial _{w+3} \cE _{w+4} - \frac {(w+3)(w^2 - 8w - 56)}{12(w+4)^2} B_2 \cE _{w+4} \right . \nonumber \\ &\quad \left . + \frac {2(w+3)(w^2 + 6w + 7)}{3(w+4)^2} B_{4,1} \cE _{w+2}\right ) \label {eqn:l3_d1_rec3} \\ \cE _{w+2}' &= -3(w+1) \cE _{2} \cE _{w+2} + \left (\frac {2w}{3} + 1\right ) B_{4,1} \cE _{w} \label {eqn:l3_d1_rec4} \\ \cE _{w+4}' &= -3(w+3) \cE _{2} \cE _{w+4} + \frac {2(w+3)}{3(w+2)^2} \left ((w^2+6w+7) B_{4,1} \cE _{w+2} - (2w+3) B_{6,2} \cE _w\right ) \label {eqn:l3_d1_rec5} \\ \cE _{w+6}' &= -3(w+5) \cE _{2} \cE _{w+6} + \frac {4(w+3)(w+6)(2w+9)}{81(w+4)^2} \left (B_{4,1} \cE _{w+4} - B_{6,2} \cE _{w+2}\right ) \label {eqn:l3_d1_rec6}\end {align}


$w + 2$


$\le 1$


$q^{\lfloor \frac {2(w+2)}{3} \rfloor } = q^{\frac {2w}{3} + 1}$


$B_2$


$\cE _2$


$g_k(w)$


$w \equiv 2 \pmod {6}$


$w \equiv 4 \pmod {6}$


\begin {equation}\label {eqn:g1_w24m6} g_{1}(w) = \begin {cases} \frac {w^2 + 8w - 2}{2(w+1)} & w \equiv 2 \pmod {6} \\ \frac {w^2 + 13w + 4}{2w + 1} & w \equiv 4 \pmod {6} \end {cases}\end {equation}


$w \ge 2$


$\cE _{w}$


$w$


$\cE _{w}$


$w$


$\cE _{w}$


$w = 2$


$4$


$w \equiv 0 \pmod {6}$


$g_{1}(w) = \frac {w(w+3)}{2w + 3} \in \bZ $


$2 g_1(w) - w = \frac {3w}{2w + 3} \in \bZ $


$1 < \frac {3w}{2w + 3} < 2$


$w$


$g_1(w) \in \bZ $


$w \equiv 2, 4 \pmod {6}$


$w = 2, 4, 8$


$w = 2$


$4$


\begin {align*}\cE _{2}(z) &= \frac {E_2(3z) - E_2(z)}{24} = \sum _{n \ge 1} \left (\sigma _1(n) - \sigma _1\left (\frac {n}{3}\right )\right ) q^n, \\ \cE _{4}(z) &= \cE _{2}(z)^{2} + 2 \left (-\frac {E_2'(3z)}{24}\right ) = \left [\sum _{n \ge 1} \left (\sigma _1(n) - \sigma _1\left (\frac {n}{3}\right )\right ) q^n\right ]^2 + 2 \sum _{n \ge 1} n \sigma _1(n) q^{3n}\end {align*}


$q^7$


$\cE _{8}$


$\frac {117}{7}$


$\Gamma _0(2)$


$\cE _w$


$w \ge 2$


$w \ge 2$


$\cE _{w}$


$\cE _w$


$w \equiv 0 \pmod {6}$


$\cE _{w+2}$


$\cE _{w+4}$


$\cE _{w+6}$


$\Gamma _0(4)$


$\Gamma _0(4)$


\begin {align}C_{2, 0}(z) &= 2E_2(4z) - E_2(2z) = 1 + 24 q^2 + 24 q^4 + 96 q^6 + 24 q^8 + 144 q^{10} + \cdots , \\ C_{2, 1}(z) &= \frac {E_2\left (z + \frac {1}{2}\right ) - E_2(z)}{48} = q + 4q^3 + 6q^5 + 8q^7 + 13q^9 + 12q^{11} + \cdots .\end {align}


$C_{2, 0}$


$C_{2, 1}$


$C_{2, 0}$


$C_{2, 0}(z) = A_{2}(2z)$


$C_{2, 1}$


\begin {equation*}C_{2, 1}(z) = -\frac {1}{2} \sum _{n \ge 1} \sigma _1(n) ((-q)^{n} - q^{n}) = \sum _{n \ge 1, 2\nmid n} \sigma _1(n) q^{n}\end {equation*}


$C_{2, 1}(z)^{2} = A_{4}(2z)$


$w \ge 2$


$w$


$\Gamma _0(4)$


$w$


$\Gamma _0(4)$


$\frac {w}{2}$


$C_{2, 1}$


$C_{2, 1}^{\frac {w}{2}}$


$\cF _w(z)$


$\Gamma _0(4)$


$w$


$1$


$\dim \QM _w^{\le 1}(\Gamma _0(4)) = \dim \cM _w(\Gamma _0(4)) + \dim \cM _{w-2}(\Gamma _0(4)) = w + 1$


$\cF _w$


$w$


$\cD _{w,1}(2z)$


$\Gamma _0(4)$


$w$


$1$


$\cD _{w,1}(z)$


$\frac {w}{2}$


$\cD _w(2z)$


$w$


$\cF _w$


$w$


$\cF _w(z) = \cD _{w, 1}(2z)$


$\cF _w$


$w \ge 2$


$\cF _w$


$w$


$\cF _w$


$w = 2$


$\Gamma _0(N)$


$N = 2, 3, 4$


$1$


$\Gamma _0(2)$


$\Gamma _0(3)$


$\Gamma _0(4)$


$(-1)^{d/4}$


$(-1)^{d/4 + 1}$


$\mathrm {A}_{\pm }(d)$


$\mathrm {A}_{+}(d)$


$\mathrm {A}_{(-1)^{d/4 + 1}}(d)$


$E_2$


$F(it)/G(it)$


$t > 0$


$d = 8$


$F(it)/G(it)$


$t > 0$


$d = 24$


$\mathrm {LHS}(t)$


$\mathrm {RHS}(t)$


$g(t) = \mathrm {LHS}(t) - \mathrm {RHS}(t)$


$g_8(t)$


$g_9(t)$


$2.5 \le t \le 20$


$t^{7} X_{8, 1}(it)$


$X_{8, 1}(it) / X_{8, 1}'(it)$


$t \to 0^+$


$t^8 X_{10, 1}(it)$


$t^9 X_{10, 1}(it)$


$0.1 \le t \le 5$


$t^{11} X_{12, 1}(it)$


$X_{12, 1}(it) / X_{12, 1}'(it)$


$t \to 0^+$


$t \to \infty $


$\mathrm {A}_+(d)$


$d \le 200$


$d \equiv 4 \pmod 8$


$\mathrm {A}_-(d)$


$d \le 200$


$d \equiv 0 \pmod 8$


$\leq 2$


$\leq 14$


$1$


$\le 8$


$\Gamma _0(N)$


$N = 2, 3, 4$


$1$


$2$


$1$


$w$


$s$


$f \in \QM _{w}^{s} \backslash \QM _{w}^{s - 1}$


$m = \dim _\mathbb {C} \QM _{w}^{s}$


$m$


$f = \sum _{n \geq 0} a_n q^n$


\begin {equation*}a_0 = a_1 = \cdots = a_{m-2} = 0, a_{m-1} \neq 0.\end {equation*}


$f$


$a_{m-1} = 1$


$w$


$s$


$0\leq s\leq w/2, s \neq \frac {w}{2} - 1$


$1$


$2$


$s \leq 4$


$\leq 4$


$w$


$s$


$X_{w, s}$


$w$


$s$


$X_{w, s}$


\begin {equation}\theta _{w-2}^{(2)} X_{w, s} = X_{w, s}^{(s + 1)} - \frac {w}{12} [E_2, X_{w, s}]_{s}^{(2, w - s)} = 0. \label {eqn:extde}\end {equation}


\begin {equation}\label {eqn:KZ} \theta _{k}^{(r)} = D^{r+1} - \frac {k+r}{12} [E_2, - ]_{r}^{(2, k)}\end {equation}


$[-,-]$


$\leq 4$


$w$


$F \in \cS _{w}(\SL _2(\bZ ))$


$F(z) = \sum _{n \ge 1} a_n q^n$


\begin {equation}\label {eqn:jr_bound} |a_n| \le \sqrt {\log w} \left (11 \sqrt {\sum _{m=1}^{\ell } \frac {|a_m|^2}{m^{w - 1}}} + \frac {e^{18.72} (41.41)^{\frac {w}{2}}}{w^{\frac {w-1}{2}}} \left |\sum _{m=1}^{\ell } a_m e^{-7.288m}\right |\right ) d(n) n^{\frac {w-1}{2}}\end {equation}


$\ell = \ell _w$


$d(n)$


$n$


\begin {align*}X_{4, 2} &= \frac {1}{288}(E_4 - E_2^2) \in \QM _{4}^{2, ++}, \\ X_{6, 1} &= \frac {1}{720}(E_2E_4 - E_6) \in \QM _{6}^{1, ++}, \\ X_{8, 1} &= \frac {1}{1008}(E_4^2 - E_2E_6) \in \QM _{8}^{1, ++}.\end {align*}


\begin {align*}X_{4, 2} = \frac {1}{288}(E_4 - E_2^2) &= -\frac {1}{24} E_2' = \sum _{n\geq 1} n\sigma _1(n) q^n, \\ X_{6, 1} = \frac {1}{720}(E_2 E_4 - E_6) &= \frac {1}{240}E_4' = \sum _{n\geq 1} n\sigma _3(n) q^n, \\ X_{8, 1} = \frac {1}{1008}(E_4^2 - E_2 E_6) &= -\frac {1}{504}E_6' = \sum _{n\geq 1} n\sigma _5(n) q^n.\end {align*}


$1$


$w \geq 6$


$X_{w} = X_{w, 1}$


$w$


$1$


$X_{6} = (E_2 E_4 - E_6) / 720$


$X_w$


$w \geq 6$


$w \equiv 0 \pmod {6}$


\begin {align}X_{w + 2} &= \frac {12}{w + 1} \partial _{w - 1}X_{w} \label {eqn:d1rec1}\\ X_{w + 4} &= E_4 X_{w} \label {eqn:d1rec2}\\ X_{w + 6} &= \frac {w + 6}{72(w + 1)(w + 5)} \left (E_4 \partial _{w - 1} X_{w} - \frac {w + 1}{12} E_6 X_{w}\right ) \nonumber \\ &= \frac {w + 6}{864(w + 5)} \left (E_4 X_{w + 2} - E_6 X_{w}\right ). \label {eqn:d1rec3}\end {align}


$X_{w}$


$\lfloor \frac {w}{6} \rfloor $


$w \equiv 0 \pmod {6}$


$X_{w}$


\begin {equation}\label {eqn:oded1} \theta _{w-1}^{(1)} X_{w} = X_{w}'' - \frac {w}{6}E_2 X_{w}' + \frac {w(w - 1)}{12} E_2' X_{w} = 0.\end {equation}


$X_{w}$


$X_{w} = X_{w, 1}$


$w$


$1$


$w \equiv 0 \pmod {6}$


$w \geq 12$


\begin {align}X_{w}' &= \frac {5w}{72} X_{6} X_{w-4} + \frac {7w}{72} X_{8} X_{w - 6}. \label {eqn:kkd1eq1} \\ X_{w + 2}' &= \frac {5w}{72} X_{6} X_{w-2} + \frac {7w}{72} X_{8}X_{w-4}, \label {eqn:kkd1eq2} \\ X_{w + 4}' &= 240 X_{6} X_{w} + \frac {7w}{72} X_{8}X_{w-2} + \frac {5w}{72} X_{10}X_{w-4} \label {eqn:kkd1eq3}\end {align}


${}_{w-4}$


\begin {equation}X_{w-4}' = \frac {w-5}{12} E_2 X_{w-4} + \frac {w-7}{12} E_4 X_{w-6} \label {eqn:d1eq}\end {equation}


$_{w-6}$


\begin {alignat*}{2} X_{w}' &= \frac {w}{864(w - 1)} (E_4' X_{w - 4} + E_4 X_{w - 4}' - E_6' X_{w - 6} - E_6 X_{w - 6}') \qquad &&\text {$\cdots $\eqref {eqn:d1rec3}${}_{w-6}$}\\ &= \frac {w}{864(w -1)} \left (\frac {E_2 E_4 - E_6}{3}X_{w - 4} + \frac {w - 5}{12}E_2 E_4 X_{w - 4} + \frac {w - 7}{12}E_4^2 X_{w - 6} \right . \qquad && \text {$\cdots $\eqref {eqn:d1eq}${}_{w}$}\\ &\quad \left .- \frac {E_2 E_6 - E_4^2}{2}X_{w - 6} - E_6 \left (\frac {w - 5}{12}X_{w - 4} + \frac {w - 7}{12}E_2 X_{w - 6}\right )\right ) \qquad && \text {$\cdots $\eqref {eqn:d1rec1}${}_{w-6}$}\\ &= \frac {w}{864(w - 1)} \left (\frac {w - 1}{12}(E_2 E_4 - E_6) X_{w - 4} + \frac {w - 1}{12}(E_4^2 - E_2 E_6)X_{w - 6}\right ) \\ &= \frac {5w}{72} X_6 X_{w - 4} + \frac {7w}{72}X_8 X_{w - 6}.\end {alignat*}


$1$


$X_{6}$


$X_{8}$


$X_{10} = E_{4} X_{6}$


$X_{10}$


$X_{k}$


$k \leq w-2$


${}_{w}$


$X_{w}$


$X_{w}$


$\frac {w}{6} > \frac {w-1}{12}$


$X_{w+2} \in \QM _{w+2}^{1,++}$


$X_{w+4} \in \QM _{w+4}^{1,++}$


$E_4$


$1$


$X_{w}$


$w \equiv 0 \pmod {6}$


$X_{w+2}$


$X_{w+4}$


$X_{w+6}$


\begin {equation*}X_{w+6} = \frac {w+6}{864(w+5)} \left ((E_4 - 1) X_{w+2} + (1 - E_6) X_{w} + (X_{w+2} - X_{w})\right )\end {equation*}


$E_4 - 1$


$1 - E_6$


$X_{w+2} - X_{w}$


\begin {equation*}X_{w+2} - X_w = \frac {12}{w+1} X_w' - \frac {w-1}{w+1} E_2 X_w - X_w = \frac {w - 1}{w + 1} (1 - E_2) X_w + \frac {12}{w+1} \left (X_w' - \frac {w}{6} X_w\right ).\end {equation*}


$X_w$


$\frac {w}{6}$


$X_w$


$X_w = q^{w/6} + \sum _{n \geq \frac {w}{6} + 1} a_n q^n$


$a_{n} \ge 0$


\begin {equation*}X_w' - \frac {w}{6} X_w = \sum _{n \ge \frac {w}{6} + 1} \left (n - \frac {w}{6}\right ) a_n q^n\end {equation*}


$1$


$X_{w} = X_{w, 1}$


\begin {equation}\label {eqn:Xw1AB} X_{w} = A_{w} + E_2 B_{w-2}\end {equation}


$A_{w}, B_{w-2}$


$w$


$w-2$


$A_{w}$


$B_{w-2}$


$A_w$


$B_{w-2}$


$6 \mid w$


$w \ge 12$


\begin {align}A_{w+2} &= \frac {12}{w+1} \left (\partial _w A_w - \frac {1}{12} E_4 B_{w-2}\right ) \label {eqn:Aw2} \\ A_{w+4} &= E_4 A_w \label {eqn:Aw4} \\ A_{w+6} &= \frac {w+6}{864(w+5)} (E_4 A_{w+2} - E_6 A_{w}) \label {eqn:Aw6} \\ B_{w} &= \frac {12}{w+1} \left (\frac {1}{12} A_w + \partial _{w-2} B_{w-2}\right ) \label {eqn:Bw} \\ B_{w+2} &= E_4 B_{w} \label {eqn:Bw2} \\ B_{w+4} &= \frac {w+6}{864(w+5)} (E_4 B_{w+2} - E_6 B_{w}). \label {eqn:Bw4}\end {align}


\begin {align}X_{w+2, 1} &= A_{w+2} + E_2 B_{w} \label {eqn:recAB1} \\ &= \frac {12}{w+1} \left (X_{w, 1}' - \frac {w-1}{12} E_2 X_{w, 1}\right ) \nonumber \\ &= \frac {12}{w+1} \left (A_w' + E_2 B_{w-2}' - \frac {w-1}{12} E_2 (A_w + E_2 B_{w-2})\right ) \nonumber \\ &= \frac {12}{w+1} \left (\partial _w A_w + \frac {w}{12} E_2 A_w + E_2 \left (\partial _{w-2} B_{w-2} + \frac {w-2}{12} E_2 B_{w-2}\right ) + \frac {E_2^2 - E_4}{12} B_{w-2} \right . \nonumber \\ &\quad \left .- \frac {w-1}{12} E_2 A_w - \frac {w-1}{12} E_2^2 B_{w-2}\right ) \nonumber \\ &= \frac {12}{w+1} \left (\left (\partial _w A_w - \frac {1}{12} E_4 B_{w-2}\right ) + E_2 \left (\partial _{w-2} B_{w-2} + \frac {1}{12} A_w\right )\right ) \label {eqn:recAB2}\end {align}


\begin {equation}A_w = \sum _{n \ge 0} \alpha _{w,n} q^n, \quad B_{w-2} = \sum _{n \ge 0} \beta _{w-2,n} q^n. \label {eqn:AwBwm2fourier}\end {equation}


$w \equiv 0 \pmod {6}$


$\alpha _{w,0}$


$\beta _{w-2,0}$


\begin {align}\alpha _{w+2,0} &= -\frac {w-1}{w+1} \alpha _{w,0} \label {eqn:alphaw2} \\ \alpha _{w+4,0} &= \alpha _{w,0} \label {eqn:alphaw4} \\ \alpha _{w+6,0} &= -\frac {w(w+6)}{432(w+1)(w+5)} \alpha _{w,0} \label {eqn:alphaw6}\end {align}


$\beta _{w,0} = -\alpha _{w+2,0}$


$w \ge 4$


$w\ge 6$


$A_w$


$B_{w-2}$


$w \equiv 0 \pmod {6}$


\begin {equation}\label {eqn:alphawclosed} \alpha _w = (-1)^{\frac {w}{6}}\frac {(w/6)! (w/3)! (w/2)! }{2w \cdot w!}.\end {equation}


$X_{w, 1} = A_w + E_2 B_{w-2} = O(q)$


$\beta _{w-2} = -\alpha _w$


$w \equiv 0 \pmod {6}$


\begin {equation*}\alpha _{w+2} = \frac {12}{w+1} \left (-\frac {w}{12} \alpha _w - \frac {1}{12} \beta _{w-2}\right ) = -\frac {w-1}{w+1} \alpha _w.\end {equation*}


$X_{6, 1} = \frac {E_2 E_4 - E_6}{720}$


$\alpha _6 = -\frac {1}{720}$


$\beta _4 = \frac {1}{720}$


$\alpha _w, \beta _w$


$A_w$


$B_{w-2}$


$\alpha _w$


$w \ge 12$


$6 \mid w$


\begin {align}\frac {\alpha _{w, 1}}{\alpha _{w, 0}} &= -\frac {12(w-3)(w+4)}{w-6} \\ \frac {\alpha _{w+2,1}}{\alpha _{w+2,0}} &= - \frac {12(w^2 - 9w - 24)}{w-6} \\ \frac {\alpha _{w+4,1}}{\alpha _{w+4,0}} &= - \frac {12(w^2 - 19w + 108)}{w-6} \\ \frac {\beta _{w-2,1}}{\beta _{w-2,0}} &= -\frac {12(w-1)w}{w-6} \\ \frac {\beta _{w,1}}{\beta _{w,0}} &= -\frac {12(w-12)(w+1)}{w-6} \\ \frac {\beta _{w+2,1}}{\beta _{w+2,0}} &= - \frac {12(w^2 - 21w + 120)}{w-6}\end {align}


$w$


$w = 12$


\begin {align*}X_{12,1} &= \frac {-12 E_2 E_4 E_6 + 5E_4^3 + 7E_6^2}{3991680} = A_{12} + E_2 B_{10}, \\ A_{12} &= \frac {5 E_4^3 + 7 E_6^2}{3991680} = \frac {1}{332640} - \frac {1}{1155}q + O(q^2), \quad B_{10} = -\frac {E_4 E_6}{332640} = -\frac {1}{332640} + \frac {1}{1260} q + O(q^2), \\ X_{14, 1} &= \frac {7 E_2 E_4^3 + 5 E_2 E_6^2 - 12 E_4^2 E_6}{4717440} = A_{14} + E_2 B_{12}, \\ A_{14} &= -\frac {E_4^2 E_6}{391320} = - \frac {1}{391320} + \frac {1}{16380} q + O(q^2), \quad B_{12} = \frac {7 E_4^3 + 5 E_6^2}{4717440} = \frac {1}{393120} + O(q^2), \\ X_{16, 1} &= \frac {E_4 (-12 E_2 E_4 E_6 + 5 E_4^2 + 7 E_6^2)}{3991680} = A_{16} + E_2 B_{14}, \\ A_{16} &= \frac {E_4 (5 E_4^2 + 7 E_6^2)}{3991680} = \frac {1}{332640} - \frac {1}{6930} q + O(q^2), \quad B_{14} = -\frac {E_4^2 E_6}{332640} = -\frac {1}{332640} + \frac {1}{13860} q + O(q^2).\end {align*}


$q$


\begin {align*}\alpha _{w+2,1} &= \frac {12}{w+1} \left (2(w+10) \alpha _{w,0} + \left (-\frac {w}{12}+1\right )\alpha _{w,1} - \frac {1}{12} \beta _{w-2,1}\right )\end {align*}


\begin {align*}\frac {\alpha _{w+2,1}}{\alpha _{w+2,0}} &= \frac {12}{w+1} \left (2(w+10) \cdot \frac {\alpha _{w,0}}{\alpha _{w+2,0}} + \left (-\frac {w}{12}+1\right ) \cdot \frac {\alpha _{w,0}}{\alpha _{w+2,0}} \frac {\alpha _{w,1}}{\alpha _{w,0}} + \frac {1}{12} \cdot \frac {\alpha _{w,0}}{\alpha _{w+2,0}} \frac {\beta _{w-2,1}}{\beta _{w-2,0}}\right ) \\ &= -\frac {12}{w-1} \left (2(w+10) + \left (-\frac {w}{12} + 1\right ) \cdot \frac {-12(w-3)(w+4)}{w-6} + \frac {1}{12} \cdot -\frac {12(w-1)w}{w-6}\right ) \\ &= - \frac {12(w^2 - 9w - 24)}{w-6}.\end {align*}


$w \geq 4$


$w \equiv 0 \pmod {4}$


$2$


$X_{w, 2}$


$w^2$


$(w+4)^{2}$


$X_{w+4, 2}$


$X_{4, 2} = \frac {E_4 - E_2^2}{288} = - \frac {E_2'}{24}$


$X_{w, 2}$


$\lfloor \frac {w}{4} \rfloor $


$X_{w, 2}$


$w \equiv 0 \pmod {4}$


$X_{w, 2}$


$w \geq 12$


$4$


$\partial _{w-2}$


$_{w-4}$


${}_{w}$


$X_{w+2, 2}$


$\partial _{w-2}(E_4 X_{w-4, 2})$


$\partial _{w-6}^{3}X_{w-4, 2}$


${}_{w-4}$


$\partial _{w-6}^{3}X_{w-4, 2}$


${}_{w}$


$2$


$X_{w, 2}$


$w \leq 14$


$X_{w, 2}$


$w$


$X_{w, 2}$


$X_{w, 2}$


${}_{3}F_{2}$


\begin {equation}{}_{3}F_{2}(a_1, a_2, a_3; b_1, b_2; t) = \sum _{n \ge 0} \frac {(a_1)_n (a_2)_n (a_3)_n}{(b_1)_n (b_2)_n} \frac {t^n}{n!}.\end {equation}


$X_{w, 2}$


$X_{w, 2}$


$w \ge 4$


$w \ne 6$


\begin {align}X_{4k, 2}(z) &= j(z)^{-k} E_4(z)^{\frac {2k - 1}{2}} \cdot {}_{3}F_{2}\left (\frac {4k + 1}{6}, \frac {4k+3}{6}, \frac {4k+5}{6}; k+1, k+1; \frac {1728}{j(z)}\right ) \label {eqn:extd2hg1}, \\ X_{4k+2, 2}(z) &= j(z)^{-k} E_4(z)^{\frac {2k - 3}{2}} E_6(z) \cdot {}_{3}F_{2}\left (\frac {4k+3}{6}, \frac {4k+5}{6}, \frac {4k+7}{6}; k+1, k+1; \frac {1728}{j(z)}\right ), \label {eqn:extd2hg2}\end {align}


$z = it$


$t \ge 1$


$w = 4k$


$g(z) = E_4(z)^{-\frac {w-2}{4}}X_{w, 2}(z)$


$x = 1728 / j(z)$


\begin {align*}&x^2(1 - x) g'''(x) + x \left (-\frac {w-12}{4} + \frac {w-18}{4} x\right ) g''(x) \\ &\quad + \left (-\frac {w-4}{4} - \frac {3w^2 - 72w + 452}{144}x\right ) g'(x) + \frac {(w-10)(w-6)(w-2)}{1728} g(x) = 0.\end {align*}


$x = 0,1,\infty $


$g(x)$


$x = 0$


$x = 1$


$t = \infty $


$t = 1$


$z = it$


$X_{w + 2, 2} = X_{4k+2,2}$


\begin {align*}&\frac {w+1}{6} X_{w+2, 2} \\ &= \partial _{w-2} X_{w, 2} = X_{w, 2}' - \frac {w-2}{12} E_2 X_{w, 2} \\ &= (j(z)^{-\frac {w}{4}} E_4(z)^{\frac {w-2}{4}})' \cdot {}_{3}F_{2}\left (\frac {w+1}{6},\frac {w+3}{6},\frac {w+5}{6}; \frac {w}{4} + 1, \frac {w}{4} + 1; \frac {1728}{j(z)}\right ) \\ &\quad + j(z)^{-\frac {w}{4}} E_4(z)^{\frac {w-2}{4}} \left (\frac {1728}{j(z)}\right )' \cdot \frac {\dd }{\dd x} {}_{3}F_{2}\left (\frac {w+1}{6},\frac {w+3}{6},\frac {w+5}{6}; \frac {w}{4} + 1, \frac {w}{4} + 1; x\right ) \bigg |_{x = 1728 / j(z)} \\ &\quad - \frac {w-2}{12} E_2(z) j(z)^{-\frac {w}{4}} E_4(z)^{\frac {w-2}{4}} \cdot {}_{3}F_{2}\left (\frac {w+1}{6},\frac {w+3}{6},\frac {w+5}{6}; \frac {w}{4} + 1, \frac {w}{4} + 1; \frac {1728}{j(z)}\right ) \\ &= \partial _{w-2} (j(z)^{-\frac {w}{4}} E_4(z)^{\frac {w-2}{4}}) \cdot {}_{3}F_{2}\left (\frac {w+1}{6},\frac {w+3}{6},\frac {w+5}{6}; \frac {w}{4} + 1, \frac {w}{4} + 1; \frac {1728}{j(z)}\right ) \\ &\quad + j(z)^{-\frac {w}{4}} E_4(z)^{\frac {w-2}{4}} \left (\frac {1728}{j(z)}\right )' \cdot \frac {\dd }{\dd x} {}_{3}F_{2}\left (\frac {w+1}{6},\frac {w+3}{6},\frac {w+5}{6}; \frac {w}{4} + 1, \frac {w}{4} + 1; x\right ) \bigg |_{x = 1728 / j(z)} \\ &= \frac {w+1}{6} j(z)^{-\frac {w}{4}} E_4(z)^{\frac {w-6}{4}} E_6(z) \cdot {}_{3}F_{2} \left (\frac {w+1}{6},\frac {w+3}{6},\frac {w+5}{6}; \frac {w}{4} + 1, \frac {w}{4} + 1; \frac {1728}{j(z)}\right ) \\ &\quad + j(z)^{-\frac {w}{4}} E_4(z)^{\frac {w-6}{4}} E_6(z) \cdot x\frac {\dd }{\dd x} {}_{3}F_{2}\left (\frac {w+1}{6},\frac {w+3}{6},\frac {w+5}{6}; \frac {w}{4} + 1, \frac {w}{4} + 1; x\right ) \bigg |_{x = 1728 / j(z)} \\ &= \frac {w+1}{6} j(z)^{-\frac {w}{4}} E_4(z)^{\frac {w-6}{4}} E_6(z) \cdot {}_{3}F_{2} \left (\frac {w+7}{6},\frac {w+3}{6},\frac {w+5}{6}; \frac {w}{4} + 1, \frac {w}{4} + 1; \frac {1728}{j(z)}\right ) \\ &= \frac {w+1}{6} j(z)^{-\frac {w}{4}} E_4(z)^{\frac {w-6}{4}} E_6(z) \cdot {}_{3}F_{2} \left (\frac {w+3}{6},\frac {w+5}{6},\frac {w+7}{6}; \frac {w}{4} + 1, \frac {w}{4} + 1; \frac {1728}{j(z)}\right ).\end {align*}


\begin {equation*}\left (1 + \frac {x}{a_1} \frac {\dd }{\dd x}\right ) {}_{3}F_{2}(a_1, a_2, a_3; b_1, b_2; x) = {}_{3}F_{2}(a_1 + 1, a_2, a_3; b_1, b_2; x).\end {equation*}


$X_{w, 2}$


$w \ge 4$


$w$


$t \ge 1$


$0 < t < 1$


$t \ge 1$


$E_4(it)$


$j(it)$


$0 < t < 1$


$X_{w-2, 2}$


$X_{w-4, 2}$


$0 < t < 1$


$E_4(it) > 0$


$E_6(it) < 0$


$0 < t \le 1$


$X_{w + 2, 2}$


$0 < t \le 1$


$X_{w, 2}(i) > 0$


$X_{w, 2}$


$0 < t < 1$


$f$


$f / \eta ^{2k}$


$f$


$X_{w, 2}$


$w = 4, 8$


$4$


$d \times d$


$d$


$\QM _{w}^{\le s}(\SL _2(\bZ ))$


$d = \dim \QM _{w}^{\le s}(\SL _2(\bZ ))$


$\le 10$


$\le 200$


$\ge 3$


$X_{w, s}$


$s \le 4$


$X_{16, 5}$


$q$


\begin {align*}X_{16, 5} &= -\frac {1}{3615458092646400} \\ &\quad \times (-1716715 E_2^5 E_6 + 3090087 E_2^4 E_4^2 - 2026934 E_2^3 E_4 E_6 - 6076 E_2^2 E_4^3 + 798722 E_2^2 E_6^2 \\ &\quad \quad - 152175 E_2 E_4^2 E_6 - 1208675 E_4^4 + 1221766 E_4 E_6^2) \\ &= q^7 - \frac {4809}{16}q^8 - 3913 q^9 - \frac {59577}{2} q^{10} - 166404q^{11} - 749910 q^{12} - 2875670 q^{13} \\ &\quad -9712998 q^{14} - 29591541 q^{15} - \frac {661603971}{8}q^{16} - 214814775q^{17} - 523902498q^{18} + \cdots .\end {align*}


$X_{16, 5}$


$q$


$X_{16, 5}$


$X_{16, 5}$


$X_{16, 5}$


\begin {equation*}X_{16, 5} = c_1 E_{14}' + c_2 E_{12}'' + c_3 E_{10}''' + c_4 E_{8}'''' + c_5 E_{6}''''' + c_6 \Delta E_4 + c_7 \Delta X_{4, 2}\end {equation*}


\begin {align*}c_1 &= 1/4843238400 \\ c_2 &= 4531/4533271142400 \\ c_3 &= 149/60217344000 \\ c_4 &= 49/12317184000 \\ c_5 &= 7/1791590400 \\ c_6 &= 86619413/139015844352000 \\ c_7 &= -118801/10746432000,\end {align*}


$q$


$X_{16, 5} = q^7 + \sum _{n \ge 8} a_n q^n$


$\tau $


\begin {equation}a_n = x_n + 240 c_6 y_n + c_7 z_n + c_6 \tau (n)\end {equation}


\begin {align*}x_n &= - \frac {n \sigma _{13}(n)}{201801600} + \frac {4531 n^2 \sigma _{11}(n)}{47809681920} - \frac {149 n^3 \sigma _9(n)}{228096000} + \frac {49 n^4 \sigma _7(n)}{25660800} - \frac {49 n^5 \sigma _5(n)}{24883200} \\ y_n &= \sum _{k=1}^{n-1} \tau (k) \sigma _3(n-k) \\ z_n &= \sum _{k=1}^{n-1} \tau (k) (n-k) \sigma _1(n-k).\end {align*}


$c_6 \tau (n)$


$\Delta E_4$


$\sigma _k(n)$


$\tau (n)$


$a_n < 0$


$n$


$-n\sigma _{13}(n)$


$x_n$


$n$


$a_n$


$n$


$n^k \le \sigma _k(n) < 2n^k$


$n \ge 1$


$k \ge 2$


\begin {equation}\label {eqn:xnbound} x_n \le -\frac {n^{14}}{201801600} + \frac {9602 n^{13}}{47809681920} + \frac {98 n^{11}}{25660800}\end {equation}


$n \ge 1$


$y_n$


$z_n$


$|\tau (n)| \le \sigma _0(n) n^{\frac {11}{2}} \le n^{\frac {13}{2}}$


$\sigma _1(n) \le n^2$


\begin {align}|y_n| &\le \sum _{k=1}^{n-1} k^{\frac {13}{2}} 2(n-k)^3 \le n^4 \sum _{k=1}^{n-1} k^{\frac {13}{2}} \le 2n^3 \int _{0}^{n} x^{\frac {13}{2}} dx = \frac {4}{15} n^{\frac {21}{2}} \label {eqn:ynbound} \\ |z_n| &\le \sum _{k=1}^{n-1} k^{\frac {13}{2}} (n-k)^3 \le n^3 \sum _{k=1}^{n-1} k^{\frac {13}{2}} \le n^3 \int _{0}^{n} x^{\frac {13}{2}} dx = \frac {2}{15} n^{\frac {21}{2}}. \label {eqn:znbound}\end {align}


\begin {align}a_n &\le -\frac {n^{14}}{201801600} + \frac {9602 n^{13}}{47809681920} + \frac {98 n^{11}}{25660800} + 240 c_6 \cdot \frac {4}{15} n^{\frac {21}{2}} + c_7 \cdot \frac {2}{15} n^{\frac {21}{2}} + c_6 \cdot n^{\frac {13}{2}} \nonumber \\ &\le -\frac {n^{14}}{201801600} + \frac {9602 n^{13}}{47809681920} + \frac {98 n^{11}}{25660800} + 240 c_6 \cdot \frac {4}{15} n^{11} + \frac {2 |c_{7}|}{15} n^{11} + c_6 n^7 \label {eqn:anbound}\end {align}


$n \ge 250$


$8 \le n < 250$


\begin {equation*}X_{16, 5}(it) = e^{-14\pi t} + \sum _{n \ge 8} a_n e^{-2\pi n t} = e^{-14 \pi t} \left (1 + \sum _{n \ge 8} a_n e^{-2\pi (n-7) t}\right ).\end {equation*}


$a_n < 0$


$n \ge 8$


$-\infty $


$t \to 0^+$


$X_{16,5}$


$a_n$


$n \ge 250$


$\tau $


$\tau $


$\bN \to \bZ $


$\sigma _k(n)$


$t \mapsto \frac {F(it)}{G(it)}$


$t > 0$


$F$


$m \in \bR _{> 0}$


$F$


$F'$


\begin {equation*}\lim _{t \to 0^+} \frac {F(it)}{t F'(it)} = \frac {2\pi }{m},\end {equation*}


$(m+1) (F')^2 - m F'' F$


$t \mapsto t^m F(it)$


$(0, \infty )$


$m$


$t^m F(it)$


$F$


$t \mapsto t^{m+1} F'(it)$


$t \mapsto t^m F(it)$


$w \geq 12$


$4$


$w \geq 12$


$w \equiv 0\,(\mathrm {mod}\,4)$


$w \geq 4$


$\{G_w\}_{w \geq 4}$


$w$


$\Gamma (2)$


\begin {align*}G_{4} &= \frac {H_2}{2^5} (H_2 + 2H_4) \\ G_{6} &= \frac {H_2}{2^4} (H_2^2 + H_2 H_4 + H_4^2) \\ G_{8} &= \frac {H_{2}^{3}}{2^{13}}(H_{2} + 2H_{4})\\ G_{10} &= \frac {H_{2}^{3}}{2^{12} \cdot 5}(2H_{2}^{2} + 5 H_{2} H_{4}+ 5H_{4}^{2}) \\ G_{12} &= \frac {3 \Delta \cL _S}{2^{11} \cdot 7} + \frac {3H_{2}^{3}}{2^{20} \cdot 7}(H_{2}^{3} + 3 H_{2}^{2}H_{4} + 3H_{2} H_{4}^{2} + 2H_{4}^{3})\\ G_{14} &= \frac {H_{2}^{5}}{2^{20} \cdot 7}(2H_{2}^{2} + 7H_{2} H_{4} + 7 H_{4}^{2})\\ G_{16} &= \frac {5E_4 \Delta \cL _S}{2^{18} \cdot 11} + \frac {5H_{2}^{3}}{2^{29} \cdot 3 \cdot 11} (5 H_{2}^{5} + 20 H_{2}^{4} H_{4} + 42 H_{2}^{3}H_{4}^{2} \\ &\qquad \qquad \qquad \qquad + 68 H_{2}^{2} H_{4}^{3} + 60 H_{2} H_{4}^{4} + 24 H_{4}^{5}) \\ G_{18} &= -\frac {5E_6 \Delta \cL _S}{2^{17} \cdot 11 \cdot 13} +\frac {5H_{2}^{3}}{2^{27} \cdot 3 \cdot 11 \cdot 13} (10 H_{2}^{6} + 45 H_{2}^{5} H_{4} + 68 H_{2}^{4} H_{4}^{2} \\ &\qquad \qquad \qquad \qquad + 34 H_{2}^{3}H_{4}^{3} -13H_{2}^{2} H_{4}^{4}-36 H_{2}H_{4}^{5} -12 H_{4}^{6})\end {align*}


$w \equiv 0\,(\mathrm {mod}\,4)$


$G_{w}$


$\lfloor \frac {w}{4} \rfloor - \frac {1}{2}$


$w \equiv 0\,(\mathrm {mod}\,4)$


$G_{w}$


$d$


$4$


$n_- = \lfloor d/16\rfloor + 1$


$w = w_{d, -} = 12 \lfloor d / 16 \rfloor - d/2 + 14$


\begin {equation}\label {eqn:Md-} M_{d,-}(\mathbf {x}) = 4 \sin ^{2}\left (\frac {\pi \|\mathbf {x}\|^{2}}{2}\right ) \int _{0}^{\infty } \frac {t^{-w}G_{w}(i/t)}{\Delta (it)^{n_{-}}} e^{-\pi \|\mathbf {x}\|^{2} t} \dd t\end {equation}


$\mathbf {x}\in \mathbb {R}^{d}$


$M_{d,-}(\mathbf {x}) = M_{d,-}(\|\mathbf {x}\|)$


\begin {align*}\widehat {M_{d,-}}(\mathbf {x}) &= (-1)^{d/4 + 1} M_{d,-}(\mathbf {x}) \quad \forall \mathbf {x} \in \mathbb {R}^{d}, \\ M_{d,-}(\sqrt {2 n_-}) &= 0\quad \text {and}\quad M_{d,-}'(\sqrt {2n_-}) \neq 0, \\ M_{d,-}(\sqrt {2m}) &= M_{d,-}'(\sqrt {2m}) = 0 \quad \forall m > n_-, m \in \mathbb {Z}.\end {align*}


$w \equiv 0 \pmod {4}$


$Y_{w}$


$\theta _w^{(2)}$


$w \ne 6$


$w \equiv 0 \pmod {4}$


$Y_{w}$


$\lfloor \frac {w}{4} \rfloor + \frac {1}{2}$


$w \equiv 0 \pmod {4}$


$w \ge 2$


$Y_w$


$\widetilde {Y}_w$


$\Phi _w$


$w$


$\SL _2(\bZ )$


$\Gamma (2)$


$w$


$f$


$\bR ^d$


$r(f)$


$f$


$r(\what {f})$


$r(f) r(\what {f})$


$\rA _+(d)$


$\rA _+(d)$


$\rA _+(12) = \sqrt {2}$


$\rA _-(d)$


$\rA _+(d)$


$\rA _-(d)$


$\sqrt {d}$


$d \to \infty $


$4$


$L^2$


$f \in L^2(\bR )$


$\|f\|_2 = 1$


$\what {f} \in L^2(\bR )$


\begin {equation}\int x^{2} |f(x)|^{2} \dd x \int y^{2} |\what {f}(y)|^{2} \dd y \ge \frac {1}{16\pi ^2}\end {equation}


$f(x) = e^{-\pi x^{2}}$


$f$


$\what {f}$


$0$


$L^1$


$f$


$L^1$


$r(f)$


$r(\what {f})$


$f(x) \ge 0$


$\what {f}(y) \ge 0$


$|x| \ge r(f)$


$|y| \ge r(\what {f})$


$r(f) r(\what {f})$


$(+1)$


$\what {f} = f$


$f(0) = 0$


$\rA _+(1)$


$r(f)$


$\rA _+(1)$


\begin {equation}\label {eqn:bound_A_pos_d1} 0.4107\dots \approx \frac {1}{2(1 + \lambda )} \le \rA _+(1)\end {equation}


$\lambda = -\inf _x \left (\frac {\sin x}{x}\right )$


$f : \bR ^d \to \bR $


$f(\bx ) \ge 0$


$\|\bx \|$


\begin {equation}r(f) := \inf \{ R \ge 0 : f(\bx ) \ge 0 \text { for all } \|\bx \| \ge R \}\end {equation}


$f$


$\scA _+(d)$


$f : \bR ^d \to \bR $


$f, \what {f} \in L^1(\bR ^d)$


$\what {f}$


$f$


$f$


$\what {f}(\bzero ) \le 0$


$\what {f}$


$f(\bzero ) \le 0$


\begin {equation}\rA _+(d) := \inf _{f \in \scA _+(d) \backslash \{0\}} \sqrt {r(f) r(\what {f})} > 0.\end {equation}


$F$


$d$


$D$


$\zeta _F(s)$


$(0, 1)$


\begin {equation}\rA _{+}(d) \ge \sqrt {d} |D|^{-\frac {1}{2d}}.\end {equation}


\begin {equation*}\sqrt {d} |D|^{-\frac {1}{2d}} > \rA _+(d),\end {equation*}


$\zeta _F(s)$


$(0, 1)$


$48$


$F$


$\zeta _F(\frac {1}{2}) = 0$


$\rA _+(d) > 0$


$d \equiv 0 \pmod {48}$


$\rA _{\pm }(d)$


$\rA _{\pm }(d)$


$\rA _{-}(d)$


$\rA _{-}(d)$


$\Delta _d^{\mathsf {LP}}$


$B_{r/2}(d)$


$f : \bR ^d \to \bR $


$f$


$g = \what {f} - f$


$(-1)$


$g$


$f$


\begin {equation}\label {eqn:LP_and_Aneg} \Delta _d^{\mathsf {LP}} \ge B_{\rA _{-}(d)/2}(d).\end {equation}


$\rA _{-}(d)$


$\Delta _d^{\mathsf {LP}}$


$d$


$f$


$\pm 1$


$f(\mathbf {0}) = \what {f}(\mathbf {0}) = 0$


$f(\bx ) \ge 0$


$\|\bx \| \ge r$


$r > 0$


\begin {equation}\label {eqn:poly_gaussian} f(\bx ) = p(2 \pi \|\bx \|^2) e^{-\pi \|\bx \|^2}\end {equation}


$p$


$p$


$d = 1$


$\rA _+(1) \le 0.64$


$0.59355$


$0.5671$


$\rA _+(d)$


\begin {equation}\label {eqn:cohn_goncalves_upperbound_Aneg} \rA _-(d) \le (c + o(1)) \sqrt {d},\end {equation}


$c$


\begin {equation}c = \frac {\sin (\theta /2) \cot (\theta ) e^{\sec (\theta ) / 2}}{\sqrt {2\pi }} \approx 0.3194\dots .\end {equation}


$\theta \approx 1.0995\dots $


\begin {equation}2 \log (\sec (\theta ) + \tan (\theta )) = \sin (\theta ) + \tan (\theta ).\end {equation}


$p$


$\rA _{\pm , N}(d)$


$r(f)$


$f : \bR ^d \to \bR $


$\what {f} = \pm f$


$f(\bzero ) = 0$


$f$


$\deg p \le N$


\begin {equation}\lim _{d \to \infty } \frac {\rA _{\pm , N}(d)}{\sqrt {d}} = \frac {1}{\sqrt {2 \pi }}\end {equation}


$N \ge 3$


$d$


$n = n(d) \ge 3$


$\lim _{d \to \infty } n(d) / d = 0$


\begin {equation*}\lim _{d \to \infty } \frac {\rA _{\pm , n(d)}(d)}{\sqrt {d}} = \frac {1}{\sqrt {2 \pi }}.\end {equation*}


$\rA _+(1)$


\begin {equation}\label {eqn:gss_lower_bound_d1} \rA _+(1) \ge 0.45\end {equation}


$d \ge 2$


$d \ge 2$


\begin {equation}\label {eqn:gss_lower_bound_dge2} \rA _+(d) \ge \frac {1}{\sqrt {\pi }} \left (\frac {1}{1 + \lambda _d} \Gamma \left (\frac {d}{2} + 1\right )\right )^{\frac {1}{d}},\end {equation}


$\lambda _d$


$J_{d/2}$


\begin {equation}\label {eqn:gss_lower_bound_dge2_lambda} \lambda _d := -\inf _{u > 0} \frac {\Gamma \left (\frac {d}{2} + 1\right ) J_{d/2}(u)}{(u/2)^{d/2}}.\end {equation}


$\lambda _d < \frac {1}{2}$


$\lambda _d \to 0$


$d \to \infty $


$\sqrt {d}$


$1 / \sqrt {2 \pi e}$


$\rA _{-}(d)$


\begin {equation*}\rA _{-}(d) > \sqrt {\frac {d}{2 \pi e}}\end {equation*}


$d \ge 1$


$\rA _+(d)$


$\rA _{-}(d)$


$d \ge 5$


$\|f\|_{2}$


$\|f\|_1$


$\|\what {f}\|_1$


$f$


$\what {f}$


$L^1(\bR ^d)$


\begin {equation}\label {eqn:edwin_inequality} \|f\|_2^2 \le \left (\frac {2}{e}\right )^{\frac {d}{2}} \|f\|_1 \|\what {f}\|_1.\end {equation}


\begin {equation*}\Delta _d^{\mathsf {LP}} \ge \frac {1}{4}\left (\frac {e}{8}\right )^d,\end {equation*}


$\rA _{\pm }(d)$


$\rA _{-}(8) = \sqrt {2}$


$\rA _{-}(24) = 2$


$(-1)$


$\rA _{-}(1) = 1$


$\rA _+(12)$


$\rA _+(12) = \sqrt {2}$


$\rA _+(12) \ge \sqrt {2}$


$E_6$


$f : \bR ^{12} \to \bC $


\begin {equation}\label {eqn:E6_summation_formula} f(0) - \sum _{j \ge 1} c_j f(\sqrt {2j}) = -\what {f}(0) + \sum _{j \ge 1} c_j \what {f}(\sqrt {2j})\end {equation}


$c_j = 504 \sigma _5(j)$


$E_6$


$E_6$


$f(\bx ) = e^{-\pi t |\bx |^2}$


$\bR ^{12}$


$\what {f}(\by ) = t^{-6} e^{-\pi |\by |^2 / t}$


$E_6$


\begin {equation}E_6(it) = t^{-6} E_6\left (\frac {i}{t}\right ) \Leftrightarrow 1 - 504 \sum _{n \ge 1} \sigma _5(n) e^{-2 \pi n t} = -t^{-6} \left (1 - 504 \sum _{n \ge 1} \sigma _5(n) e^{-\frac {2 \pi n}{t}}\right ),\end {equation}


\begin {equation}\label {eqn:E6_summation} f(0) - 504 \sum _{n \ge 1} \sigma _5(n) f(\sqrt {2n}) = - \what {f}(0) + 504 \sum _{n \ge 1} \sigma _5(n) \what {f}(\sqrt {2n})\end {equation}


$f$


\begin {equation*}f \mapsto f(0) - 504 \sum _{n \ge 1} \sigma _5(n) f(\sqrt {2n}) + \what {f}(0) - 504 \sum _{n \ge 1} \sigma _5(n) \what {f}(\sqrt {2n})\end {equation*}


$\scS _{\rad }(\bR ^{12})$


$\scS _{\rad }(\bR ^{12})$


$\bR ^{12}$


$\rA _{+}(12) \ge \sqrt {2}$


$f \in \scA _+(12)$


$r(f) \le \sqrt {2}$


$r(\what {f}) \le \sqrt {2}$


$f(\bx ) = \what {f}(\bx ) = 0$


$|\bx | = \sqrt {2n}$


$n \ge 1$


$f \in \scA _+(12)$


$f$


$f$


\begin {equation}f(0) + \what {f}(0) = \sum _{n \ge 1} \sigma _5(n) (f(\sqrt {2n}) + \what {f}(\sqrt {2n}))\end {equation}


$f(0), \what {f}(0) \le 0$


$f(\sqrt {2n}), \what {f}(\sqrt {2n}) \ge 0$


$n \ge 1$


$\scA _+(12)$


$f \in \scA _+(12)$


$r(f) r(\what {f}) < 2$


$\rA _+(12) \ge \sqrt {2}$


$\rA _+(12) \le \sqrt {2}$


\begin {equation}f(\bx ) = \sin ^2\left (\frac {\pi \|\bx \|^2}{2}\right ) \int _0^\infty \frac {(H_2(it) + H_3(it)) H_4(it)^3}{\Delta (it)} e^{-\pi \|\bx \|^2 t} \dd t\end {equation}


$\|\bx \| > \sqrt {2}$


$f(\mathbf {0}) = 0$


$\rA _+(d) / \sqrt {d}$


$\rA _-(d) / \sqrt {d}$


$d \to \infty $


\begin {equation}\label {eqn:uncertainty_limit_conj} \lim _{d \to \infty } \frac {\rA _+(d)}{\sqrt {d}} = \lim _{d \to \infty } \frac {\rA _-(d)}{\sqrt {d}} = \frac {1}{\pi } \approx 0.3183\dots .\end {equation}


$\rA _{+}(d)$


\begin {equation*}0.35355\dots = \frac {1}{\sqrt {8}} < \frac {1}{\sqrt {2\pi }} = 0.39894\dots .\end {equation*}


$d \ge 52$


$M_{d, \pm }(\bx ) \ge 0$


$\|\bx \| \ge \sqrt {2 n_{\pm }}$


$F_w$


$G_w$


$M_{d, \pm }(\mathbf {0}) \le 0$


$\rA _{\pm }(d) \le \sqrt {2n_{\pm }}$


$f = M_{d,\pm }$


$M_{d,+}(\mathbf {0})$


$M_{d,+}(\mathbf {0}) \le 0$


$b_{0,+} \ge 0$


$k \ge 1$


$p_k(n)$


\begin {equation}\label {eqn:pkn} \frac {1}{\prod _{n \ge 1} (1 - q^n)^k} = \sum _{n \ge 0} p_k(n) q^n\end {equation}


$p_1(n) = p(n)$


$n$


$\Delta ^{-m} = q^{-m} \sum _{n \ge 0} p_{24m}(n) q^n$


$k = 0$


$p_0(n) = \delta _{n,0}$


\begin {equation}b_{0,+} = [q^{n_+}] \left (\sum _{n \ge 1} p_{24 n_+}(n) q^n\right ) \left (\sum _{n \ge 1} \tilde {a}_{n,+}^{(w-2)} q^n \right ) = \sum _{j=1}^{n_+} p_{24 n_+}(n_+ - j) \tilde {a}_{j,+}^{(w-2)}.\end {equation}


$p_k(n) > 0$


$k \ge 1$


$n \ge 0$


$\tilde {a}_{j,+}^{(w-2)}$


$1 \le j \le n_+$


$w$


$d \equiv 0 \pmod {8}$


$d \le 36000$


$M_{d,-}(\mathbf {0})$


$M_{d,-}(\mathbf {0})$


$G_w$


$\log \lambda (z)$


$\cdot $


\begin {equation*}\log \lambda (z) = \pi i z + 4 \log 2 + \sum _{k \ge 1} (-1)^k \frac {r_4(k)}{k} q^{\frac {k}{2}}\end {equation*}


$r_4(k)$


$k$


$G_{w}(i/t)$


\begin {align}t^{-w} G_w\left (\frac {i}{t}\right ) &= t^{-w} \widetilde {G}_{w-12}\left (\frac {i}{t}\right ) \Delta \left (\frac {i}{t}\right ) \cL _S\left (\frac {i}{t}\right ) + t^{-w} \Psi _w\left (\frac {i}{t}\right ) \\ &= \widetilde {G}_{w-12}(it) \Delta (it) \log \lambda (it) + (\Psi _w|_{w}S)(it) \\ &= \widetilde {G}_{w-12}(it) \Delta (it) \left (-\pi t + 4 \log 2 + \sum _{k \ge 1}(-1)^k \frac {r_4(k)}{k} e^{-\pi k t}\right ) + (\Psi _w|_{w}S)(it)\end {align}


\begin {align}\phi _{-}(t) &:= \frac {t^{-w} G_{w}(i/t)}{\Delta (it)^{n_-}} \\ &= -\pi t \frac {\widetilde {G}_{w-12}(it)}{\Delta (it)^{n_{-} - 1}} + \frac {\widetilde {G}_{w-12}(it)\Delta (it)(\log \lambda (it) + \pi t) + (\Psi _w|_w S)(it)}{\Delta (it)^{n_-}}\end {align}


$q^{1/2}$


\begin {equation*}\frac {\widetilde {G}_{w-12}(z)}{\Delta (z)^{n_{-} - 1}} = \sum _{n \ge 1 - n_-} b_{n,-} q^n, \quad \frac {\widetilde {G}_{w-12}(z)\Delta (z)(\log \lambda (z) - \pi i z) + (\Psi _w|_w S)(z)}{\Delta (z)^{n_-}} = \sum _{n \ge - 2n_-} c_{n,-} q^{\frac {n}{2}}\end {equation*}


$\widetilde {\phi }_{-}(t)$


$\phi _{-}(t)$


\begin {equation}\widetilde {\phi }_{-}(t) := \phi _{-}(t) - \left (-\pi t \sum _{1-n_- \le k \le 0} b_{k,-} e^{- 2 \pi k t} + \sum _{-2n_- \le k \le 0} c_{k,-} e^{-\pi k t} \right ).\end {equation}


\begin {align*}M_{d,-}(\mathbf {x}) &= 4 \sin ^2\left (\frac {\pi \|\bx \|^2}{2}\right ) \int _0^\infty \widetilde {\phi }_{-}(t) e^{-\pi \|\bx \|^2 t} \dd t \\ &\quad + 4 \sin ^2\left (\frac {\pi \|\bx \|^2}{2}\right ) \left (-\pi \sum _{1-n_- \le k \le 0} b_{k,-} \int _0^\infty t e^{-\pi (\|\bx \|^2 + 2k) t} \dd t + \sum _{-2n_- \le k \le 0} c_{k,-} \int _0^\infty e^{-\pi (\|\bx \|^2 + k) t} \dd t\right ) \\ &= 4 \sin ^2\left (\frac {\pi \|\bx \|^2}{2}\right ) \int _0^\infty \widetilde {\phi }_{-}(t) e^{-\pi \|\bx \|^2 t} \dd t \\ &\quad + 4 \sin ^2\left (\frac {\pi \|\bx \|^2}{2}\right ) \left [-\pi \sum _{1-n_- \le k \le 0} b_{k,-} \cdot \frac {1}{\pi ^2(\|\bx \|^2 + 2k)^2} + \sum _{-2n_- \le k \le 0} c_{k,-} \cdot \frac {1}{\pi (\|\bx \|^2 + k)}\right ]\end {align*}


$\mathbf {x} = \mathbf {0}$


\begin {equation}\label {eqn:Md-zero} M_{d,-}(\mathbf {0}) = -\pi \cdot 4 \cdot \frac {\pi ^2}{4} \cdot \frac {b_{0,-}}{\pi ^2} = -\pi b_{0,-}.\end {equation}


$M_{d,-}(\mathbf {0}) \le 0$


$b_{0,-} \ge 0$


$\widetilde {G}_{w-12}$


\begin {equation}\widetilde {G}_{w-12} = \sum _{n \ge 0} \tilde {a}_{n,-}^{(w-12)} q^n.\end {equation}


$M_{d,+}(\mathbf {0})$


$b_{0, -}$


\begin {equation}b_{0,-} = [q^{n_- - 1}] \left (\sum _{n \ge 0} p_{24(n_- - 1)}(n) q^n\right ) \left (\sum _{n \ge 0} \tilde {a}_{n,-}^{(w-12)} q^n\right ) = \sum _{j=0}^{n_- - 1} p_{24(n_- - 1)}(n_- - 1 - j) \tilde {a}_{j,-}^{(w-12)}\end {equation}


$p_k(n)$


$b_{0,-} \ge 0$


$\tilde {a}_{j,-}^{(w-12)} \ge 0$


$0 \le j \le n_- - 1$


$d \equiv 4 \pmod {8}$


$d \le 36000$


$\rA _{(-1)^{d/4 + 1}}(d)$


$\rA _+(12) \ge \sqrt {2}$


$E_6$


$s \in \{\pm \}$


$0 < \rho _0 < \rho _1 < \cdots $


\begin {equation*}\lim _{j \to \infty } \frac {\rho _{j+1}}{\rho _j} = 1,\end {equation*}


$c_j > 0$


$j \ge 1$


$f$


$\bR ^d$


\begin {equation*}f(\bzero ) + s\what {f}(\bzero ) = s \sum _{j \ge 0} c_j f(\rho _j) + \sum _{j \ge 0} c_j \what {f}(\rho _j),\end {equation*}


$\rA _s(d) \ge \rho _0$


$E_{2k}$


$k \ge 2$


$\rA _{(-1)^{k-1}}(4k) \ge \sqrt {2}$


$1$


$w$


$1$


\begin {equation*}1 - s\sum _{n \ge n_0} c_n q^n\end {equation*}


$c_n \ge 0$


$n \ge n_0$


$\rA _s(d) \ge \sqrt {2 n_0}$


$n_0$


$n_0$


\begin {equation}\label {eqn:level1_cusp_dim} \ell = \ell _w = \dim \cS _{w}(\SL _2(\bZ )) = \begin {cases} \left \lfloor \frac {w}{12}\right \rfloor & \text {if } w \not \equiv 2 \pmod {12}, \\ \left \lfloor \frac {w}{12}\right \rfloor - 1 & \text {if } w \equiv 2 \pmod {12}. \end {cases}\end {equation}


$\Lambda \subset \bR ^d$


$d$


$8$


$\Theta _\Lambda (z)$


$d/2$


$\SL _2(\bZ )$


$\Theta _\Lambda $


$\Lambda $


$r_Q(1) = r_Q(2) = \dots = r_Q(\ell ) = 0$


$\rE _8$


$8$


$24$


$E_4 = 1 + 480 \sum _{n \ge 1} \sigma _3(n) q^n$


$\frac {7}{12} E_4^3 + \frac {5}{12} E_6^2 = 1 + 196560 q^2 + \cdots $


$72$


$164000$


$w$


\begin {equation}\label {eqn:exteis_qexp} \mathscr {E}_w(z) = 1 + \sum _{n \ge \ell + 1} a_n q^n\end {equation}


$a_{\ell + 2} < 0$


$w \equiv 0 \pmod {4}$


$a_{\ell + 1} > 0$


$w \equiv 0 \pmod {4}$


$\scE _w$


$w \equiv 0 \pmod {4}$


$w \equiv 2 \pmod {4}$


$\scE _w$


$w$


$\scE _w$


$w$


$w \ge 12$


$w \ne 14$


$\ell \ge 1$


$w \equiv 0 \pmod {4}$


$w \equiv 2 \pmod {4}$


$a_n > 0$


$a_n < 0$


\begin {equation}\label {eqn:jr_exteis_coeff_bound} n \ge e^{\frac {59.169}{w - 2}} (\ell ^3 \log w)^{\frac {1}{w - 2}} \cdot 1.0242382 \ell .\end {equation}


$w \equiv 2 \pmod {4}$


$\scE _w = E_w + h$


$E_w$


$h = \sum _{n \ge 1} b_n q^n \in \cS _w(\SL _2(\bZ ))$


\begin {equation*}b_m = \frac {2w}{B_w} \sigma _{w-1}(m)\end {equation*}


$1 \le m \le \ell $


$b_n$


$n > \ell $


\begin {equation*}\zeta (w) = \frac {(-1)^{w/2 - 1}(2\pi )^w B_w}{(w - 1)! \cdot 2w} = \frac {(2\pi )^w B_w}{(w - 1)! \cdot 2w}\end {equation*}


$\zeta (12) \ge \zeta (w) > 1$


\begin {equation}\label {eqn:2wBw_bound} \frac {(2\pi )^w}{\zeta (12)(w - 1)!} < \frac {2w}{B_w} < \frac {(2\pi )^w}{(w - 1)!}.\end {equation}


$\sigma _{w-1}(m) < \zeta (w - 1) m^{w - 1}$


\begin {align*}\sqrt {\sum _{m=1}^\ell \frac {|b_m|^2}{m^{w-1}}} &< \frac {2w \zeta (w-1)}{B_w} \sqrt {\sum _{m=1}^\ell m^{w-1}} \\ &< \frac {\zeta (w-1)(2\pi )^w}{(w - 1)!} \sqrt {\sum _{m=1}^\ell m^{w-1}} \\ &< \frac {\zeta (w-1)(2\pi )^w}{(w - 1)!} \sqrt {\int _1^{\ell + 1} x^{w - 1} \dd x} \\ &< \frac {\zeta (w-1)(2\pi )^w}{(w - 1)!} \frac {(\ell + 1)^{w/2}}{w^{1/2}}.\end {align*}


$w \le 12 \ell + 14$


$(1 + \frac {1}{\ell })^\ell < e$


\begin {align}11\sqrt {\sum _{m=1}^\ell \frac {|b_m|^2}{m^{w-1}}} &< \frac {11(2\pi )^w}{(w - 1)!} \frac {\zeta (w - 1) e^6 \ell ^{w/2}}{\sqrt {w}} \left (1 + \frac {1}{\ell }\right )^7 \\ &\le \frac {11 \zeta (11) e^6 2^7}{\sqrt {12}} \frac {(2\pi )^w \ell ^{w/2}}{(w - 1)!} \nonumber \\ &< e^{12.008} \frac {(2\pi )^w \ell ^{w/2}}{(w - 1)!}. \label {eqn:jr_first}\end {align}


$x \mapsto x^{w - 1} e^{-7.288 x}$


$0 \le x \le \ell $


\begin {align*}\sum _{m=1}^\ell b_m e^{-7.288 m} &< \frac {2w}{B_w} \sum _{m=1}^\ell \sigma _{w-1}(m) e^{-7.288 m} \\ &< \frac {(2\pi )^w \zeta (w - 1)}{(w - 1)!} \sum _{m=1}^\ell m^{w - 1} e^{-7.288 m} \\ &< \frac {(2\pi )^w \zeta (w - 1)}{(w - 1)!} \ell ^w e^{-7.288 \ell }\end {align*}


\begin {align}\frac {e^{18.72}(41.41)^{w/2}}{w^{\frac {w-1}{2}}} \sum _{m=1}^{\ell } b_m e^{-7.288m} &< \frac {e^{18.72} \zeta (11) (2\pi )^w \ell ^{w/2}}{(w - 1)!} \left (\frac {41.41 \ell }{w}\right )^{w/2} \sqrt {w} e^{-7.288 \cdot \frac {w - 14}{12}} \nonumber \\ &< \frac {e^{18.72 + 7.288 \cdot \frac {7}{6}} \zeta (11) (2\pi )^w \ell ^{w/2}}{(w - 1)!} \left (\frac {41.41}{12 e^{\frac {7.288}{6}}}\right )^{w/2} \sqrt {26\ell } \nonumber \\ &< e^{28.859} \frac {(2\pi )^w}{(w - 1)!} (1.0242382 \ell )^{w/2} \sqrt {\ell }. \label {eqn:jr_second}\end {align}


$w \le 12 \ell + 14 \le 26 \ell $


$d(n) < 2 \sqrt {n}$


\begin {equation}|b_n| < e^{29.56} \frac {(2\pi )^w}{(w - 1)!} \sqrt {\ell \log w} (1.0242382 \ell )^{w/2} n^{w/2}.\end {equation}


\begin {equation*}a_n = -\frac {2w}{B_w} \sigma _{w-1}(n) + b_n < \frac {(2\pi )^w n^{\frac {w}{2}}}{\zeta (12)(w - 1)!} \left (- n^{\frac {w-2}{2}} + \zeta (12)e^{29.56}(\ell \log w)^{\frac {1}{2}} (1.0242382\ell )^{\frac {w}{2}}\right )\end {equation*}


$a_n < 0$


\begin {equation*}n > e^{\frac {59.169}{w - 2}} (\ell ^3 \log w)^{\frac {1}{w - 2}} \cdot 1.0242382 \ell .\end {equation*}


$\scE _w$


$\ell _{2000} = 166$


$176.66$


$w = 2000$


$\scE _{2000}$


$167 \le n \le 176$


$\rA _{\pm }(d)$


$d \equiv 4 \pmod {8}$


$w = \frac {d}{2} \equiv 2 \pmod {4}$


$\scE _w$


$\scE _{w} = 1 + \sum _{n \ge \ell + 1} a_n q^n$


$a_n < 0$


$n \ge \ell + 1$


$\rA _+(d) \ge \sqrt {2(\ell + 1)}$


$\ell + 1 = \dim \cM _{d/2}(\SL _2(\bZ ))$


$d / 24$


$\sqrt {d / 12}$


$w \equiv 0 \pmod {4}$


$\scE _w$


$\rA _-(d) \ge \sqrt {2(\ell + 1)}$


$w$


\begin {align}\scE _4 &= E_4 = 1 + 240q + 2160 q^2 + \cdots \\ \scE _6 &= E_6 = 1 - 504q - 16632 q^2 - \cdots \\ \scE _8 &= E_8 = E_4^2 = 1 + 480q + 61920 q^2 + \cdots \\ \scE _{10} &= E_{10} = E_4 E_6 = 1 - 264q - 135432 q^2 - \cdots \\ \scE _{12} &= \frac {7 E_4^3 + 5 E_6^2}{12} = \Theta _{\Lambda _{24}} = 1 + 196560 q^2 + 16773120 q^3 + \cdots \\ \scE _{12}' &= 393120 X_{14,1} = 393120 q^2 + 50319360 q^3 + \cdots \\ \scE _{14} &= E_{14} = E_4^2 E_6 = 1 - 24 q - 196632 q^2 - \cdots \\ \scE _{16} &= \frac {E_4(4 E_4^3 + 5 E_6^2)}{9} = 1 + 146880 q^2 + 64757760 q^3 + \cdots \\ \scE _{16}' &= \frac {68}{91} E_4 \scE _{12}' + 86169600 X_{18,1} = 293760 q^2 + 194273280 q^3 + \cdots \\ \scE _{18} &= \frac {E_6(7 E_4^3 + E_6^2)}{8} = 1 - 86184 q^2 - 84575232 q^3 + \cdots \\ \scE _{18}' &= -161336448 X_{20, 1} -172368 E_4 X_{16, 1} = 172368 q^2 - 253725696 q^3 + \cdots \\ \scE _{20} &= \frac {E_4^2 (11 E_4^3 + 25 E_6^2)}{36} = 1 + 39600 q^2 + 87859200 q^3 + \cdots \\ \scE _{20}' &= \frac {55}{204} E_4 \scE _{16}' + 192192000 X_{22,1} = 79200 q^2 + 263577600 q^3 + \cdots .\end {align}


\begin {equation}\label {eqn:new_lower_bound_small_d} \rA _{(-1)^{d/4 + 1}}(d) \ge \sqrt {2 (\ell _{d/2} + 1)}\end {equation}


$4$


$4 \le d \le 40$


$\ell _{20} = 1$


$\scE _{20}$


$\rA _-(40) \ge 2$


$w \le 5000$


$\rA _{\pm }(d)$


$> 1$


$> 1$


$1$


$F(z) = \sum _{n \ge 1} a_n q^n$


$1$


$F(z) - c F(Nz) = \sum _{n \ge 1} (a_n - c a_{n/N}) q^n$


\begin {equation}\inf _{n \ge 1} \frac {a_{Nn}}{a_n} \ge c. \label {eqn:infcoeffrat}\end {equation}


$c$


$F(z) - c F(Nz)$


$w$


$s$


\begin {equation*}Y_{w, s}(z) := X_{w, s}(z) - 2^{w-s} X_{w, s}(2z).\end {equation*}


$Y_{4, 2}, Y_{8, 2}, Y_{10, 2}$


$Y_{12,2}$


$a_{w, n}$


$n$


$X_{w, 2}$


\begin {equation}\label {eqn:infcoeffrat2} \inf _{n} \frac {a_{w, 2n}}{a_{w, n}} \geq 2^{w-2}.\end {equation}


\begin {align}X_{4, 2} &= -\frac {E_2'}{24} = \sum _{n \geq 1} n\sigma _1(n) q^n, \\ X_{8, 2} &= -\frac {E_6'}{15120} - \frac {E_4''}{7200} = \sum _{n \geq 2} \left (\frac {n \sigma _5(n) - n^2 \sigma _3(n)}{30}\right ) q^n, \\ X_{10, 2} &= \frac {(E_4^2)'}{60480} + \frac {E_6''}{63504} = \sum _{n \geq 2} \left (\frac {n \sigma _7(n) - n^2 \sigma _5(n)}{126}\right ) q^n.\end {align}


$E_4^2 = 1 + 480 \sum _{n \geq 1} \sigma _7(n)q^n$


$8$


$n = 2^k m$


$k\geq 0$


$m$


$w = 4$


\begin {align*}\inf _{n\geq 1} \frac {2n\sigma _1(2n)}{n \sigma _1(n)} = \inf _{n \geq 1} \frac {2^{k+1}m \sigma _1(2^{k+1})\sigma _1(m)}{2^k m \sigma _1(2^k)\sigma _1(m)} = \inf _{k \geq 0} \frac {2(2^{k+2} - 1)}{2^{k+1} - 1} = 4 = 2^{4-2}.\end {align*}


$w = 8$


$w = 10$


$w = 8$


$n \sigma _5(n) - n^2 \sigma _3(n) \geq 0 \Leftrightarrow b_{n} := \frac {\sigma _5(n)}{n \sigma _3(n)} \geq 1$


$n \geq 2$


$X_{8, 2}$


$n^a \leq \sigma _a(n) \leq 1^a + 2^a + \cdots + n^a$


$n = 2^k m$


$m$


\begin {align*}\frac {a_{8, 2n}}{a_{8, n}} &= \frac {2n \sigma _5(2n) - 4n^2 \sigma _3(2n)}{n \sigma _5(n) - n^2 \sigma _3(n)} \\ &= \frac {2^{k+1}m \sigma _5(2^{k+1})\sigma _5(m) - 2^{2k+2}m^2 \sigma _3(2^{k+1})\sigma _3(m)}{2^k m \sigma _5(2^k)\sigma _5(m) - 2^{2k}m^2 \sigma _3(2^k)\sigma _3(m)} \\ &= \frac {4\sigma _3(2^{k+1})}{\sigma _3(2^k)} \cdot \frac {b_{2^{k+1}} b_{m} - 1}{b_{2^k} b_{m} - 1}.\end {align*}


$b_{2^k}$


$k \geq 0$


\begin {align*}\frac {a_{8, 2n}}{a_{8, n}} \geq \frac {4 \sigma _3(2^{k+1})}{\sigma _3(2^k)} \cdot \frac {b_{2^{k+1}}}{b_{2^k}} = \frac {2 \sigma _5(2^{k+1})}{\sigma _5(2^k)} = \frac {2(2^{5(k+2)} - 1)}{2^{5(k+1)} - 1} > 2^{6} = 2^{8-2}.\end {align*}


$2^6$


$n = 2^k$


$k \to \infty $


$w = 10$


$w = 12$


$X_{12, 2}$


\begin {equation*}X_{12, 2} = \frac {1}{18000} \left (\frac {17 \Delta }{21} - \frac {E_{10}'}{308} - \frac {E_8''}{288}\right ) = \frac {1}{18000} \sum _{n \ge 3}\left (\frac {17 \tau (n)}{21} + \frac {6n\sigma _9(n)}{7} - \frac {5n^2 \sigma _7(n)}{3}\right ) q^n =: \sum _{n \ge 3} c_n q^n,\end {equation*}


$c_{2n} \ge 2^{10} c_n$


$n \ge 2$


\begin {equation}\frac {17 \tau (2n)}{21} + \frac {12n\sigma _9(2n)}{7} - \frac {10 n^2 \sigma _7(2n)}{3} - 2^{10} \left (\frac {17 \tau (n)}{21} + \frac {6 n \sigma _9(n)}{7} - \frac {5 n^2 \sigma _7(n)}{3}\right ) \ge 0. \label {eqn:X122coeffineq}\end {equation}


$n = 2^k m$


$m$


\begin {align}&\frac {17 \tau (2^{k+1}) \tau (m)}{21} + \frac {12 \cdot 2^{k} m \sigma _9(2^{k+1}) \sigma _9(m)}{7} - \frac {5 \cdot 2^{2k+2} m^2 \sigma _7(2^{k+1}) \sigma _7(m)}{3} \nonumber \\ &\quad - 2^{10} \left (\frac {17 \tau (2^k) \tau (m)}{21} + \frac {6 \cdot 2^k m \sigma _9(2^k) \sigma _9(m)}{7} - \frac {5 \cdot 2^{2k} m^2 \sigma _7(2^k) \sigma _7(m)}{3}\right ) \nonumber \\ &= \frac {17\tau (m)}{21} (\tau (2^{k+1}) - 1048 \tau (2^k)) \nonumber \\ &\quad + \frac {6 \cdot 2^k m \sigma _9(m)}{7} (2 \sigma _9(2^{k+1}) - 2^{10} \sigma _9(2^k)) - \frac {5 \cdot 2^{2k} m^2 \sigma _7(m)}{3} (2^2 \sigma _7(2^{k+1}) - 2^{10} \sigma _7(2^k)) \nonumber \\ &= \frac {17\tau (m)}{21} (\tau (2^{k+1}) - 1048 \tau (2^k)) \nonumber \\ &\quad + \frac {6 \cdot 2^{k+1} m \sigma _9(m)}{7} \left (\frac {2^{9(k+2)}-1}{511} - 512 \cdot \frac {2^{9(k+1)}-1}{511}\right ) \nonumber \\ &\quad - \frac {5 \cdot 2^{2k+2} m^2 \sigma _7(m)}{3} \left (\frac {2^{7(k+2)}-1}{127} - 256 \cdot \frac {2^{7(k+1)}-1}{127}\right ) \nonumber \\ &=\frac {5}{3} \cdot \frac {128}{127} m^2 \sigma _7(m) 2^{2k+2} \left (2^{7(k+1)} - \frac {255}{128}\right ) \nonumber \\ &\quad + \frac {17}{21} \tau (m) \left (\tau (2^{k+1}) - 1048 \tau (2^{k})\right ) + \frac {6}{7} m \sigma _9(m) 2^{k+1} \label {eqn:x122coeff}\end {align}
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Chapter 1

Introduction

In this chapter, we give a brief overview of the history of the sphere packing problem and
the main contributions of this thesis.

1.1 The story of the project

Before moving on to the main content, let me describe how this project began.!

In 2016, when I was a senior undergraduate student at POSTECH, I heard the news that
the 8-dimensional sphere packing problem had been solved by Maryna Viazovska [80].
There was a weekly undergraduate seminar run by a mathematics club called MARCUS
(MAthematics Research Club for Undergraduate Students), and I gave a talk on the paper
because I had just started to become interested in modular forms and this seemed to be
a striking application of them. I was not able to understand most of the paper at that
time, but I did notice that one key step involved inequalities for modular forms proved by
numerical methods, more precisely using interval arithmetic. Later, I heard that Viazovska
won a Fields Medal for this work in 2022.

On September 11, 2023, Dan Romik came to Berkeley to give a talk at the Berkeley RTG
seminar on his new proof of the modular form inequalities for the 8-dimensional sphere
packing problem [65]. After a preparatory talk on the background of sphere packing, he
presented the proof and ended by posing, as an open problem, finding a human proof
of the corresponding inequalities in dimension 24. I asked him afterward whether he
had thought about it, and he said no, but that it would be a nice project for graduate

I This section is motivated by the similarly titled section in the introduction of Aaron Landesman’s thesis.
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students. The problem seemed intriguing, so I began working on it as a side project.
After a few weeks, it had displaced my main project, but I had also proved the first of the
dimension-24 inequalities. Progress then stalled for a few months, so I decided to return
to the dimension 8 case, even though two proofs were already known. Luckily, I found a
third proof of the dimension-8 inequalities. The argument generalized to dimension 24,
and I was elated for a few hours thinking I had solved the problem, until I realized that
one inequality still remained—and that it was considerably harder than the others. It took
a few more months to find a satisfactory proof of the third inequality, and by then it was
clear that the project had become central to my thesis.

After I uploaded the paper to arXiv [49], Yaél Dillies found it and shared it on the
Xena Discord server, a community for students in London who are interested in Lean. By
coincidence, Sidharth Hariharan, who was a master’s student at Imperial College London,
was working on a formalization of Viazovska’s proof of the 8-dimensional sphere packing
problem, and he was also a member of the Discord server. He eventually sent me a
message, and I joined the project, along with Chris Birkbeck, Gareth Ma, and Bhavik
Mehta. After working on the project for a year, we made it public at the Big Proof
conference on June 13,2025. The project is still ongoing, and many people are contributing
to it; see Appendix B for details.

1.2 High-dimensional sphere packings and quasimodular forms

This section reviews the sphere packing problem, focusing on Viazovska’s and Cohn et
al.’s resolutions of the 8- and 24-dimensional cases [80, 19]. A detailed exposition can be
found in Chapter 2.

The sphere packing problem in dimension d asks the following: what is the densest
way of packing Euclidean space R with non-overlapping unit balls, and what is the maximum
density Ay? The case d = 1 is trivial, since intervals of the same length can tile the real
line. For d = 2, the hexagonal lattice packing is optimal with density A, = % ; this result
is often attributed to Thue [76], although Téth [27] is considered to have given the first
rigorous proof. In dimension d = 3, Kepler conjectured in 1611 that the densest possible
packing can be obtained by stacking hexagonal packings with density Az = %. This
remained a conjecture for almost 400 years, until Thomas Hales gave a rigorous proof
in 1998. The paper was eventually accepted by the Annals of Mathematics in 2005 [35],

but some uncertainty remained because the proof was heavily computer-assisted and was
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based on 100000 linear programming problems. Eventually, Hales decided to formalize
the proof on computers through the Flyspeck project, an expansion of the acronym FPK
standing for Formal Proof of Kepler. It took about 10 years to complete the formalization of
the proof in Isabelle and HOL Light [34].

For higher dimensions, it is known that Dy, Ds, Eg, E7, Eg, and the Leech lattice Aoy
are optimal among lattice packings in dimensions 4, 5, 6, 7, 8, and 24, respectively [47,
46, 5, 79, 15]. However, optimality among all packings in higher dimensions remains
an open problem. One effective way to prove an upper bound is Cohn and Elkies’ linear
programming bound [13], which roughly says that a suitable function on R? satisfying certain
linear constraints yields an upper bound (see Theorem 2.4.1 for the precise statement).
Their numerical experiments suggested that there may exist certain magic functions in
dimensions 8 and 24 that give upper bounds matching the lower bounds given by the
densities of the Eg and Ay packings. Number theorists had hoped to construct these
optimal functions using modular forms [11], one of the central classes of functions in
number theory, but no explicit construction was known until 2016. Note that the Cohn—
Elkies bound is known to be suboptimal for dimensions d = 3,4,5, 6,7, i.e. there does
not exist a magic function in these dimensions, as proved using dual linear programming
bounds [17, 51].

On 7n-Day, March 14, 2016, Maryna Viazovska uploaded a 23-page paper to arXiv
constructing the optimal function in dimension 8 as an integral transform of certain
quasimodular forms [80]. Peter Sarnak was quoted as follows in an interview with Quanta
Magazine [73]: “It’s stunningly simple, as all great things are. You just start reading the
paper and you know this is correct.” After the paper appeared, she teamed up with Henry
Cohn, Abhinav Kumar, Stephen D. Miller, and Danylo Radchenko to construct the magic
function in dimension 24 in a week, proving that the Leech lattice packing is optimal
[19]. More stories about the collaboration can be found in the interview by de Laat and
Vallentin [48].

1.3 Positive quasimodular forms and a new proof of the inequalities

The final step in these sphere packing proofs is to verify certain sign inequalities for the
magic functions. Viazovska and Cohn et al. reduced this verification to inequalities for
quasimodular forms. In dimension 8, Viazovska proved them using interval arithmetic; in
dimension 24, Cohn et al. used a different numerical method based on Sturm’s bound for
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polynomials. Given the conceptual nature of the magic functions themselves, it is natural
to ask whether these inequalities also admit a more conceptual proof. In [48], Miller said
that “Though I think there will eventually be a slick proof that can be written by hand,
computers were completely essential in this story.”

Romik gave such a proof for dimension 8 [65], which he called “calculator-assisted”
rather than “computer-assisted” because the proof only requires comparing values of
certain quasimodular forms at z = i. A new proof of the 24-dimensional case remained
open at the time, and it was the main motivation for this work.

In this thesis, we first develop a theory of positive and completely positive quasimod-
ular forms (Chapter 3). These are quasimodular forms that are positive on the imaginary
axis or have nonnegative Fourier coefficients, respectively. We study how these properties
interact with derivatives and Serre derivatives (Propositions 3.2.1, 3.2.2, 3.2.4, and 3.3.4).
Before this work, positivity of quasimodular forms had received little direct attention,
even though sign changes of Fourier coefficients of modular forms are widely studied
(see, e.g., [45]). The basic results are simple, but they are strong enough to give a new,
algebraic proof of the quasimodular form inequalities in both dimensions 8 and 24 (Chapter
5). We also find that the relevant quasimodular forms are closely related to Kaneko and
Koike’s extremal quasimodular forms [40] through several modular linear differential equa-
tions ((5.24) and (5.36)). As a byproduct, we resolve a conjecture of Kaneko and Koike on
the complete positivity of the extremal quasimodular forms of depth 1 (Corollary 4.2.2).
This part of the work is also available as [49] on arXiv.

1.4 More applications

The theory of positive quasimodular forms also has several applications beyond the orig-
inal sphere packing inequalities.

An inequality for the universal optimality of the Leech lattice

First, Cohn, Kumar, Miller, Radchenko, and Viazovska proved that the Eg and Leech
lattice packings are universally optimal [20], meaning that they minimize the energy for a
large class of potential functions. Their proof combines the linear programming bound
for potential energy by Cohn and Kumar [16] with Fourier interpolation formulas for
radial Schwartz functions on R® and R?*. More precisely, they proved that there are

4



interpolation basis functions {a,, by, d,, b, }nzn, such that every radial Schwartz function
f can be expressed as

f) = f(N2man) + Y f/(N2n)bu(x)

+ 3 FVma )+ Y F(Van)by(x),

where np = 1 for d = 8 and ng = 2 for d = 24, and the series converge absolutely. The
construction starts from generating functions F, F : H X R,

F(t,x) = Z an(x)eZm'nT + 27T Z \/Z_nbn(x)ezmm

n=nop n=nop
F(t,x) = Z A (x)e?™"T 4+ 27itT Z V2nb, (x)e? T,
nznop nznop
for which the interpolation formula for the complex Gaussian x e UM reduces to the
identity

d
F(t,x) + (= TF (=L x| = e,
7 T T’

As with the magic functions for sphere packing, F and F are constructed as integral trans-
forms of two-variable kernel functions K (7, z) and 7?(@ z) on H x H, which are expressed
in terms of quasimodular forms and logarithms of the modular lambda function. Univer-
sal optimality then follows from positivity of the kernel functions on the imaginary axis.
Verifying this positivity reduces to complicated inequalities of quasimodular forms and
polynomials, and the original proof is heavily computer-assisted.

In Chapter 6, we give a new proof of inequality (3b) in [20, p. 1067] which does not
require any numerical methods (Lemma 6.6.1). The key point is to study monotonicity of
the functions of the form

t — t"™F(it)

when m > 0 and F is a quasimodular form. We give several sufficient conditions for
monotonicity (Propositions 6.2.1 and 6.2.10), and show that inequality (3b) is equivalent
to such a monotonicity statement with m = 11 and F = Xy 1, the extremal quasimodular
form of weight 12 and depth 1 (Lemma 6.6.1). The required monotonicity follows from
Corollary 6.2.7. The same idea also constructs a new family of positive quasimodular forms
of higher levels (Example 6.4.3) and gives another proof of the second quasimodular form
inequality for the sphere packing problem in dimension 24 (Section 6.5 and Appendix D).
This part of the work is also available as [50] on arXiv.
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Higher level extremal quasimodular forms

In Chapter 4, we study positivity of level 1 extremal quasimodular forms of Kaneko—
Koike [40]. In Chapter 7, we study analogues of their results for extremal quasimodular
forms of level I'h(N) for N = 2,3,4, introduced by Sakai and Tsutsumi [67]. We first
prove uniqueness of extremal quasimodular forms of level I'y(N) and depth s for (N, s) €
{(2,1),(2,2),(3,1),(4,1)} by adapting Pellarin’s argument [61] (Corollary 7.2.4).

For each pair (N, s) listed above, we derive new recurrence relations (Theorems 7.3.7
and 7.4.5, and Proposition 7.3.16). We use them to prove positivity of the depth 1 forms D,
and 7, (level I'9(2) and I'g(4), respectively; see Propositions 7.3.8 and 7.5.3). In all cases,
we also classify those with integral Fourier coefficients (Theorems 7.3.14,7.4.7,and 7.3.19),
extending the level 1 results of Kaminaka-Kato [39] and Nakaya [57]. For (N, s) = (2,2),
we further classify the completely positive forms (Corollary 7.3.17), showing that only
finitely many weights give completely positive forms, in contrast to the depth 1 case.

New bounds for the sign uncertainty principle

As a final application, we give new lower and upper bounds for the sign uncertainty
principle of Bourgain, Clozel, and Kahane [7]. The sign uncertainty principle concerns
the simultaneous eventual signs of a function and its Fourier transform. More precisely, for
a real-valued function f on R satisfying natural sign ¢ conditions at the origin, Bourgain,
Clozel, and Kahane showed that the product r(f)r(f ) is bounded below by a positive
constant, where r(f) and r( f ) denote the radii beyond which f and f are nonnegative.
We denote the square root of the infimum of 7( f)r( f ) by A, (d); there is also a negative
version A_(d). The only known exact value is A;(12) = V2, due to Cohn and Gongalves
[14].

In Chapter 9, we prove new upper and lower bounds in dimensions that are multiples
of 4 (Theorems 9.0.1 and 9.0.2), improving earlier results of Bourgain—Clozel-Kahane [7],
Gongalves-Silva-Steinerberger [30], Cohn—Gongalves [14], and Edwin [25]. For the upper
bound, we show that for multiples of 4 with 4 < 36000,

/ d
Ai(d) < 2{16 + 2.

The asymptotic constant 1/V8 ~ 0.3535 is strictly smaller than the constant 1/v2m ~ 0.3989
in Bourgain—Clozel-Kahane’s bound. This upper bound follows from the positivity of
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the Feigenbaum-Grabner-Hardin Fourier eigenfunctions proved in Chapter 8 (Theorems
8.1.5 and 8.2.8), together with a computer check for the nonpositivity of their values at the
origin.

For the lower bound, Theorem 9.0.2 shows that for multiples of 4 with 4 < 10000,

J2 & +2 dz4 d 24),
A(_l)d/4+1 (d) > |-24J (mo )
A2 I_%J d=4 (mod 24).

The asymptotic constant 1/V12 ~ 0.2887 improves Edwin’s bound of 1/V4r ~ 0.2821
in these dimensions. The proof adapts the summation-formula method of Cohn and
Gongalves, using radial Schwartz summation formulae associated with extremal Eisenstein
series: the unique level-1 modular forms whose Fourier expansions begin with 1 followed
by as many zeros as possible. For small weights, the required sign pattern of their Fourier
coefficients is established by explicit identities involving the extremal quasimodular forms
from Chapter 4 (Proposition 9.4.4); for larger weights, it follows from explicit coefficient
bounds of Jenkins and Rouse [38] (Theorem 9.4.3) together with a finite computer verifi-
cation.

1.5 Sage and Lean

Most of the results in this thesis are inspired by experiments with Sage [75]. For example,
the new proof of the quasimodular form inequalities was inspired by Figure 5.1, which
was plotted using Sage, and various recurrence relations for extremal quasimodular forms
such as those in Theorem 4.2.1 were also conjectured from Sage experiments. Details on
the Sage code can be found in Appendix A.

In addition, some of the results in this thesis are formalized in Lean 4 [55]. Most
notably, the quasimodular form inequalities for the sphere packing problem in dimension
8 are formalized as part of the Sphere-Packing-Lean project mentioned above; details can
be found in Appendix B. Some additional results on positivity of certain quasimodular
forms and inequalities such as (6.2) are also formalized; these are all elementary but
tedious to verify by hand.

All Sage and Lean code is available in the following GitHub repository:

https://github.com/seewoo5/posgmf
7


https://github.com/seewoo5/posqmf

1.6 Disclosure of Al usage

At the time of writing this thesis, large language models (LLMs) such as ChatGPT (OpenAl),
Claude (Anthropic), and Gemini (Google) have become powerful tools for various tasks,
including editing text, locating literature, writing code, and even providing mathematical
proofs. For transparency, we describe the use of Al in this thesis.

Most of the core mathematical work was done by the author, with LLMs used pri-
marily to fix typos and grammatical errors. However, there are a few instances where
LLMs were used to assist in proving lemmas. For example, a key step in the proof of
Lemma 6.1.5, showing positivity of a certain elementary but complicated function, was
suggested by ChatGPT-5.2 Pro. LLMs were also used to compute certain decompositions
of quasimodular forms to establish positivity or negativity of their Fourier coefficients, as
in Propositions 4.5.1 and 7.3.20 and Corollary 7.3.17, and to identify errors in the original
proofs of these results. In many of these cases, the author provided a proof sketch, and
LLMs were used to fill in the details and write them up in a more polished form.

In some cases, proofs suggested by LLMs were incorrect and had to be corrected by
the author. For example, the original proofs of Lemma 6.1.5 suggested by ChatGPT-5.2
Pro and Gemini Pro were both incorrect. This motivated the author to formalize some of
these proofs in Lean 4 to verify their correctness. Most of the Lean code was written by
Als, including Claude Opus 4.7, Codex-5.3 (OpenAl), and AxiomProver (Axiom Math),
with the formalized statements carefully checked by the author to ensure that they match
the intended mathematical statements.



Chapter 2

Preliminaries

In this chapter, we review the basics of modular forms and quasimodular forms with
examples. We also give a brief introduction to Viazovska’s and Cohn et al.’s proofs of the
8- and 24-dimensional sphere packing problems [80, 19].

2.1 Modular forms

For any function f : H — C defined on the complex upper half-plane H = {z € C : 3z > 0}
and any integer w, we define the action of y € SL,(Z) as

b 7 esLy@).

b
d

(Floy)(@) = (cz +d)™ (”Z +h ) , =

cz+d

We denoteby T = [} 1] and S = [ 7! | the matrices that generate SLy(Z).

Eisenstein series are among the most famous examples of modular forms, and they are
also easy to construct. For an even integer w > 4, consider the sum

1
V&= D Graw
yeSLa(Z) y=|2 b ]esta@)

which would be invariant under the slash action, if it converged. However, this sum fails
to converge. In fact, the subgroup T = {[}#] : n € Z} is the stabilizer of the constant
function, so we can take a quotient and the sum

1 1
Fo@i= ), Ua@=3 2, Graw (2.1)
Y€l \SL2(Z) (c,d)ez?
ged(c,d)=1



indeed converges absolutely, provided w > 2. This defines the Eisenstein series of weight
w. The Fourier expansion of E,, is given by [9, p. 16]

2w
Eu(z) = 1= 5= ) ow-a(n)g", (2.2)
nx1
where By, is the w-th Bernoulli number, defined by the generating function

k

X X
—7 = Z By (2.3)

k>0

and 0,(n) := X4, d" is the divisor power sum function. For example, the weight 4 and
weight 6 Eisenstein series are

Eu(z) = 1 + 240 Z a3(n)q" (2.4)
Ee(z) = 1 - 504 E as(n)q" (2.5)
=1
satisfying

E4(z +1) = Ea(z), (2.6)

Es(z + 1) = E¢(2), 2.7)

z74E, (—%) = E4(2), (2.8)

z % (—%) = E¢(2). (2.9)

The ring of even-weight level-1 modular forms is isomorphic to the polynomial ring
C[Ey, Ee].

A modular form is called a cusp form if it vanishes at all cusps, i.e. its Fourier expansions
have no constant terms. For example, every Eisenstein series E;, has a nonzero constant

term 1 (2.2), hence it is not a cusp form. The first nonzero cusp form is the discriminant

form
E, —Eg
Mz)= Sose® =g [ =" =n@)* (2:10)
nx1

which is a cusp form of weight 12 and level 1. Here n(z) = q"/?* [],51(1 — g") is the
Dedekind eta function, with g1/%* = ¢271z/24,
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Another interesting class of examples arises from lattices [21]. Let A C R? be a d-
dimensional lattice, i.e. a free Z-submodule of rank d. One can associate to A a theta
function that counts the norms of the vectors in A, namely

Orz)= Y sl 2.11)

veEA

Let A* := {w € R? : (v,w) € Z, Vo € A} be the dual lattice of A. One has a Poisson
summation formula: for any admissible function f : RY — R (a slightly weaker condition
than being Schwartz; see [13, Definition 2.2] for details), we have

D fl)= |1X| > fw) (2.12)

vEA weN*

where f is the Fourier transform

fly) = [R f (x)e 2 Y dx (2.13)

and |A| is the volume of the fundamental domain RY/A. When A = Z, this recovers the

usual Poisson summation formula

Z f(n)= Z fn) (2.14)

nez nez

for nice functions f : R — R. By taking f(x) := ™z’ for x € R, we get

11 2 1
@A*(Z) = |A|2 —| Oxl——]. (2.15)
z z
In particular, when A is self-dual (i.e. A" = A), we get
d
1(i)? 1
Oalz) =1AZ (] ©al-Z], (2.16)

which implies that ©, is a modular form of weight d/2 (in the sense of Shimura [70]). Its
Fourier expansion has the form

Onz) = ) raln)g? (2.17)

n>0
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where r5(n) := #{v € A : (v,v) = n} is the number of vectors in A with (squared) norm
n. If A is even and unimodular, i.e. (v,v) € 2Z for all v € A and |A| = 1, then all the
exponents in (2.17) are integers, and ®, is a modular form of weight d/2 for SL,(Z). For

d =1and A = Z, this gives one of the Jacobi theta functions

O3(2) = O2(2) = > 47,

nez

©; ( 1) - (%)% O5(2).

which satisfies

z
The other two theta functions ®; and ©®, are defined as

@2(2) = Z q%(”"‘%)z

nez

Ox(z) = ) (-1)'q*

nez

which transform as

Oa(z + 1) = ViOs(2)
@3(2 + 1) = @4(2) =4 @4(2 + 1) = @3(2)
1 1
= 1 =
0, (—1) = (%) @s2) = @ (——) = (3) @)
z i z i
Jacobi’s famous identity relates these three functions:
©5 = ©; + 0}
For simplicity, we will denote the fourth powers of Jacobi’s theta functions by
H2 = ®§/ H3 = ®§/ H4 = @i

Their Fourier expansions are given by

Ha(z) =2 ) ra(2n +1)3"*2,

n>0

Ha(z) =1+ ) ra(n)q?,

n>1

Hy(z) =1+ ) (=1)"ra(m)q?,
n>1

12
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(2.27)
(2.28)
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where r4(k) := #{x € Z* : ||x||* = k}. These are modular forms of weight 2 and level T'(2),
satisfying the following transformation laws:

Ho|T = -Hy, H3|T =Hy, Hy|T =H;, (2.30)
HolS = —Hy, Ha|S = —Hs, Hy|S = —Hy. (2.31)

Theta functions and Ey4, E¢, A are related as follows:
1
= E(H§ +H3 + Hj) = Hy + HoHy + Hj, (2.32)
1 1
E¢ = —(Hz + H3)(Hs + Hy)(Hy — Hp) = E(Hz +2H,)(2H, + Hy)(Hy — Hp) (2.33)

A=—(H .
256( 2H3Hy)?. (2.34)

Proofs of these identities that use only the dimension formula for level 1 modular forms
are given in Appendix B.

A quotient of theta functions gives a modular lambda function of level I'(2), namely

H»  H

A=H3_H2+H4

(2.35)
which is known to be the Hauptmodul of the modular curve X(2), i.e., a generator of
the function field of X(2) (see, e.g., [23]). Under the action of S, the lambda function

transforms as
Hy

As = AlpS = =1-A. .
s = AlpS Tt s (2.36)
We denote its logarithm by Ls := log A5, which admits the Fourier expansion
01(2k +1
Ls(z) =-16 Z 1( )qk+ (2.37)
k>0
and its derivative is
L R Rl 1H 2.38
S_E_H2+H4__E z ( )

This function will reappear in Chapter 8.
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2.2 Quasimodular forms

A quasimodular form of weight w and depth < s for I' C SL»(Z) is a holomorphic function
F : H — C that satisfies a transformation law of the form

(Floy)(z) = Zf,()(m —, y=[j Z]er,

for some holomorphic functions f, ..., fs on H. In particular, a quasimodular form of
depth 0 is an ordinary modular form.

The basic example is the weight 2 Eisenstein series, defined by the Fourier expansion

Ea(z) =1-24 Z a1(n)q". (2.39)

n>1
It fails to be a modular form because of the anomalous transformation

(E2hS)(z) = z72E;, (—%) Ex(z) - 6—; (2.40)

so Ej is a quasimodular form of weight 2 and depth 1. The (graded) ring of quasimodular
forms for SL,(Z) is isomorphic to C[Ey, E4, Ee] [9, §5.1]. We define the depth of a quasi-
modular form as the highest degree of E; in its expression as a polynomial in E, E4, and
E¢. It is closed under differentiation

,_op._ 1 dF_ dF . .
F'=DFi=go =g, zﬂ:anq Hzn]nanq (2.41)

which increases depth by 1 and weightby 2. For the Eisenstein series, we have Ramanujan’s
identities [9, Proposition 15, p. 49]

r _ 2 -
B = 22—, (2.42)
, ExE4—Eg
E, = — (2.43)
E,Eg — E2
‘= T4 (2.44)

We write QM;, = QM:,(SLy(Z)) for the space of quasimodular forms of weight w and
depth < s, and My, := QM, for the space of genuine modular forms of weight w. We
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also recall the discriminant form A = (EZ — Eé) /1728 from (2.10), the unique normalized
cusp form of weight 12 and level SLy(Z).

For an integer k and a quasimodular form F, the weight k Serre derivative diF of F is
given by
OkF :=F — %EZF.
For F € QM;,, dkF is a priori a quasimodular form of weight w + 2 and depth s + 1, but
when k = w — s, Kaneko and Koike proved that it preserves the depth of quasimodular
forms, i.e. dF € QM:, ., [40, Proposition 3.3]. The Serre derivative is equivariant under

the SL,(Z)-action in the sense that
Ik(Flky) = (9kF)lk+2y, Yy € SLa(2).

The Serre derivatives of Eisenstein series and Jacobi theta functions are given by:

1 1 1
NHEr = —— == = ——E2 .
1E2 12E4, d4E4 3E6/ deEs 2754 (2.45)
and
1
(Hy) = g(H§ +2H,Hy), (2.46)
1
d2(Hs) = E(Hé - H}), (2.47)
1
2 (Hy) = —6(2H2H4 + H2), (2.48)
or equivalently,
1
Hj = 8(H§ +2H,H, + E2H») (2.49)
L1
Hj = g(H§ — HZ? + Eo(Hy + Ha)) (2.50)
, 1
Hj = —6(2H2H4 + H — ExHy) (2.51)
More generally, the product rule gives
1
Orasop(HEHY) = —HSHL((a — 2b)H, + (2a — b)Hy) (2.52)

6

for nonnegative integers a, b.
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The Serre derivative satisfies the product rule

wy+w,(FG) = (dw, F)G + F(dw,G). (2.53)
In particular, we have
Ow(E2F) = E2(dw-1F) — 11—2E4F, (2.54)
Jw(E4F) = E4(dw-4F) — %E6F, (2.55)
dw(E¢F) = E¢(dw—6F) — %EZF, (2.56)

which are useful for computations.

We also record the following identities for later use (Example 6.4.2 of Section 6.4):

Lemma 2.2.1.

6E,(22) = 4E5(22) + E, (g) +E, (Z “ZL 1) . (2.57)

Proof. This is [66, Exercise 5.19]. For completeness, we include a proof. The main idea is
to compare the Fourier coefficients of both sides. Comparing coefficients of 4"/?, (2.57) is
equivalent to

601 (5) = 401 (§) + or(m(1 + (<1
where 01(a) = 0if a ¢ Z>9. When n is odd, 01(n/2) = 61(n/4) =0and 1 + (-1)" =0, so
the equality holds. When 7 is even, let n = 2fm where m is odd and k > 1. If k = 1,
then 01(n/2) = 01(m) and o1(n/4) = 0, and the equation reduces to 601(m) = 201(2m),
which follows from the multiplicativity of o1 and 01(2) = 3. For k > 2, again using

multiplicativity, we have
o1(n) = 01201 (m) = (1 +2+ 22 + --- + 2561 (m) = 251 = 1)o1(m)

and similarly for o1(n/2) and o1(1/4), and the equation reduces to 6(2~ — 1) = 4(2F"1 -1) +
2(2k+1 —1). O

2.3 Rankin—-Cohen bracket

The Rankin—Cohen bracket is a family of bilinear operators that send a pair of modular
forms to another modular form [64, 10]. Given modular forms f and g (possibly different
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weights) and nonnegative integers k, [, n, define [ f, g];k,l) as

[f, 8l = > (—1)1'(” ’ ;‘ ) 1) (” v 1)f gl (258)

= 1
i+j=n

where the derivatives are normalized as (2.41). The basic fact is that, when k and [ are the
weights of f and g respectively, [ f, g]qu’l) is also a modular form of weight k + I +2n. The
first few are as follows:

[f, gl = fg

[f,g](lk,l) —kfg —1f'g

[f, 85" = (k . 1)fg” ~(k+ DI+ 1) f'g + (l : 1)f”g

Lf, g]é,k’” = (k ; 2)fg”’ = (k er 2)(1 +2)f'¢"” +(k+ 2)(l ; 2)f”g’ - (l ; 2)f”’g.

There are several ways to prove the modularity of the Rankin-Cohen bracket, such as
relating a generating series of [—, —],, to a Jacobi-like form [82], or writing these brackets as
canonical higher Serre derivatives [56]. More generally, Martin and Royer proved that a slight
modification of the Rankin—-Cohen bracket acts on a pair of quasimodular forms without
increasing their combined depth; if f € QM (T') and g € QM (T), then [, g]ﬁf‘s"‘” €
QM:T [54, Theorem 1].

k+1+2n

2.4 The Cohn-Elkies bound for sphere packings

As briefly mentioned in Chapter 1, the main ingredient of Viazovska’s and Cohn et al.’s
proofs of the optimality of Eg and Leech lattice sphere packings is the following linear
programming bound for sphere packings by Cohn and Elkies [13].

Theorem 2.4.1 (Cohn-Elkies, Theorem 3.2 of [13]). Let f : R? — R be an admissible
function satisfying the following three conditions for some r > 0:

1. £(0) = £(0) > 0;
2. f(x) <Oforlx|| >r;

3. f(x) > 0 for all x € RY,
17



Then the optimal density A, of sphere packings in R? is bounded above by

daj2
Az < (%)d (Z/z)!'

Hence one can prove the optimality of certain sphere packings by finding magic func-
tions with the corresponding radius r. For example, when d = 1, the function

sin(nx))2 (2.59)

X

o= 125

satisfies all the conditions above for r = 1, and yields the (trivial) bound A; < 1. Based on
their numerical experiments, Cohn and Elkies conjectured the existence of magic functions
in dimensions 2, 8, and 24 giving the optimal bounds corresponding to the best known
packings. More precisely, they used functions of the form f(x) = p(271||x||2)e‘7z||X||2 where
p is a polynomial, and used Laguerre polynomials to optimize p and obtain good upper
bounds for A4. In particular, for d = 8 and 24, they obtained the upper bounds

Ag < 1.000001 - A,
Agy < 1.0007071 - Ay,

where Ag; and Ay,, are the densities of the Eg and Leech lattices, respectively, and the
latter was improved by Cohn and Kumar [15] to

Aoy < (1+1.65-1079) - Ay,

which gives strong evidence for the existence of magic functions in these dimensions.

2.5 Optimal sphere packings in dimensions 8 and 24 and quasimodular

form inequalities

After a few years, Viazovska [80] found an elegant construction of a magic function in
dimension 8 that proves the optimality of the Eg lattice sphere packing, and it took only
one more week for her and her colleagues to find a similar magic function in dimension 24
(for the Leech lattice) [19]. The existence of a magic function in dimension 2 is still wide
open.
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Viazovska’s and Cohn et al.’s constructions are based on an ingenious use of quasimod-
ular forms. They first decompose f as a sum of (+1)-Fourier eigenfunctions f = f. + f_
(hence f, = f; and f_- = —f_), and assume that they have the following form:

= () [ i

for x € R?, where @+ is a function defined on H. Here we can assume that f is radial (by
averaging over spheres centered at the origin), and the sin® factor is added to enforce roots
at the desired radii, i.e. the lengths of the vectors in the Eg or Leech lattices (if f is a magic
function, then both f and fshould have zeros at the nonzero lattice points, which follows
from the proof of Theorem 2.4.1). Surprisingly, under this assumption, they proved that
f+ is a (£1)-Fourier eigenfunction if and only if ¢. behaves like a “modular form”. For
example, when d = 8, we have ¢.(t) = t?y.(i/t) with!

EoE4 — Eg)?
1,b+=—¢0:—( 2 4A 6) ’
’ = %¢ _ 18 0,%(205 + 50,0; + 50%)
R 72 A '

The corresponding integrals only converge for [|x|| > V2, and one needs to analytically
continue to 0 < ||| < V2. (In fact, f+ are originally defined as sums of four complex
integrals over different contours, and the above form of the integral is obtained from
functional equations for ¢..) Under this construction, the nonpositivity and nonnegativity
conditions f(x) < 0and f(x) > 0 reduce to

V. (it) + P_(it) < 0 (2.60)
¥, (it) = _(it) > 0 (2.61)

for all t > 0. These inequalities are unnatural in the sense that ¢, and ¢ _ are quasimod-
ular forms of different weights, 0 and —2 respectively, which makes it difficult to think
of a conceptual reason why they should be true. Viazovska proved the inequalities by
approximating the functions with Fourier expansions and reducing them to finite calcu-
lations, which can be checked by interval arithmetic with computer calculations. The
d = 24 case is similar but more involved and requires careful computer analysis, relying
on approximations of the Fourier expansions of the corresponding quasimodular forms
and on Sturm’s bound. The details can be found in Section 5.1.

Here we normalized in a slightly different way. We have f(0) = f(O) = %. This normalization will be
also used in Section 5.3.
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Chapter 3

Positive and completely positive
quasimodular forms

3.1 Definitions and examples

In this section, we study properties of quasimodular forms that are positive on the imagi-
nary axis or have nonnegative Fourier coefficients.

Definition 3.1.1. A quasimodular form F € Q M;, is positive if it takes positive real values
on the (positive) imaginary axis (F(it) > 0 for all t > 0).

We denote by QM®" c QM?, the subset of positive quasimodular forms.
y w w p q

Definition 3.1.2. A quasimodular form F is completely positive if its Fourier coefficients are
real and nonnegative, i.e. F(z) = X,;5,, @,q" with a,, > 0 for all n > no.

We denote the set of such forms of weight w and depth s as Q M;;"". Both QM;;" and
QM are convex cones in QM;,: they are closed under positive linear combinations.

Clearly we have QM;;"™" c QM;;", and the inclusion is strict in general. For example,
Az) = q TTps1(1 = ") € QMY but A(z) = q — 249 +252¢° - 1472¢* +--- ¢ QM.

3.2 Derivative and positivity

Differentiation preserves complete positivity of quasimodular cusp forms, since it changes
the n-th Fourier coefficient from a,, to na,,.
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Proposition 3.2.1. Let F € QM:, and F/ € QM:'),. Assume F is a cusp form. Then
Fe QM ifand only if F/ € QMSTLTT

w+2

Positivity (not necessarily complete) is not preserved under derivatives in general.
For example, the discriminant form A is positive due to its product expansion, but its
derivative A’ = E>A has a unique simple zero on the imaginary axis (limy— E2(it) = 1
and lim;_,o+ Ex(it) = —o0). However, positivity is preserved under antiderivatives.

Proposition 3.2.2. Let X € @M, be a cusp form. If X’ € QM°*1*, then X € QM.

w+2 7

Proof. Let x(t) := X(it) for t > 0. If X’ € QML then j—f = —2nX’(it) < 0 and x(t) is

w+2 7
strictly decreasing for all . Hence x(t) > lim, . x(1) = 0. O

Complete positivity can be characterized as positivity of (higher) derivatives. To prove

this, we need the following version of Bernstein’s theorem.!

Theorem 3.2.3 (Bernstein). Let g : (0, 00) — R be a smooth function. Then the following
are equivalent:

1. g(t) is a completely monotone function, i.e. (=1)"g"™(t) > 0 forall n > 0and t > 0.

2. There exists a unique nonnegative measure p on (0, o) such that

gt) = / e du(u)
0
where the integral converges absolutely.

A proof can be found in [68, Theorem 4.8, page 40]. Note that the original version
of Bernstein’s theorem considers functions on [0, o0) and finite measures, and this is a
slightly generalized version of it.

Proposition 3.2.4. A cusp form F € QM;, is completely positive if and only if all of its
derivatives are positive.

I This theorem was the motivation for the naming of complete positivity.
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Proof. Thisis a direct corollary of Theorem 3.2.3. Observe that ;—;{F (it) = (=2m)FF®)(it),and
the series f () = X,15, 4ne~>™"! is the Laplace transform of the measure y = .5, @1 027n-

Although the measure y is not finite, the integral

fO= [ et

converges absolutely (by the polynomial growth of the coefficients [69, Theorem 5, page
94]) and we can apply Theorem 3.2.3. Note that p is supported on (0, c0) since F is a cusp

form. m|

3.3 Serre derivative and positivity

We can also prove that the anti-Serre derivative preserves positivity, which is a simple but
surprisingly powerful result.

Proposition 3.3.1. Let F € QM;, be a quasimodular form. Assume that there exists k and
to > 0 such that (d¢F)(it) > 0 for all 0 < t < ty and F(ity) > 0. Then F(it) > 0 for all
0 <t <ty

Proof. Using A’ = E;A, we have

@B _

d [ Eit) F'(it)A(it) 2 = F(it) & Ea(it) A(it)
At \ ok |~ (=2m) ok = (=2m)——=
E\AGit)n A(it)e A(it)1z
hence t — F(it)/A(i t)ﬁ is monotone decreasing and the result follows. O

Corollary 3.3.2. Let F € QM;, be a quasimodular form. If dxF € QMZ:}Z’J“ and F(it) > 0
for sufficiently large t > 0, then F € QM;". In particular, the assumption holds if all the
Fourier coefficients of F are real and the first nonzero Fourier coefficient of F is positive.

Proof. The first assertion directly follows from Proposition 3.3.1. For the last assertion,
when F has a Fourier expansion F(z) = }.,,5,,, @,q" with a,, > 0, then

eznngtp(it) =y, _l_e—2nt Z ane—Zn(n—no—l)t

n>nop+1

and lim;_,c 2" F(it) = a,, > 0, so F(it) > 0 for sufficiently large . O
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Remark 3.3.3. It is also possible to solve the differential equation diF = G and express
f(t) = F(it) in terms of g(t) = G(it) as

. 2k to . 2k
f(t):(%) f(t0)+27'c/t (%) g(u)du. (3.1)

Moreover, Proposition 3.3.1 holds for a more general class of functions, for example,
functions differentiable on (0, o) with
k 1d &

ak =D — EEQ(Zt) = —Ea - EEQ(Zt),

and this version is used in the proof of inequality (5.9).

In general, the Serre derivative does not preserve complete positivity, e.g., E4 is com-

pletely positive but d4E4 = —% = —1 + 168g + --- is not. However, when the vanishing

order at the cusp is sufficiently large, then it actually does.

Proposition 3.3.4. Let F = Y., a,9" € QM. For k > 0 and n > k/12, the n-th

coefficient of JiF is nonnegative. In particular, if ng > k/12 > 0, JiF is also completely
positive.
Proof. One can directly check that the Fourier expansion of the Serre derivative is

JkF = Ik (anoqno + an0+1q”°+1 + an0+zq”°+2 +- )

= (noan,g™ + (no + 1)an 419" + - )

k
-l —24q - 72¢% —964° — ) (Anyq"™ + Angr19™ " + Angr2q ™2+ -)

k k
= (710 - E) anoqno + ((”0 +1- E) Ang+1 t Zkano) anH +-

k N .
+ (no +m — E) Apg+m + 2k Z; o1(m +1 = j)anysjr |7 + -
]:

Hence if 19 > k/12 and a; > 0 for all j > no, the Fourier coefficients of JyF are also all
nonnegative. |

3.4 Level and positivity

We also consider (completely) positive quasimodular forms of higher level. For completely
positive forms, we consider only the g-expansions at the cusp ico, although a congruence
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subgroup I' C SL»(Z) has several cusps in general. One easy way to construct (completely)
positive quasimodular forms of level I'o(N) is by using old forms.

Proposition 3.4.1. Let F(z) € QM:;,(SL2(Z)) be a positive (resp. completely positive)
quasimodular form of weight w and depth s. Then for any N € Z3, the form G(z) :=
F(Nz) € QM;,(To(N)) is also a positive (resp. completely positive) quasimodular form.

Proof. If F has a g-expansion F(z) = X5, 4nq", then G(it) = F(iNt)and G(z) = X,,5, ang™N",
and the proposition immediately follows. m|

When F’ is positive, we can subtract F(Nz) from F(z) and still maintain positivity.

Proposition 3.4.2. Let F € QM;,(SLy(Z)). If F’ is positive, then the form F(z) — F(Nz) €
QM:;,(To(N)) is also positive.

Proof. By F'(it) = —%%P(it), positivity of F’ implies that the function ¢ — F(it) is
monotone decreasing, hence the proposition follows. O

It may be possible to subtract larger multiples of F(Nz) and still maintain positivity,
or even complete positivity. For example, when F(z) = —E}(z)/24 = } 51 noi(n)q",
F(z) — 4F(2z) is still completely positive since

noy(n)—4- gol (g) =n (ol(n) - 201 (g)) =naoi1(m) >0,

where n = 2Fm with m odd. Also, one can show that F(z) — 8F(2z) is positive, where 8
is the optimal constant. Such results can be proven by considering inequalities involving
both modular forms and polynomials in ¢, which is the theme of Chapter 6.
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Chapter 4

Positivity of Extremal Quasimodular
Forms

In this chapter, we study the (complete) positivity of Kaneko and Koike’s extremal quasi-
modular forms [40]. In particular, we prove their conjecture on complete positivity for
depth 1 extremal quasimodular forms (Corollary 4.2.2), and a weak version of the conjec-
ture for depth 2 (Theorem 4.4.4).

4.1 Extremal quasimodular forms a la Kaneko and Koike

In [40], Kaneko and Koike introduced and studied extremal quasimodular forms of level 1,
defined as follows.

Definition 4.1.1 (Kaneko—Koike [40]). For a given weight w and depth s, a quasimodular
form f € QMEN\QME ! is extremal if, for m = dime QMS,, the first m Fourier coefficients

of f =2l,50anq" are
ap=ay1=-=ay-2=0,a,-1#0.

f is called normalized if a,,—1 = 1.

Kaneko and Koike conjectured the existence and uniqueness of (normalized) extremal
forms for each (even) weight w and depth s (satisfying 0 < s < w/2,s # $ — 1), and
gave explicit examples for depths 1 and 2 defined by recursive formulas satisfying certain
modular linear differential equations. Pellarin [61] established uniqueness for s < 4,
and Grabner [32] extended Kaneko-Koike’s result and constructed differential equations

25



satisfied by depth < 4 extremal quasimodular forms. For these depths, we will denote
the normalized (i.e., the first nonzero Fourier coefficient is one) extremal form of weight
w and depth s by X, s. For each w satisfying a certain congruence condition depending
on s, Xy s satisfies the following modular linear differential equation:

w -
05X = Xos = T31E2 Xus ]2 = 0. (4.1)
Here the operator
k+r
61(:) — Dr+1 _ T[EZ/ _]§2,k) (4.2)

is the Kaneko—Zagier operator [43, 40] and [—, —] is the Rankin—-Cohen bracket (2.58). Kaneko
and Koike also conjectured that the Fourier coefficients of extremal forms of depth < 4
are all positive [40, Conjecture 2], and Grabner [31] proved the conjecture for all but finitely
many coefficients. The proof uses Jenkins and Rouse’s explicit version of Deligne’s bound

[38] (see Theorem 9.4.2 for the precise statement).

Here are the simplest examples:

Lemma 4.1.2. The following quasimodular forms are extremal and completely positive:

_ 2 24+
X4,2— 288(E4 EZ)EQM4 ’
1
X61 = ﬁO(EzEz; — Ee) @M,
1
X8,1 = m(Ei - E2E6) S QM;I++.

Proof. Extremality is verified in [40]. Complete positivity follows directly from Ramanu-
jan’s identities,

_ 1 2\ _ 1 ’ _ n
Xyp = 288(E4 Ez)— 24E2— § nal(n)q y
n>1
Xon = == (E2Es — Eo) = sy = 3 noa(n)q”
61 = 75 E2ks 6—2404—n>1 3(n)q,
1 1
Xg1 = ——(E2 — E»E =——E'=§ ",
8,1 1008( 1~ E2E¢) 50456 n>1n05(n)q
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4.2 Kaneko-Koike’s conjecture for depth 1 extremal quasimodular forms

In this section, we prove the conjecture of Kaneko and Koike [40, Conjecture 2] in the case
of depth 1 (Corollary 4.2.2). The main idea is to prove new recurrence relations (Theorem
4.2.1) and use induction on weights.

For even w > 6, let X, = X;,1 be the unique normalized extremal quasimodular form
of weight w and depth 1. We have X = (E2E4 — E¢)/720, and the forms X, satisfy the
following recursive formula for w > 6 with w =0 (mod 6) [40, 32]:

12

X2 = maw—lxw (4-3)
Xupsa = Ea Xy (4.4)
w+6 w+1
X = Eqd,y_ 1 Xy — ——EgX
W T T + N)(w +5) | T et T Ty et
w+6
=——(E4X —EcXy). 4.5

The vanishing order of X;, at the cusp is [ Z]. Moreover, when w = 0 (mod 6), Xy, is a
solution of the differential equation

w
6

w(w —1)

1) _ v

Eo X!, + E} X, = 0. (4.6)
We prove a new recurrence relation (4.7), which immediately implies the complete

positivity of the forms Xj,.

Theorem 4.2.1. Let X, = X, 1 be the unique normalized extremal quasimodular form of
weight w and depth 1. For w = 0 (mod 6) and w > 12, we have

5w 7w
XZ/U = 7_2X6Xw—4 + 7_2X8Xw—6- (47)

5w 7w
Z/,,+2 = EX6Xw—2 + EXSXw—AL, (4.8)

7w 5w
Xz/u+4 =240Xe Xy + EXSXW—Z + Exloxw—él (4.9)
Proof. (4.3)-4 is equivalent to
, w—>5 w—-7

X, 4= B ErXy—a + B EsXw—6 (4.10)
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and differentiating (4.5),,—¢ gives
w

Xp = W(E;Xw—él +EyX! _, —E{Xw6—EcX], () - (4.5)w-6
w E2E4—E6 w-—5 w—72
= Xw-4 + ErEqXypy—q4 + ——E; Xo— -+ (4.10
864(w—1)( 3 w4 + 5 E2EaXo-s + —5—EyXu-s (4.10)w
ExEq — E2 w—5 w—"7
_T4Xw—6 — Es ( B X4 + Tszw—é) - (4.3)w-6
=Y (L, - FgXes+ Lo (B2 - EaExX
= Sedw_D |\ 12 2b4 — E6) Xw-4 1o \Fi~ Fabe)Xw-6
5w 7w
= ﬁX6XZU—4 + EXSXw_6-
(4.8) and (4.9) can be proved similarly, and we omit the proof. O
p Y, p

Corollary 4.2.2. Kaneko-Koike’s conjecture holds for depth 1 extremal forms.

Proof. The conjecture holds for X and Xg by Lemma 4.1.2, and Xj9 = E4 X shows that X
is also completely positive. Now, assume that X is completely positive for k < w—2. Then
(4.7),, implies that X, is also completely positive. Combining this with Proposition 3.3.4

1,++
w+2°

We also get X144 € QM;’IZ from (4.4), since E4 has nonnegative Fourier coefficients. O

(recall that the vanishing order of Xy, at the cusp is & > wl—_zl) shows that X,,,» € QM

Remark 4.2.3. In fact, we can prove the Kaneko-Koike conjecture for depth 1 extremal
forms using only the original recurrence relations (4.3)—(4.5) and induction, without using
the new recurrence relations in Theorem 4.2.1. Assume that X, is completely positive for
some w = 0 (mod 6). Then the complete positivity of Xy42 and Xy +4 follows as before.
For Xy +6, we can rewrite (4.5) as
Xw+6 = _wro ((Es = DXw+2 + (1 = E6) Xo + (Xw+2 — Xu))

864(w + 5)
and since E4 — 1 and 1 — E¢ are completely positive, it is enough to show that Xy,,2 — Xy
is completely positive. Using (4.3), we have

, 12

12 w—1 w—1 w
_ E»X, — X =—1—EX+—(X’——X).
w170 w1 v T Sw w+1( 2) X w+1\TvT gt

Since the vanishing order of Xy, at the cusp is %, we can write the Fourier expansion of
Xy as Xy = /0 + Dinsey1 Anq" with a, > 0. Then

-2 3 (o 2

X2 — Xy =




is also completely positive, which completes the induction step.

4.3 Modular components of depth 1 extremal quasimodular forms

Each depth 1 extremal quasimodular form X;, = X, 1 can be written as
Xw =Ayp +E2By (4.11)

where Ay, By—2 are modular forms of weight w and w — 2, respectively. In this section,
we study the constant terms of A, and By, which will be used in Chapter 6. Using the
recurrence relations (4.3)—(4.5), we can derive the following recurrence relations for A,
and By,_»:

Proposition 4.3.1. For 6 | w and w > 12, we have

12 1
Aw+2 = m (awAw - EEZ}Bw—Z) (4-12)
Aw+a = E4Ay (4.13)
w+6
Awie = m(E4Aw+2 — EsAyw) (4.14)
12 1
By = o+ 1 (EAw + 8w_sz_2) (4.15)
Bw+2 = E4By (4-16)
w+6
Buy+s = m(h&w& — E¢By). (4.17)
Proof. From (4.3), we have
Xw+2,1 = Aw+2 + E2By (4.18)
12 , w—-1
S or1 Ko T EZX“’J)
12 , , w—1
= — A, + Esz_z - TEZ(AZU + EZBw—Z))
12 w w—2 E2-E4
= o+ 1 8wAw + EEZAW + E; (8w_sz_2 + 12 Esz_z) + 212 Buy-»
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EETRE TEsz-z)
12 1 1
= o+ 1 ((awAw - EE4Bw—2) + Ep (aw—ZBw—Z + EAw)) (4-19)

and comparing (4.18) and (4.19) proves (4.12) and (4.15). The other relations follow
similarly from (4.4) and (4.5). O

From these recurrence relations, we obtain recurrence relations for the Fourier expan-

sions

Ay = Z aw,nqnz By = Z ﬁw—Z,nqn- (4.20)

n>0 n>0

Lemma 4.3.2. For w = 0 (mod 6), the constant terms a,, o and S,—2,0 satisfy

w—1
A2, = == Ao (4.21)
Aw+4,0 = Qw0 (4.22)
w(w + 6
Core0 = W +6) (423)

T 132w + D(w + 5)
and By,0 = —w4+2,0 for all w > 4. In particular, for all w > 6, neither A, nor By is a cusp
form. Also, for w =0 (mod 6), we have

o (w/6)!(w/3)!(w /2)!

aw = (-1)% o (4.24)

Proof. Since X1 = Aw + E2Byw—2 = O(gq), we have B2 = —a,, by comparing the constant
terms. For w = 0 (mod 6), by comparing the constant terms in (4.12), we have

12 ( w w—1
A2 =

1
w112 ﬁﬁw-Z) TS

The other two recurrence relations (4.22) and (4.23) can be proved similarly using (4.13)

and (4.14). From X4 1 = Ez%aEé, we have ag = _%0 and 84 = %0, SO Ay, fw are nonzero and
Aw, By—2 are not cusp forms. Finally, the closed formula for a;, follows from (4.23). O

Lemma 4.3.3. For w > 12 with 6 | w, we have

Qw1 _12(w = 3)(w +4) (4.25)
a'w,() - w — 6 '
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X421 _12(w2 — 9w — 24)

= 4.26
Aw+2,0 w—6 ( )
Qw41 _ _12(w? = 19w +108) 427)
Qp+4,0 w—6
_ 12(w -1
PBw-2,1 _ (w-1w (4.28)
ﬁw—z,O w—6
12(w — 12 1
,Bw,l __ (ZU )(w + ) (4.29)
ﬁwlo w — 6
12(w? — 21w + 120
Puw+2,1 _ (w w ) (4.30)
Puw+2,0 w—6

Proof. Use induction on w. The base case w = 12 can be directly checked from

—12E,E4E¢ + 5E; + 7E2

Xipq = = Ayp + EoB
12,1 3991680 12 2D10,
5E3 + 7E2 1 1 ELE 1 1
Ap=———__8 = - +0(3%), Bip=-—o =— + +0(q%),
12= 3991680 ~ 332640 11557 T O Bio= 333610 = "332620 * 12607 T O
7E:E; + 5E2E7 — 12E3E;
X141 = 1717440 = A4 + E2B12,
E%Eq 1 1 7E3 + 5E2 1
Al = — 4 — + +0 2, By = 4 6 — +0 2,
4= "351320 = 391320 * 163807 T O B = Zman = 393120 T OW)
E4(—12E2E4E6 + SEi + 7Eé)
Xy q = = Aye + EoB
16,1 3991680 16 2D14,
E4(5E? + 7E? 1 1 E2E 1 1
o= DR T — g+ 0D, Bu=-—ztoo=- + =7+ O(¢").
3991680 332640 ~ 6930 332640 332640 | 13860

By comparing the coefficients of g in (4.12), we have

12 w 1
Awi21 = (Z(w +10)ay,0 + (—— + 1) A1 — E,Bw—z,l)

+1 12
and thus
Aw+2,1 _ 12 (2(”60 +10)- aw,0 + (_ﬂ + 1) ) Aw,0 Cw,1 + i . aw,0 ,Bw—Z,l)
w20 w1 Aw+2,0 12 Q42,0 Qw0 12 Awi2,0 fw-2,0
12 w -12(w-3)(w+4) 1 12(w-1w
=——— 2w +10 +(——+1)- =
w—l((w 1 w-6 12 w-6
_ 12(w? - 9w - 24)
B w—6 '
The other formulas can be proved similarly. O
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4.4 Kaneko-Koike’s conjecture for depth 2 extremal forms

For even w > 4 with w = 0 (mod 4), the depth 2 (normalized) extremal forms X, » satisfy
E4—E? E}

the following recurrence relations [32]": X4, = —gg2 = —52 and
3(w + 4)? w(w + 1) )

X = EsXyo— 05 X, 4.31
2T J6(w + 1)(w + 2)2(w + 3) ( 36 2T Cw-ptwl (4.31)
Xw+2,2 = — 13w—zxw,2- (4.32)

3uw? (w —4)(w — 5) )
= EsXy—p2— 9% 4 Xu- 4.33
1602 — 1)(w — 62 ( 36 4Xw-22 =y 4 Xw-22 (4.33)

The vanishing order of Xy, > at the cusp is | T |. Also, Xy, 2 (for w =0 (mod 4)) is a solution
of the differential equation

02 Xup = X[/, ~ E[Ez, X2l 702 (4.34)
W . ww-1)_,, w(w-1)(w-2)_,,
= Xpp~ 7B Xy ¥ ww-1) )E X0 ( 231( )Ez Xw 2 (4.35)
_ Bw? - (w -2)%(w +1)
_ 3 _
aw 2 144 E4(9w 2Xw 2~ 364 E6Xw,2 =0. (436)

The forms X, > also satisfy the following recurrence relation:

Proposition 4.4.1. For each w > 12 that is a multiple of 4, we have

ZU2

768(w — 1)(w + 1)

Xw22 = (EaXw-22 — E6Xw-42) (4.37)

Proof. By applying dy—2 to (4.31),—4 and using (4.32),,, we can obtain an expression for
Xw+2,2 as a combination of dy—p(E4Xy-42) and 8130 _¢Xw-4,2- Now use (4.35),—4 to substitute
the 85’0_6Xw_4,2 term. This proves (4.37)y. O

For small weights, the following exceptional identities establish complete positivity of
the depth 2 extremal forms.

IThere is a minor error in [26]. We need to replace w? with (w + 4)? in the numerator to make X442
normalized. We correct this in (4.31).
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Proposition 4.4.2. We have the following identities:

X}, = 2X42Xe1, (4.38)
, 8 10

X102 = §X4,2X8,1 + jxélf (4.39)

Xipy =3X61Xs,2, (4.40)

X4, = 3Xan X121 (4.41)

In particular, Xy > is completely positive for w < 14.

Proof. Complete positivity follows from the identities and Proposition 3.2.1. O

Unfortunately, we do not know how to prove complete positivity of Xy, » for general
w. However, we can prove a weaker version, namely positivity of X, ». This is based on
Nakaya’s hypergeometric expressions for Xy, » [57] and the recurrence relations established
above.

Let 3F> be the hypergeometric function

n(a2)n(a3)n ﬂ
(b1)n(b2)y  n!

a
sFa(ay, az,a3;b1,bo;t) = Z ( (4.42)
n>0

Nakaya proved that X, » admits the following hypergeometric expressions.

Theorem 4.4.3 (Nakaya, Proposition 6.1 of [57]). Normalized extremal quasimodular
forms Xy, » for w > 4 and w # 6 can be expressed as hypergeometric series:

ok % 4k +1 4k +3 4k+5 1728
Xirale) = i) o (L B2 B s B
N 2k=3 4k +3 4k +5 4k+7 1728
X4k+2,2(z) = ](Z) kE4(Z)2k23E6(Z) : 3F2 ( 6 ’ 6 s 6 Ik + 1/ k + 1/ ](—Z)) ’ (444)

whenz =itand t > 1.

Proof. For the sake of completeness, we include the details of the proof, which are omitted
in [57]. When w = 4k, (4.43) can be shown by proving that both sides satisfy the same
differential equation (4.35) and initial conditions, as suggested in [57, Section 6.1]. More
precisely, from (4.35) g(z) = E4(z)_¥Xw,2(z) with x = 1728/j(z) satisfies the equation

(x) + x _w—12+w—18
4 4
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— 2 _ — — —
w-4 3w 72w+452x g'(x)+(w 10)(w — 6)(w —2)

i 144 1728 8§x) =0

It has singularities at x = 0,1, oo, and the solution g(x) analytically continues from x = 0
to x = 1, corresponding tot = co to t = 1 for z = it.

For X422 = Xak+2,2, we use (4.43) and (4.32):

w+1
G Xw+2,2
, w—2
= dw-2Xw2 = Xjy 0 — B ——ExXw,2
w w=2 w+1 w+3 w+5 w w 1728
= (7 “4F T V) .,.F _+1 1
G T B Py o (L, 2 RS =

1728 d w+1 w+3 w+5 w w
; 1,—+1;x
x=1728/j(z)

+(z) TEa(2)'T ((z) Pl e e

W -
12

=2 w+1 w+3 w+5w w 1728
2B BT ok (U 2 S T e, T

n
w w— +1 w+3 w+5 w w 1728

= 9y o(i(z) $Ea(z)T) - 3F, [ & P11 %4
o B P o (U 2 S ](Z))
w
1

],%+1m)

1728 d w+1l w+3 w+5
+j(z)” 4E4(Z)4 (ﬁ) dxan( c 6 ' ¢

x=1728/j(z)

w+1 w+1 w+3 w+5 w

= j(z) ¥E4(2) T Ee(2) 3F2( — e 7 L7 *L

1728)
j(2)

+1,

w w6 d w+1 w+3 w+5 w
+ (@) TEu(2)  Eelz) - x- Lo, ( o3 wiSw
dx 6 6 6 "4 x=1728/j(z)

w

4

ZU+1'x)
w+7 w+3 w+5 w w 1728

4

w

4

w+1

](Z)_ZE4(Z)456(Z) 3F2( PRI, ;Z+1, +1; e

1728)
(z)

w+3 w+b w+7 w

w+1 _w
j(z) YE4(2) T Eo(2) - 3Fz( e g ’Z+1’

+1;

The penultimate equality uses the identity
x d
(1 + ——) 3Fy(ay, ap, as; by, bo; x) = 3F2(a1 + 1, ap, as; by, by; x).
aq dx

Theorem 4.4.4. X, > is positive for all w > 4.
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Proof. We proceed by induction on w, treating the cases t > 1 and 0 < t < 1 separately.
The case t > 1 follows almost immediately from (4.43) and (4.44), since E4(it) and j(it) are
both positive. Now, we consider 0 < ¢ < 1. Assume that X, 2> and X4 are positive
for 0 <t < 1. Since E4(it) > 0 and Eg¢(it) < 0 for 0 < t < 1, (4.37) shows that X127 is
also positive on 0 < t < 1. Now, Corollary 3.3.2, (4.32) and Xy 2(i) > 0 show that X, > is
positive for 0 < t < 1. |

Remark 4.4.5. In [41], certain solutions of third-order analogues of Kaneko-Zagier modular
differential equations [43] are characterized. In particular, solutions of (vacuum) character
type are characterized; these are the solutions f for which the quotient f /1 has nonneg-
ative integral Fourier coefficients, which implies positivity of f. However, our X, > are
not of this type since the coefficients are not integral except for w = 4, 8 [39].

4.5 Higher depth extremal forms

It is natural to ask whether we can prove similar results for higher depths. As mentioned
above, we do not even have a uniqueness statement when the depth is greater than 4.
However, for small weights it is easy to check uniqueness by testing whether the d x d
matrix formed from the first d coefficients of a basis of Q M’ (SL,(Z)) is invertible, where
d = dim@QM;’(SLy(Z)). We checked this for depth < 10 and weight < 200, and we
conjecture that uniqueness holds for all weights and depths (see Appendix A.2 for the
Sage code).

Regarding (complete) positivity, we do not yet have any hypergeometric identities
available for depth > 3, so even the weak version of the conjecture, namely positivity
of Xy s for s < 4, is still difficult. However, the naive extension of the Kaneko-Koike
conjecture turns out to be false in higher depth. The smallest example we have found is
X16,5, whose g-expansion is

e 1
107 7 7 3615458092646400
X (=1716715E5E¢ + 3090087E5E] — 2026934E5E4E — 6076 E5E; + 798722E7E;

— 152175E,E;E — 1208675E + 1221766E4E)

=q" - %qS —3913¢° - 593—77q10 —1664044"" — 74991042 - 28756704
1603971
— 97129984 — 2959154195 — 21097 16 _ 14814775417 — 52390249845 + - -

8
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In fact, we can prove that all the coefficients except the first one are negative, so Xig 5
is not even positive.

Proposition 4.5.1. All the g-coefficients of the extremal quasimodular form X5 except
the first one are negative. In particular, X 5 is not positive.

Proof. We can express Xj¢,5 as a linear combination
X16,5 = 61E14 + Cinlz + C3Ei’0/ + C4Eém + C5Egm + cgAE4 + C7AX4,2
where

c1 = 1/4843238400

cy = 4531/4533271142400

c3 = 149/60217344000

c4 =49/12317184000

cs = 7/1791590400

ce = 86619413/139015844352000
c7 = —118801/10746432000,

as can be checked directly in Sage. Using this, we can express the g-coefficients of
X165 = q7 + 2> rq" in terms of divisor functions and their convolutions with the
Ramanujan 7-function, namely

ay = Xy +240ceYy + C7zn + coT(N1) (4.45)
where
o nois(n) N 4531n%011(n) B 1491309(n) N 49n*07(n) _ 491505(n)
" 201801600 47809681920 228096000 25660800 24883200
n-1
yn = ) t(k)os(n —k)
k=1
n-1
Zy = t(k)(n — k)o1(n - k).

=
1l
—_
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Here cg7(n) is the contribution from AEj.

The idea is to use the bounds on ox(n) and 7(n) to show that a,, < 0 for sufficiently
large 1, and then check the remaining finitely many cases by computer. In particular, the
—no13(n) term in x, dominates the other terms for large 7, and hence a, is negative for
sufficiently large n. With n* < oy(n) < 2n* for n > 1 and k > 2, we get an upper bound

nl4 N 9602113 N 98n 1!
201801600 = 47809681920 = 25660800

foralln > 1. For y, and z,, we use Deligne’s bound |7(n)| < ao(n)an1 <n? and o1(n) < n?

Xy < — (4.46)

to bound them as

4

lyn| < Zk2 2n -k <n ZkT3 / xTdy = En%} (4.47)
2
|zn|<Zk2(n—k)3<n3Z kZ <n / x%dxzﬁn%. (4.48)
Combining (4.46), (4.47), and (4.48), we have
a, < -— n? + 96021 + 98n ! + 240c¢ in% +c En 2 +c n73
"= 201801600 = 47809681920 = 25660800 ©" 15 7" 15 6

nl4 9602113 98n 11 4 2|c|
< - + + + 240c¢q - 1y Wy cen” (449
= 7201801600 47809681920 © 25660800 co g5t g teen’  (449)

and one can verify that (4.49) is negative for n > 250. The remaining cases 8 < n < 250
can be checked directly by computer.

Now consider

Xi,5(it) = e + Z e~ 2t = p=l4nt (1 + Z ane—Zn(n—7)t) _

n>8 n=8
Since a, < 0 for n > 8, the factor in parentheses approaches —co as t — 0%, hence X5 is
not positive. ]

Remark 4.5.2. The above proof, especially the negativity of a, for n > 250, is verified in
Lean 4 with the help of Claude Opus 4.7. Since the Ramanujan 7-function is not yet
available in Mathlib and Deligne’s bound is far from being formalized, we define 7 as
an abstract function N — Z and take Deligne’s bound as an axiom. A proof sketch was
provided as input (including the bounds on ok (n) and the proofs of (4.47) and (4.48)), and
the remaining Lean proof was generated by the model; the final steps are mostly handled
by the tactics linarith and nlinarith. The remaining cases are checked with Sage.
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Chapter 5

Algebraic proof of modular form
inequalities for optimal sphere packings

Using the theory developed in Chapter 3, we give new algebraic proofs of the modular
form inequalities for optimal sphere packings in dimensions 8 and 24 [80, 19].

5.1 The quasimodular form inequalities and original proofs

Recall that the linear constraints for the magic functions of Viazovska and Cohn et al.
reduce to the following inequalities for certain quasimodular forms.

Theorem 5.1.1 (Viazovska [80]). Define!

2
do = 1728%, 5.1)
s = 128 ®§(;2®§ + 63(;;1 . (5.2)
Then
Bolit) - %g&s(it) >0, (53)
Polit) + %ps(it) >0, (5.4)

INote that the original inequality is written in terms of 1;(z) = z2¢s(—1/z), but we found that the above
form is more convenient to work with.
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forallt > 0.

Theorem 5.1.2 (Cohn et al. [19]). Define

3
49EJE] - 25E7E¢ — 48EoE{Ee — 25E; + 49E4E¢

¢= = : 55)
02208 + 700" + 769%)
s = - 2 2 AZ2 4 4 (5.6)
Then for all t > 0,
. 432 .
p(it) + ?#’s(lt) <0, (5.7)
) 432 )
p(it) - ?ll’s(lt) >0, (5.8)
and forall t > 1,
10 i) 432 i S 725760 oq (, 10
o 1) s [ o 20 (- 2] 5

Viazovska’s proof of Theorem 5.1.1 uses bounds on Fourier coefficients of weakly
holomorphic modular forms [8, Proposition 1.12]. For example, the n-th coefficients of ¢
and s are bounded by

e (n)] < 204V e 7 (5.10)

1
leys(n)] < 204V € §Z>0. (5.11)

Using these bounds, one can truncate the series corresponding to (5.3) and (5.4) and bound
the error terms to prove the inequalities using interval arithmetic. The above bounds canbe
obtained using the Hardy—-Ramanujan circle method [63] or the nonholomorphic Poincaré
series with bounds of Kloosterman sums [62].

The proof of the 24-dimensional case in [19] is slightly different, but still based on
numerical analysis. First of all, it is apparent from (5.6) that ¢s(it) < 0 for all # > 0, hence
it is enough to prove @(it) < 0 to prove (5.7). They considered the denominator

—A?@ = 25E; — 49E2E, + 48EESE, — 49ESE; + 25E2E7 = Z ang" >0

n>3
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where ¢ = 2™ with t > 0. When t > 1, g = ¢ < 1/535 and the sum of the
absolute values of the terms with n > 50 is at most 107%¢%, and we can use Sturm’s
theorem to conclude that Y5, 50 2,9" + 107°4° never changes sign in (0, 1/535). Then
@(it) < 0 follows from the fact that —A(it)?>@(it) > O for sufficiently large t. For 0 <
t < 1, they used quasimodularity to express ¢(i/t) in terms of polynomials and other
quasimodular functions, and applied a similar technique. Note that this case is more
complicated because there are factors of t and n, and they used the first 10 digits of m,
ie. 3.141592653 < m < 3.141592654, to work with exact rational arithmetic. They used
PARI/GP for the computation, and Sturm’s bound approach avoids the use of hard facts
about explicit bounds for Fourier coefficients of weakly holomorphic modular forms such

as (5.10) and (5.11). The other two inequalities (5.8) and (5.9) are also proved similarly.

5.2 Romik’s proof

In [65], Romik gave a simpler proof of the inequalities in dimension 8, which does not
depend on any interval arithmetic but only on comparing certain mathematical constants.
Here we briefly summarize the idea.

First, he noticed that (5.3) follows from ¢¢(it) > 0 and 15(it) < 0 separately, where the
first inequality is clear from its definition ¢g = (EoE4 — E¢)?/A; by the product formula,
A(it) = e [[,51(1 — e72™*)?* > (. The second inequality 1s(it) < 0 is equivalent to
Y1(it) = —t2s(i/t) > 0, where

¥ =128 ©;+0; , 9= (5.12)
1= 3 + 3 .
0, O
Using Jacobi’s identity, Romik rewrote ; as
128 (1= A) 2+ A +2A2
Yy = ( X ) (5.13)

- o A2
where A is the modular lambda function (2.35). Now the positivity of y;(it) follows from
0 < A(it) < 1, and this completes the proof of (5.3).

For (5.4), we treat the cases t > 1 and 0 < t < 1 separately, as in [80] and [19]. Also, we

need explicit values of the modular forms at z = i (corresponding to t = 1), such as

6
Bm=2, E)=2100

=, Ee(i) = 0. (5.14)
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(See [65, Eq. 16] for the explicit values of theta functions.) For t > 1, (5.4) is equivalent to
f(it) < g(it), where

7'(2 2
f= E(Ez& — Es) (5.15)
g = ©5(03* + 9,05 + 830, - ©,%). (5.16)

Both f(z) and g(z) have nonnegative Fourier coefficients starting as

f(z) = 28800m%¢* + 10368007%¢° + 141696007 q* + - - - (5.17)
g(z) = 2048047 + 201523243 + 4165632042 + - - - (5.18)

(here g = ¢%™Z). In particular, both t +— ¢ f(it) and t +— 3" ¢(it) are monotone
decreasing in t, and the desired inequality follows from

3n 9P(1/4)6
8192712

The proof for 0 < t < 1 is much more complicated, and it uses delicate decompositions

T f(it)y<e¥f(i)=e < 13130.48 < 20480 < e g(it). (5.19)

of modular forms appearing in f(it) = t=2f(i/t) and §(it) = t~2g(i/t), which include
polynomial terms in t. Nevertheless, the proof is still based on the monotonicity of certain
functions and their explicit values at t = 1.

5.3 New proof in dimension 8

Now, we introduce our new proof of Theorem 5.1.1, based on the theory of positive quasi-
modular forms developed in Chapter 3. First, we define the following (quasi)modular
forms:

F = (EoEs - Eo)?, (5.20)
G = H;(2H; + 5H,Hy + 5Hj). (5.21)
Using Jacobi’s identity (2.25) and (2.34), one can easily check that F = A¢pand G = —2A¢s.

In particular, ¢s(it) < 0, which is equivalent to G(it) > 0, is now apparent from (5.21) and
gives another proof of (5.3).

The second inequality (5.4) is much more interesting, and it is equivalent to

FGit) 18
G w2

F(it) < 1—§G(it) = (5.22)
TC
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1.5

1.0 1

0.5 A
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—F(it) 7 G(it)

ots er 1f5 2:0
Figure 5.1: Graph of the quotient F(it)/G(it) as a function of t > 0 for d = 8.

In fact, one can plot the graph of the quotient t é((lltt)) (e.g., using Sage) and obtain the

beautiful plot in Figure 5.1.
This strongly suggests that we should (i) prove monotonicity of the quotient and (ii)

compute the limit as t — 0%, and both turned out to be true (Propositions 5.3.1 and 5.3.3).

Proposition 5.3.1. The function ¢ é((lltt; is strictly decreasing on t > 0.

Proof. It is enough to show that the derivative

d (M ) _, FiDG(it) ~ (i G/(it)

dar \G@n| =~ G(it2

is negative, which is equivalent to the positivity of (recall that F(it) > 0 and G(it) > 0)
F'G-FG' = (810P)G - F(&loG) = ‘Ll,U (523)

which has weight 24, level I'(2), and depth 2. Here we give two different proofs of L1 > 0.
First proof. F and G satisfy the following differential identities:

01,F = 2E4F +aAXyp, (5.24)
97,G = ZE4G — bAH,, (5.25)
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where a = 123100 and b = 640. Combining these with (2.53), we get
90 L1, = (95,F)G — F(91,G) = A(aX42G + bHoF) > 0. (5.26)

By Corollary 3.3.2, it is enough to show that £ (it) > 0 for sufficiently large t > 0. This
can be done by comparing the vanishing orders at the cusp. From E;E4 — E¢ = 3E] =
720 + O(g?), Ho = 1642 + O(q?), and Hy = 1 + O(g?2), we have

F=72022+0(g%), G =16 5¢%+0(q?)

and

F2-720%2 + O(g?) G 316-5¢:+0(») 3

F = awaroqy S2tOW g=i o =20,

F 720%9% + O(q°) G 163 - 542 + O(g?) 2
Since 2 > 3, we get % > g((iitt)) for sufficiently large t > 0, which is equivalent to
L1o(it) > 0.

Second proof. Using (2.54)-(2.56) and (2.52), one can check that the inequality (5.23)
factors as

1
(Ho + Hy)*Hz(E2E4 — Eg) | Eq — EEZ(HZ +2H,)| >0 (5.27)

for z = it with t > 0. Since the first three factors are all positive, it is enough to prove that
the last factor is positive, i.e.

E4(it) — %Ez(it)(Hz(it) + 2Hu(it)) > 0. (5.28)
With (2.32), it can be decomposed as
E4 - %EZ(HZ +2Hy) = ZH% + }L(Hz +2H4)(Hz + 2Hy — 2E»)
and the second summand is completely positive, since (from (2.27) and (2.29))

Hy +2Hy — 2Ey = (Hp + 2Hy — 2) +2(1 = Ep) = 2 Z ra(2n)q" + 48 Z a1(n)q".

n>1 n>1

O

Remark 5.3.2. One can also use Fourier expansion to check the positivity of L1 (it) for
sufficiently large t > 0; we have

L1 = 530841600077 + 5096079360042 — 5287182336009 % + O(q7)

and the first nonzero coefficient is positive.
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Proposition 5.3.3.
F(it) 18
im —= = —.
t—0+ G(it) m?

(5.29)

Proof. We have
E(i .
im (l,t) = lim F(l,/t) .
t—0+ G(it) t—o G(i/t)
By using the transformation laws of Eisenstein series and the theta functions (2.40), (2.8),
(2.9), and (2.24), we get

2t : , . 36t10
- (E2(it)Ea(it) — Ee(it))Ea(it) + 2

r (%) = t12F(it) - E4(it)?,

G (%) = t10H,(it)3(2H4(it)? + 5H4(it)Ha(it) + 5Ha(it)?).

Since F, ExE4 — E¢ and Hj are cusp forms, we have lim;_, t*A(it) = 0 when A(z) is one of
these forms and k > 0. From lim;_,, E4(it) = 1 = lim;—,o Hy(it), we get

F(ift) . H2F(it) = Z(Ex(it)Ea(it) — Ee(it))Ea(it) + 2 Ea(it)?
oo G(i/t) o F1OH,(it)3(2Ha(if)2 + 5Ha(it)Ha(it) + 5Ha(if 2)
. t2F(it) = BL(E(it)Eq(it) — E(it))Eq(it) + BE,(it)?
m

T ime Ha(it)3(2Ha(it)? + 5Ha(it)Ha(it) + 5Ha(it)?)
18
==

5.4 New proof in dimension 24

It is natural to ask whether the above strategy also works for proving Theorem 5.1.2, and
the answer is yes. In particular, the proof of (5.8) follows the same idea as the proof of
(5.4).

We will abuse notation and write F = —A%p and G = —A%)s for the numerators of (5.5)
and (5.6), i.e.

F = 49E3E] — 25E5E2 — 48E,ESEq — 25E; + 49E4EZ, (5.30)
G = H3(H; + 7H,H, + 7H3). (5.31)
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Then the inequalities (5.7), (5.8) and (5.9) are equivalent to
432

E(if) + — G(it) > 0, (5.32)
F(it) - gc(it) <0, (5.33)
Tt

(5.34)

w0 (_FG/t) 432 GG/t) | 725760 oy (,_ 10
AGIE2 " 12 AR _— 3n)

Easy inequality (5.32)

That G(it) > 0 is immediate from its definition (5.31), as noted in [19, p. 1028]. Hence, it
is enough to prove F(it) > 0, which is not clear a priori. However, this follows from the
following surprising identity, combined with Corollary 3.3.2.

Lemma 5.4.1. We have

IaF = 6706022400 - X1 X121 € QM. (5.35)

Proof. The identity follows from direct calculations. (Complete) positivity follows from
Theorem 4.2.1. 0O

Corollary 5.4.2. F(it) > 0 forall t > 0.

Proof. This follows from Lemma 5.4.1 and Corollary 3.3.2. Note that F has a Fourier
expansion

F = 36578304009° + 1389975552004* + 25677969408004° + O(q°)
and its first nonzero Fourier coefficient is positive. m|

Remark5.4.3. Infact, F is a constant multiple of fi4 thatappearsin the family of Feigenbaum-
Grabner-Hardin [26, Proposition 5.1]. The authors already proved that the functions f,
are completely positive for w < 94 [26, Remark 6.3], and they conjectured that all the

forms in the family are completely positive [26, Conjecture 1]. However, their proof uses
approximations based on Jenkins and Rouse’s explicit bound on Fourier coefficients [38].
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Figure 5.2: Graph of the quotient F(it)/G(it) as a function of t > 0 for d = 24.

Hard inequality (5.33)

As noted above, the strategy in Section 5.3 works perfectly for (5.8), too. Figure 5.2 shows
that the function t +— F(it)/G(it) follows the same behavior as the quotient in Figure 5.1,
so we only need to show that (i) the quotient is monotone decreasing and (ii) the limit as
t — 0" equals the desired constant.

F(it)

Proposition 5.4.4. The function t can 18 strictly decreasing on t > 0.

Proof. The idea is similar to the second proof of Proposition 5.3.1. It is enough to show
that
F'G - FG' = (d14F)G - F(d14G) =: L1

is positive; it has weight 32, level I'(2), and depth 2. F and G satisfy the following
differential equations, similar to (5.24) and (5.25):

14

01,F = 5 EaF +cAXg (5.36)
14

MG = FEG (5.37)
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where ¢ = 5486745600. Taking the Serre derivative dag, by (2.53), (5.36), and (5.37), we
have
d30L1,0 = L2, = (92,F)G — F(92,G) = cAX52G > 0 (5.38)

As in the proof of Proposition 5.3.1, to prove Li(it) > 0 for sufficiently large ¢, it is
enough to show that the vanishing order of F at infinity is larger than that of G. The
vanishing order of F is 3 and that of G is 3, hence L1 o(it) is positive for sufficiently large
t > 0. Hence Corollary 3.3.2 applies and we get the positivity of L o. O

Remark 5.4.5. L1 o has a Fourier expansion

L1 = 134242960932864009 2 + 494781198866841600% + O(g7)

where the first nonzero Fourier coefficient is positive, so L1 o(it) > 0 for sufficiently large
t > 0.

Proposition 5.4.6.
F(it) 432
=—. 5.39
S0t G(it) 72 (5:39)
Proof. The same argument as in Proposition 5.3.3 applies. We omit the details. m|

Remark 5.4.7. In Section 6.4, we give an alternative proof of the monotonicity (i.e. the
positivity of L1 9) which is similar to the first proof of Proposition 5.3.1.

Remark 5.4.8. Asin the d = 8 case, (5.36) and (5.37) describe the action of the operator L 14
of type (14, 18) in the sense of [43, 56] on F and G. In particular, G is a solution of the
linear differential equation L; 14G = 0.

Harder inequality (5.34)

The last inequality (5.34) is more involved than the previous inequalities because of the

tl() 2mt 2mt

presence of the non-modular terms t** and e“™. We first replace the exponential term e

with 1/A using the following inequality.

Lemma 5.4.9. Fort > 0, we have
A(it) < e, (5.40)
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Proof. This directly follows from the product formula of A,

A(it) — e—2nt 1_[(1 _ e—ZTLnt)24 < e—2nt.

n>1

O

The inequality (5.34) is true for 1 < t < 22, since the left-hand side (resp. the right-hand

— 3n’
side) is nonnegative (resp. nonpositive) on this range (by (5.33)). Hence it is enough to

show this for t > %. On this range, we can bound the right-hand side of (5.34) using
(5.40)

725760 ori (t_10)<725760 1 ( 10)_725760 t12 ( 10)

n 3n n AGH)\  3n n AG/H\  3n

and the inequality reduces to

AGJE2 T T2 AJE? = A\ 3
L (_F(/t)  432G(i/t)| 725760 (, 10
2 (_A(i/t) TR A(i/t)) g ( _5)

10(_ EF(i/t) 432 G(i/t))>725760 t12 ( 10)

Tt

for t > 32 If we replace ¢ by 1/t, the last inequality becomes

5[ F(it) 432G(it)\ _ 725760 ) 10t
CAGE) T w2 A(it)) n - 3n
432 F(it)  725760A(it) ( 110 )

— — A1
iz G(it) G(it) nitd  3m2t? (41

for0 <t < %. From Proposition 5.4.4, we know that the left-hand side of (5.41) is
monotone increasing in f. Our main observation is that the difference between the two
sides of (5.41) is also monotone increasing; see Figure 5.3.

Proposition 5.4.10. The function

432  F(it) 725760A(it) ( 110 )

8= T =G T Gun  \nB 3

is monotone increasing in t for 0 < t < 3{—75 and lim;_,o+ g(f) = 0. In particular, we have
g(t)>0forall0 <t < ?1—75.
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—LHS(t)
401 —RHS(t)
-g(t) = LHS(t) - RHS(t)

30 A

20 A

10 A

—-10 1

—20 A1

Figure 5.3: Graph of LHS(t), RHS(t), and g(t) = LHS(t) — RHS(t) of (5.41).

Proof. After writing the limit as lim; o+ g(t) = lim;_« g(1/t), we can compute the limit
from Proposition 5.4.6 and the fact that A|12S = A is a cusp form but G|14S = —HZ (7H§ +
7H>Hy + ZHZ) is not, so the third term in g(¢) vanishes as t — 0*. We omit the details and

focus on the monotonicity part. We have

d (E@)) __, Liolit)
dt "

G(@t)] G(it)?

and by A’ = ExA,

d[AGt) (1 10
dt lG(it) (nt3 - 3n2t2)l

= (-2m)

AGH(EiH)GGH) = G/(i) (1 10
G(it)? (nt3 3n2t2)

_ (o A

AGt) (3 20
G(it) (

060 (15 - 10 ) - G5

G(it)? 3n2t2

so dg/dt > 0 if and only if (after factoring out 1/G?)

L1o(it) := L1o(it) — 725760A(it) [(812G)(it)( 1 10 )

ntd 3n2?
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We have £ 0(37”) > 0, since Proposition 5.4.4 gives £ 0(37”) > 0 and when t = 32

107
10 3 10 3mi\ (5000
Gt - Gt - =670 ) \stms) <%
(d12G)(i )( 13 3n2t2) (i )(2n2t4 3n3t3) (10) (81716) )

From Proposition 3.3.1 (see also Remark 3.3.3), it is enough to show that its Serre derivative

_ 1dlolit) 5. .~
S0 Zyit) = it - i) i) =~ EE00) S iy i

is positive (i.e. t — Ll,o(zt) /n(it)®° is a monotone decreasing function in t) on 0 < t < 10
Recall d30L1,0 = cAXg2G (5.38). Using (2.53), d12A =0, and (5.37), one can check that the

Serre derivative of the second term of L o is 725760A times

10 10
%8 [(alzc)(lt)(?_:a 2t2) GG )(2n2t4 3n3t3)}

_[37Ea(it) = Ex(it)* (1 10 5\ (3 5 .
_[ 24 ntd  3n2t2 +Ea(it) 4mn 2t4 333 T35 At GG, (.42)
so AG factors out from 0730_51,0(1' t) > 0 and it reduces to the positivity of
. B7Ei)—Ea(i)* (1 10 ) 3 5 3.5
7560Xs,2(it) 24 e vy R GO ey il v v Il pec e pupervrd B (5.43)

Let h(t) be the above function in (5.43). We have (see Table C.1)

—7E3E4 + 2E;Eq + 5E

7560Xs 5 = 5

and similarly

7E2E4 — E6 _ E4
30240mt  144072t2
—7E3E4 + 2E;Eq + 5E2 , 7E2Es—Es _ 21E,
48 4t 41242

7560Xs 2|5 = 7560 | X5, +

7560 (X&z(it) L 7E2(iD)Ea(it) — Ee(it) _ _Eu(it) )

302407t 144072t2

- i (37E4(it) ~ Ep(it + 220D ﬁ) (% S )

nt 72 3722

6 3 5 3 5
-Ey(it) + + -
( 2(it) ) (4n2t2 37‘(3t3) (n3t3 n4t4)
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=7560Xs 2 (it)

1 (7E,(it)E4(it) — Eg(it) 37E4(it) — E2(it)2 1 4E4(it) + 5E2(it)2 Eo(it)
Tt 1 B 2 ) ye (_ 36 L )

(5.44)

and since Xg 7 is (completely) positive (Proposition 4.4.2), it is enough to show that (5.44)
is positive, i.e. show the following inhomogeneous inequality (after factoring out 1/7t)

7Ea(it)E4(it) — Ee(it)  B7E4(it) = Ea(it)*> 1 (5E2(z't)2 +4E4(it) 1 ) -0 (5.45)

4 24 it 36 520

for t > 3. We can further reduce it to an inequality with only quasimodular terms (i.e.
no rational terms) with the following lemma.

Lemma 5.4.11. The following (nonhomogeneous) quasimodular forms are completely

positive:
5, 1. 1
= 36E2 + 9E4 452, (5.46)
Jo = Ex — Eg. (5.47)

Proof. By using the Fourier expansions of Ej, E4, Eg, and (2.42), we can compute the Fourier
expansions of the above forms explicitly as

5, 1 1 n
Ji=3Ey— B2+ gEa = ;wo@(m — 40n01(n) + 601(n))q",
] = 2(50405(71) —2401(n))q".

n>1

The complete positivity of J; follows from the trivial estimates g3(1n) > n3 and o1(n) <
1+2+---+n= @ < n?, and that of ], follows from 50405(n) — 2401(n) = Zd|n(504d5 —
24d) > 0. O

By Lemma 5.4.11, for t > 32 we have

7E>(it)E4(it) — Eg(it)  37E4(it) — Eo(it)> 1 (5Ea(it)? +4E4(it)  Ea(it)
4 - 24 ot ( 36 4 )
S 7Eo(it)E4(it) — E¢(it)  37E4(it) — Ez(it)z 3 5E2(it)2 +4E4(it)  Ea(it)
= 4 - 24 10 ( 36 4 )
— 7E2(Zt)E4(;t) - E6(Zt) _ %Ez;(lt) + %Ez(lt)
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> TRUDRD “ Bl B p i) 1 2 fin (5.49)
= ZZ Ez(it)E4(it) - 11—0E6(1t) - 19—0E4(lt) = 213 (550)

where the positivity results for J; and ], are used in (5.48) and (5.49), respectively. Now, we
can prove the positivity of (5.50) (i.e. J3) as follows. As in Lemma 5.4.11, we can compute
the Fourier expansion of J3 as

1 9
Js = E2E4 — EE6 - EEAL
9 9
’

= ~E¢— —E

3E4 + 10E6 10 4

2268

= Z (7207103(71) — Ta5(n) —21603(n) | 9"

n>1
= Z anq".

n>1

We have a1 = zg_z > 0. Forn > 2,
3(n+1)2 2268
nos(n) < n(®+23 4.+ 1% = % < %nf? < 19—60—5(;1) < 725z 0s(n)

and we get a4, < 0. From this observation, the function

t e?™ (i) = aq + Z a,e 2=t

nx=2
is monotone increasing, and by (5.14) we have
2nty (s 2ny (2 2n 3 9 ; ;
e I5(it) = eJ3(i) = e T E4 (i) > 0= J53(it) > 0
fort > 1, hence for t > %. O

Remark 5.4.12. The estimate m < % is used in the proof (e.g., (5.48)), and this can be
verified geometrically (without calculators) by considering the area of a regular octagon
circumscribed about a unit circle:

Tt <8tan(g) =8(V2-1) < ?
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Remark 5.4.13. The inequalities (5.41) and (5.43) are “homogeneous” if one regards % = é
and % as “weight 1” objects, which makes sense if we consider the transformation law of E;
(2.40). However, we had to apply the substitution t < % and prove the nonhomogeneous
inequalities (5.45)-(5.50) instead. It would be interesting if one could prove the inequality

(5.34) in a purely homogeneous way.

5.5 Formalization of the proof

The algebraic nature of the proof gives it a natural advantage for formalization. There is an
ongoing project on formalizing Viazovska’s proof in Lean 4 [55], led by Sidharth Hariharan
[72]. In particular, adapting the new proof strategy in Section 5.3 made formalization
much easier: we can completely avoid interval arithmetic, nontrivial bounds on Fourier
coefficients such as (5.10) or (5.11) (which would require the Hardy—Ramanujan circle
method to prove), and comparisons of complicated mathematical constants. Details can
be found in Appendix B, which also includes various simplifications of the proofs in [80]
to facilitate formalization.
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Chapter 6

Inequalities involving polynomials and
quasimodular forms

In this chapter, we study the monotonicity of functions of the form
t — t"™F(it) (6.1)

for certain (completely) positive quasimodular forms F. As an application, we construct
infinitely many positive quasimodular forms of higher level (Section 6.4) and give an
alternative proof of Proposition 5.4.4. Finally, we give a simple algebraic proof of inequality
(3b) of [20, p. 1067], which is used to prove the universal optimality of the Leech lattice
(Section 6.6).

6.1 Small-weight examples

For certain low-weight quasimodular forms F(z), it is possible to prove monotonicity of
t"™F(it) via Lambert series, i.e. expansions of the form

q"

F(z) = ; by o

Once we know that b, > 0 for all n, monotonicity of " F(it) reduces to that of
—t

which is often easy to check. For example, we can prove monotonicity of the following

t "

functions.
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Lemma 6.1.1. The function t — +2(1 — E5(it)) is monotone decreasing for t > 0.

Proof. From (2.39), we have
m
_ n _ dm _ q
1-FEa(z) = 242 o1(n)g" = 24 Z dg®m = 24 Z T
n>1 m,d>1 m>1

so it is enough to check that the following function is monotone in t:
—

t) =t —m——.

$2(t) A=)y

This follows from

d ett(ef(t —2) + (t +2))
agZ(t) - (et _ 1)3
and
el(t=2)+(E+2)> 0 (:)tanh(%) < %
where the last inequality follows by applying h(u) = u — tanh(u) to u = t /2, since h’(u) =
tanh?(1) > 0 and h(0) = 0. O

Lemma 6.1.2. The function t — +3Xj 5(it) is monotone decreasing for t > 0.

Proof. We can write Xy as

n>1 m>1 d>1 m>1

where the last equality follows from Y., k2xF = J(Cl(l_—;’)?

t3X4 »(it) reduces to that of

Hence the monotonicity of

e f(1+e™t)
)= —— 7
g3(t) Ty
The derivative of g3(t) is

dgs _ e't?(t(e* +4e' +1)=3(e* = 1)) _ 3t%ef(e* +4e' +1) (t e -1
dt (et —1)* B (et —1)* 3 2 +4et+1)°

If we put
t et —1

ha(t) = = - =S =
3() 3 €2t +4et +1
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then dgs/dt < 0if and only if h3(t) > 0, which follows from /3(0) = 0 and

dh3 _ (et - 1)4 S0
At 3(e2 +4et +1)2

Lemma 6.1.3. The function t > +3(E(2it) — Ex(it)) is monotone decreasing for ¢ > 0.

Proof. We can write E(2z) — Ex(z) as

n 2n
— n 2n _ q q
E»(22) — Ea(z) = 242 o1(n)g" — 242 o1(n)g¥" = 24 Z ((1 ol g B
nx1 nx1 nx1
so it is enough to check that the following function is monotone in ¢:
et e 2 etl+et+e2
g22(t) =12 N2~ | =t ( 212 )
(I—-etH?2 (1-e2) (1—-e=2t)
The derivative of g2 »(t) is
dgan  2te'(e* +2¢% +6e* +2¢! +1) [ ¢ (et +1)(e3 - 1)

dt (e2t —1)3 2 (e + 203 + 602 +2et + 1)
If we put
t (et +1)(e3 - 1)

hop(t) = 5 — '
2,2(t) 2 (e 4263 + 662t +2et +1)

then dgp»/dt < 0if and only if hy 5(t) > 0, which follows from /1 2(0) = 0 and

dhap (e = 1)4e" + 1)*(e? +4e! +1)

= > 0.
dt 2(e4t + 2e3t + 6e2t + 2et +1)2

Lemma 6.1.4. The function t — t°Xg 1(it) is monotone decreasing for ¢ > 0.

Proof. We can write Xg 1 as

Xg1(z) = Z nos(n)q" = Z Z g

n>1 m>1 d>1
~ Z mq™ (g™ + 57g*™ + 302%™ + 302¢%" + 57¢™ + 1)
- _ 7

m>1 (1 qm)
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so it is enough to check that the following function is monotone in ¢:

Fle™® + 57¢ 4 +302e73" +302e 7% +57e7t + 1)

go(t) == 6 (1—ety

This follows from
dge _ e't>(tP(e!) - Q(e")
dt (et —1)8

where P(x) and Q(x) are polynomials

P(x) = x® + 120x° + 1191x* + 2416x% + 1191x% + 120x + 1,
Q(x) = 6(x® + 56x° + 245x* — 245x% — 56x — 1).

The inequality tP(e') — Q(e') > 0 for t > 0 follows from

d lt i Q(ef)l _ R

dt P(et)

T >0

- P(et)? ¢

where

R(x) = (x® = 72x°)% + (1 — 72x)* + 246(x'% + x?) + 23408(x° + x°)
+342687(x® + x*) + 754464(x” + x°) + 1377108x°

which is positive for all x > 1, and Q(1) = 0.

Lemma 6.1.5. The function ¢ — #8Xj¢ 1(it) is monotone decreasing for ¢ > 0.

Proof. We can write Xjo,1 as

X10,1(2) = Z naz(n)q" = Z Z dmg ™™

n=1 m>1 d>1
~ Z mq™((q"™ + 1) + 247(3°™ + q™) + 4293(3°™ + g>™) + 15619(q*™ + ¢3™))
- (1-gm)°

mx1

so it is enough to check that the following function is monotone in ¢:

(et + 1) +247(e7® + e7t) + 4293(e % + e72t) + 15619(e ¥ + e73t))
(1—ety '

gs(t) = 8¢

Its derivative is of the form
_e'7(tP(eh) = Q(e))
(1—e1)10
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where P(x) and Q(x) are polynomials

P(x) = (x® + 1) + 502(x” + x) + 14608(x® + x?) + 88234(x° + x°) + 156190x*,

Q(x) = 8(x® — 1 +246(x” — x) + 4046(x® — x2) + 11326(x° — x%)),
and it is enough to show that
f(t):=tP(e") - Q(e") > 0 fort > 0.

To prove this, we consider its Taylor expansion at t = 0:

8

8
nay + kbp)k" 1 c
F(B) =) (axt +b)e = > Z( : n!k) t" + by :Zn_n!t”
k=0

k=0 \n>1 n>0

where P(x) = Y o<r<s 2kx*, Q(x) = Yockes brx¥, co = f(0) =8 > 0 and

8
Cp = Z(nak + kbp)k" 1
k=1

= (n — 64)8"! + (502n — 13376)7" ! + (146081 — 194208)6" !
+ (882341 — 453040)5" ! + 156190n4" ! + (88234n + 271824)3" !
+ (146081 + 64736)2" 7 + (5021 + 1968).

(6.2)

Thus it is enough to show that ¢, > 0 for all n > 1. For n > 65, all the linear coefficients

are positive, so ¢, > 0. We can check ¢, > 0 for 1 < n < 64 directly.

O

Remark 6.1.6. Figure 6.1 shows the graphs of gg(f) and go(t) on 2.5 < t < 20, where go(t) is

the function obtained by replacing t® in gg(t) with +°. The function go(t) is not monotone

decreasing, which can be checked rigorously by comparing the limit of go(t) as t — 0"

and the value go(10). In fact, the function t +— t°Xj¢ 1(it) is not monotone decreasing; see

Remark 6.2.9.

Remark 6.1.7. We also note that the above proof of (6.2) was suggested by ChatGPT-5.2 Pro

and AxiomProver, where the latter model provided a formal proof in Lean 4.

Unfortunately, such an approach does not always work. For example, the function

t - t4(Eg(it) - 1)
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(@) gs(t) (b) go(t)
Figure 6.1: Graphs of gs(f) and go(f) on 2.5 <t < 20.

is monotone decreasing for t > 0 (see Corollary 6.2.6). However, the following Lambert
series expansion

(1 +4q™ + g*™)

Es(z)-1= 2402 o3(n)g" = 240 Z d2g%m = 240 Z 1

_ qgm)4
n>1 m,d>1 m>1 (1 q )

is not enough to prove monotonicity, since the function

- - -2
Y F1+4e™t +e7?)
(1—et)*
is not monotone decreasing; it is 6 + % + O(t°) near t = 0. Similarly, the function

t— t5X6’1(ii’)

is monotone decreasing for ¢t > 0 (Corollary 6.2.5). However, the Lambert series expansion
of X6,1 is

_ b gm0 ML+ 11 + 117" + ™)
o= 3, Saomytr = 3 1L

m>1d>1 m>1

but the function
e f(1+11le7t +11e72 +¢73)
N

(1—e7t)
is not monotone decreasing; it is 24 + % +O(t")near t = 0.
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Another non-example is the weight 12 and depth 1 extremal quasimodular form

E’ A 1
X - _ 10 _ _ _ n
121= 7577200 ~ 1050 _ 1050 ;("09(”) w(m)q

which does not admit a nice Lambert series expansion, because of the presence of the term
7(n). Monotonicity of the relevant functions will be proved in the following section with
a different approach (Corollary 6.2.6 and Corollary 6.2.7).

6.2 Two sufficient conditions and more examples

We introduce two simple sufficient conditions (Proposition 6.2.1 and 6.2.10) which are
useful for proving monotonicity of t" F(it).

Proposition 6.2.1. Let F be a quasimodular form and let m € R.o. Assume that

1. F and F’ are positive quasimodular forms,

2.
F(it) 2m

im — = —,
t—0+ tF’(it) m

3. (m +1)(F’)?> — mF"'F is positive.

Then the function ¢t +— t"F(it) is monotone decreasing on (0, ). Moreover, m is the
largest possible constant such that ¢ F(it) is monotone decreasing.

Proof. Consider the function

F(it)
h(t) := .
®) F’(it)
The limit condition implies that /#(0) := lim; o+ h(t) = 0 and h’(0) = %” In other words,
the tangent line of h(t) att = 0is I(t) = %”t. Direct computation shows that

%(t’”l—“(it)) = mt"™VE(it) + t"™(=2n)F’(it) = mt" 7 F'(it) (h(t) - 1(t)),

so it is enough to show that h(t) < I(t) for all t > 0. Consider their difference g(t) =
I(t) = h(t). The limit condition implies that g(0) = 0 and it is enough to show that g(t) is

60



monotone increasing, and this is equivalent to
(F'(it))* — F”(it)F(it)
(F'(it))?

The last claim follows from considering the behavior of h(t) near t = 0. O

>0 (m+1)(F)?-—mF"F > 0.

d 27
gg(t) = ; + 27

Remark 6.2.2. The modular form (m + 1)(F’)> — mF”'F is a constant multiple of the Rankin—
Cohen bracket [64, 10] of F with itself. More precisely, Martin and Royer [54] generalized
the notion of Rankin—Cohen brackets for quasimodular forms as

Putst4(F, G) = Z(—l)f(k e 1) (” S 1)(D’F)(D’HG)
r=0

for0 <s <k/2and 0 <t < {/2. This matches the usual Rankin—Cohen bracket [F, G]g,k’[)

when s =t = 0. One can directly check that

@y, 0,m,0(F, F) = [F, F]"™

2 m+1\[(m+1
- Z(—l)’(z ) )( . )(DVF)(DZ-VF)
r=0
= (m + 1)mF"F — (m + 1)*(F")?

and the third condition of Proposition 6.2.1 is equivalent to the negativity of @».,, 0., 0(F, F).
In particular, when F has weight w and depth s, then for m = w — s

(m + 1)(Pl)2 - mF"F = - (DZ;w,s;w,s(F/ F)-

m+1
This is a quasimodular form of weight 2w + 4 and depth at most 2s.

Remark 6.2.3. For any completely positive quasimodular form F, we have F”F — (F’)? > 0.
In fact, this holds for any completely monotone function (see, e.g., [28]).

As corollaries, we can prove monotonicity of several functions involving extremal
quasimodular forms, such as the following (which cannot be proved by the Lambert
series approach in Section 6.1).

Proposition 6.2.4. Let X;, 1 be the normalized extremal quasimodular form of weight w
and depth 1. Then
im Xw/1(it) _ 21
t—0* th’u,l(it) w-1
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6(_1)%570—2
Tt

Tim 1971, 1(if) = - (6.4)
forall w > 6.
Proof. The transformation law gives
1 6iz\ . _ 6izv1
Xwa (—;) =z"Ayu(z) + (ZZEz(Z) - ?) z¥ 2Bw—Z(Z) = Zwa,l(Z) - By-2(z)
and z = it gives
i w0 . 6tvt ,
Xw,l Z = (_1)2 t Xw,l(lt) - Bw—Z(lt) . (65)
By differentiating X, 1 and rewriting in terms of Serre derivatives, we have
ley,l = A;U + EéBw_z + EZB;U_Z
E2-E _
w 4 w—2
= awAw + EEZAZU + 2TBZU—2 + EZ (aw—ZBw—Z + 12 EZBw—Z)
= (0uAy - LEsByo| +E (ﬂA + 92B )+E2-w—_1B
— | 9ww 12 4Dw-2 2 12 w w—-2Dw-2 2 12 w-2
= gw+2 + EZEw + E%Ew—Zz
where
~ 1
Aps2 = awAw - EEALBw—Z € Mw+2(SL2(Z))z
~ w
By = EAw + dw—2Bw—2 € Mw(S]—Q(Z))/
~ w—1
Cyp—2:= TBw—Z € Mw—Z(SLZ(Z))-
Then applying the transformation law with z = it gives
, (i
i)
w tw+1 . pw
= (_1)7Jrl |tw+2XL’U,1(it) + - (—6By(it) — (w — 1)By—o(it)Ea(it)) + — 3(w - 1)Bw_2(it)]

tw+1 w

t_z - 3(w — 1)Bya(it) (6.6)
Tt

w

— (_1)?+1 |tw+2XZ/U/1(it) +

= (—%Xw,l(it) - 6B;,(it)) +
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By combining (6.5) and (6.6), we have

im Xw,l(it) - lim Xw,l(i/t)
0+ th/u,l(it) 00 %Xz/v,l(i/t)

thw,l (it) - e Bw—Z(it)

TU

= lim - -
(oo XY (it) + & (=9 X (it) = 6B, ,(it)) + S5 - 3(w — 1)Bya(it)

T
~ lim tXw,l(it) - %Bw—,’l(it)
t=oo (2X! (it) + £ (=% X1 (it) — 6B, ,(it)) + =5 - 3(w — 1)By-a(it)

Since Xy 1, X?’v 1
them vanish as t — co. By Lemma 4.3.2, By, is not a cusp form and the final limit equals

and -5 Xy, — 6B, _, are cusp forms, the limits of the terms involving

_%'ﬁw—Z _ 27
#.3(50_1).570_2 w—1

which proves (6.3). The limit (6.4) follows from (6.5) and the cuspidality of X, 1. O

Corollary 6.2.5. t — °Xg1(it) is monotone decreasing for ¢ > 0.

Proof. We know that X 1 is completely positive. The limit condition follows from Propo-
sition 6.2.4 with w = 6. Direct computation shows that

6(X( )" —5X¢ 1 Xe1 = AXap

which is positive. O

Corollary 6.2.6. t — t*(E4(it) — 1) is monotone decreasing for t > 0.

Proof. The monotonicity is equivalent to

% [t*(Ea(it) - 1)| = 4t3(E4(it)-1)-2nt*Ej(it) < 0 & E4(it)—1—%(Ez(it)E4(it)—E6(it)) <0.

Substituting t with 1/t and using the transformation laws, this is equivalent to

i)=& [ e f) - )

= BBy (it) =1 - % [(—tzEz(it) + %) CPEg(it) + t6E6(it)l
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-1+ %S(Ez(it)&(it) — Es(it))

= —1 + 120mt° X1 (it) < 0.

The last inequality follows from Corollary 6.2.5 and lim;_,¢+ t5Xe,1(it) = ﬁ by Proposi-
tion 6.2.4. |

Corollary 6.2.7. t = t11X15 1(it) is monotone decreasing for t > 0.
Proof. We know that X, 1 is completely positive. The limit condition follows from Propo-
sition 6.2.4 with w = 12. Direct computation shows that

1
210.36.52.72

12()({2/1)2 — 11Xy, X121 = AF,

where
F = 49E3E] — 25E5EZ — 48E,ESEq — 25E; + 49E4E;

is the quasimodular form of weight 16 and depth 2 that appears in the Leech lattice
packing (5.30), which is positive by Corollary 5.4.2. m|

Corollary 6.2.8. t — t'3X741(it) is monotone decreasing for t > 0.
Proof. Direct computation shows that
14(X1, 1) - 13X7, X141 = 4A% X3,

where X3 is the normalized extremal quasimodular form of weight 8 and depth 2, which
is completely positive by Proposition 4.4.2. O

Remark 6.2.9. Note that t > t”Xg1(it) and t +— t°Xj01(it) are not monotone decreasing
(see Figures 6.2 and 6.3). The former function has a local maximum at ¢ = 1; we have

d , . ,
a(t7X8,1(zt)) = t%(7Xsg,1(it) — 2t X5, (it))
and from Ej(i) = % and Eg(i) =0,

CE4(i)* — Ea(i)Ee(i) o —E(i)*Es(i) + 2E»(i)E4(i)* — E4(i)Es(i)

7X8,1(Z) — 27ZX8,1(Z) =7 1008 1728
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—t"7 * X 8,1(it) —X_8,1(it) / X_8,1'(it)

-1/ (168 * pi) -2%pi*t/7

0.0021 4 1.2

0.0020

0.0019

0.8 1
0.0018

0.6 1
0.0017 4

0.0016 4 0.4

0.0015 1 021

0.0014

T T T T T T T 0.0 1 T T T T T T
0.2 0.4 0.6 0.8 1.0 1.2 1.4 0.2 0.4 0.6 0.8 1.0 1.2 1.4

(a) 7 Xg1(it) (b) Xs,1(it)/Xg , (i)

Figure 6.2: Graphs of t”Xg 1(it) and Xg 1(it)/ X} , (it) with asymptotes as t — 07

= E4(i)?

7  2m-2-3 .
1008 1728 |~

For the latter function, note that

_ E4(ExE4 - Eg) _

X101 = o’ 101 =

9EZES — 18E2E4Eq + 5E] + 4EZ
8640 '

10
6(_17)12 b = 12%)71, while the value at f = 1is

By Proposition 6.2.4, the limitas t — 0% is —

¥ (i)_Eg(i)E4(i)2_ 1 3 Igra/4 1
WEY="770  ~ 720 7 409672~ 1207

The second proposition shows that monotonicity of t"*1F’(it) implies that of " F(it).

Proposition 6.2.10. Let F be a quasimodular cusp form. If t — t"™*1F’(it) is monotone
decreasing, then t +— t"F(it) is also monotone decreasing.

Proof. For a > 1and t > 0, define
¢a(t) := F(it) — a™F(iat).

Then d
3 8e(D) = (F2m)(F'(it) — a"*1F'(iat)),
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00257 0.0030 4

0.020 4 0.0025 4
0.0020 A

0.015 4

0.0015 4

0.010 4
0.0010 1

0.005 4
0.0005 -

0.000 - T T T T T 0.0000 A T T T T T
1 2 3 4 5 1 2 3 4 5

(@) t3X10,1(it) (b) 2 X10,1(it)
Figure 6.3: Graphs of t8Xj¢ 1(it) and #*Xj0,1(it) on 0.1 < t < 5.

hence g,(t) is monotone decreasing for all 2 > 1. By cuspidality, we have lim;_,« g,(t) =0
and g,(t) > 0, hence t + t"F(it) is monotone decreasing. O

Corollary 6.2.11. The following functions are monotone decreasing;:

t > t7Xgo(it),

t 7 X10,0(it),

t = t11X005(it),
t s 113Xy 5(it).

Proof. By the identity Xé,z = 2X42Xp,1 (4.38), Lemma 6.1.2, and Corollary 6.2.5, the function
tSXélz(it) = 2- 13Xy 5(it) - t° X4 1(it) is monotone decreasing. Proposition 6.2.10 then gives
that t” Xg »(it) is also monotone decreasing. The other cases follow from the same argument
with the identities (4.39), (4.40) and (4.41) of Proposition 4.4.2, Lemma 6.1.2, Lemma 6.1.4,
Corollary 6.2.5, Corollary 6.2.7, and Proposition 6.2.10. O

6.3 Monotonicity of t“~1X,, 1(it)

Based on Corollaries 6.2.5, 6.2.7, and 6.2.8, and on numerical experiments, we conjecture
the following monotonicity property of extremal quasimodular forms of depth 1.
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Conjecture 6.3.1. For all even w > 6 except for w = 8, 10, the function
to 7 X1 (it)
is monotone decreasing for t > 0.

The exceptional cases w = 8 and w = 10 are discussed in Remark 6.2.9. Although we
cannot prove this conjecture in general, we can prove the following weaker claims. First,
the function is monotone decreasing near ¢ = 0.

Proposition 6.3.2. For w > 12, the function t — t“~1Xy, 1(it) is monotone decreasing near
t=0.

Proof. By Corollaries 6.2.7 and 6.2.8, we may assume that w > 16. It is enough to show that
the derivative is negative near f = 0, which is equivalent to

2t X!, ((it) — (W — 1) Xe(it) > 0

near t = 0. By substituting t with 1/t and using (6.5) and (6.6), this is equivalent to

2, (i i
0 5] -0 )

v 2
=(-1)2 [—Zntw”XZ’U’l(it) + 1Y (wXwa(it) + 12B), ,(it)) — !

w—1

’ 3(w - 1)Bw—2(it)

6(w — 1)tv-1
n

_(w - 1)thw,1(it) + Bw—Z(it)l

= (-1)%© (—2ntx’

w,1

(it) + X (it) + 12B],_(it)) > 0

for sufficiently large t. Since Xy,,1(it) and X’ | (it) are both O(e~*™), the positivity for large
enough ¢ is equivalent to limt_,oo(—l)%B;U_z(it) = (=1)2Bw-_21 > 0, which follows from
Lemma 4.3.2 and 4.3.3. m|

Also, we can prove monotonicity of t** X, 1(it) for the smaller exponent
ap =w—-[w/6]<w-1

using the recurrence relations in Theorem 4.2.1 (Theorem 6.3.3).
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Theorem 6.3.3. For all even w > 6, the function
t o tTTO0X, (it
is monotone decreasing for t > 0.

Proof. Let a,, := w—[w/6]. By induction, one can easily check that a,, satisfies the following
recurrence relations for all w > 12 with w = 0 (mod 6):

Ay = min{ay,_4 + 4, ay_¢ + 5} (6.7)
A+ = min{aw_z +4,a,_4+ 5} (68)
Ap+qa =min{ay +4, a4 +5,ap-4+7} (6.9)

For example, when w = 6k, we have a,, = 5k, a4 +4 = 6k —4 -k +4 = 5k, and
aw—6 +5 = 5(k — 1) + 5 = 5k, hence (6.7) holds. The other cases can be checked similarly.
Then the theorem follows for w = 6,8, 10 by Corollary 6.2.5, Lemma 6.1.4, and Lemma
6.1.5. Assume that it holds for w — 6, w — 4, w — 2 for some w > 12 with w = 0 (mod 6).
By the induction hypothesis and Lemma 6.1.4, both of the functions

X6 (it) - £ 4 Xy 4 1(it),  1°Xg1(it) - 170 X6 1(it)

are monotone decreasing, and by (4.7) and (6.7), the function

5w 7_w

pretX (it) = ﬁ-t5X6,1(it)-t“zv—4Xw_4,1(it)+ = 19X 1(it) - 1" X6 1(it)

is also monotone decreasing. Therefore, by Proposition 6.2.10, the function %X, 1(it)
is also monotone decreasing. We can similarly prove the result for t*+2X;, 5 1(it) and
Ao+ X, 441(it) using (4.8), (4.9), (6.8), and (6.9). O

6.4 Application: Positive quasimodular forms of higher levels

Let F be a positive quasimodular form of level 1. Then for N € Z1, FN)(z) := F(Nz) is
also a positive quasimodular form of level I'o(N) (Proposition 3.4.1). If we further assume
that F’ is positive, i.e. t > F(it) is monotone decreasing for t > 0, then F(z) — FN)(z)
is also positive (Proposition 3.4.2). The following corollary shows that one can obtain a
stronger result if the monotonicity of t +— t" F(it) is known for some m > 0.
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Corollary 6.4.1. Let F be a quasimodular form and let m € R.g. Assume that t +— t"F(it)
is monotone decreasing for t > 0. Then for N € Zs1, F(z) — N"FN)(z) is a positive
quasimodular form of level I'o(N). Also, if lim;_,o+ t" F(it) exists and is positive, then the
constant N™ is optimal, i.e. for any ¢ > N™, F(z) — cF{N)(z) is not positive.

Proof. Since t"F(it) is monotone decreasing,
M E(it) — (NH™E(iNt) = t"(F(it) — N"™F(iNt))

is positive for t > 0. If lim;_,o+ " F(it) = L > 0, then
F(it) . N™-t"F(it) N™-L

. _ _ N
150 EGNt) 150+ (ND"F(iNt) L
which shows the optimality of the constant. O

Example 6.4.2. From Lemmas 6.1.2 and 6.1.3 and Corollaries 6.2.5 and 6.2.7, we obtain the
following positive quasimodular forms by taking N = 2 in Corollary 6.4.1:

P1(z) := Xap(z) — 8X42(22)
_ Z (0101~ 401 (5 )) 0" € @M (To(2)

Py(z) := _EZ(Z) + 5E22(22) —4E;(4z)

= Z (al(n) 501 ( ) +40q ( )) q" e QM; "(To(4))

P5(z) := Xe6,1(z) — 32X6,1(22)
= > n{030m) - 1603 (5)) 4" € @M} (To@)

n>1

Py(z) := X12,1(z) — 2" X12,1(22)
_ ﬁ D [n (09(;1) P (g)) (’C(n) 2y ( ))] g" € QM5 (To(2)
n>1

Note that none of these quasimodular forms is completely positive. For example, the n-th
coefficient of P1(z) for odd n is no1(n), which is positive. For even n = 2k m with k > 1
and m odd, the coefficient is

n (al(n) 40, (g)) = 1 - (012N01(m) — 45125 Ny (m)) = 1 - (=251 + 3)o1 (m) < 0.
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In particular, taking the negation of the form with substitution z +— z + % gives a completely
positive quasimodular form of level I'g(4):

P, (z + %) = Xu» (z + %)+8X4,2 (22) = Z;f n (Gl(n) 40, (g)) (—1)"*1g" € QM+ (To(4)).

Similarly, the n-th coefficient of P3(z) is positive if and only if n is odd, and we get a
completely positive quasimodular form of level I'y(4):

1 1

~Ps (245 | ==X (24 5 |+32X61 (22) = 3 n (aa(m) 1603 (5 ) ) (<1 g" € @M (To(4))
2 ' 2 ' i 2

For P»(z), one can check that the n-th coefficient is positive for odd n, and negative for

n = 2m for odd m. When n = 2% - m with k > 2, the n-th coefficient is

(01(25)=501(25 1) +401(252))o1(m) = (21 -1)-5(2F=1)+4(2F1=1))o1(m) = 325151 (m) > 0.

Thus the n-th coefficient of P»(z) is positive if and only if n # 2 (mod 4). If we write
Py(z) = X1 409", then

1
P, (g + Z) = ialql/z —axq — ia3q3/2 +agq% + ia5q5/2 — agq° — ia7q7/2 +aggt+ -

1 . . .
Py (% - Z) = —ia1q'/* — arq + ia3q®? + asq® — iasq®? — asq® + iayq”/* + agq* + - --

This shows that the following quasimodular forms are completely positive:

— 1
% (P2(z) - P, (Z + 1)) _ EZ(Z) ‘|‘4§2 (Z + 2) _ Z 01(2]( + 1)q2k+1

2
k>0

11 (Pz (g + i) + P, (g - i)) - 21—4(6]52(42) _5E(22) — Ex(2))

5 fotn—so(F s () 5 (3] o)

n=0 (mod4) n=2(mod4)

N —

where this simplification uses (2.57). Both forms are of level I'g(4).
In the case of P4(z), we can use Deligne’s bound for 7(1n) to study signs of the coefficients.

The n-th coefficient of P4(z) for odd # is positive, since

11 13
noo(n) — t(n) > nog(n) — oo(n)nz >n'® —nz >0,
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by the trivial estimates go(11) > 1%, gp(1n) < n, and Deligne’s bound |t(n)| < ao(n)n%. If
n = 2% . m with k > 1 and m odd, then we can estimate the n-th coefficient using Deligne’s
bound again:

n (ag(zk) - 21%9(2’<—1)) oo(m) — (T(zk) - 21%(2“)) o(m)

_n9(k+1)
2 o) - (124) + 2502 e(m)

—29(k+1) 4 102 )
k. — 023 . m09(m) + ((k + 2)211(]; R + 25(k + 1)2%)7”12_3

and the last expression is negative for k > 2, since

9(k+1) _
2k % > 27 (27 +25)k + (27 +25)), moo(m) > m® > m?
holds for k > 2 and all odd m > 1. Note that the recurrence relation 7(2*1) = 7(2)7(2*) -
21 (2k-1) = —247(2K) — 20487(2%1) is also used in the estimates above. When k = 1 and
n = 2m, the n-th coefficient is

=n

<2

n(09(2) — 2'%(1)) — (7(2) — 2" 7(1))1(m) = —=1022maq9(m) + 20727 (m)

which is positive for m = 1, and negative for m > 2 by Deligne’s bound.

Example 6.4.3. By Theorem 6.3.3, for each even w > 6 and N > 2,
Xw,l (Z) - Nw—fw/6] Xw,l(NZ)

is a positive quasimodular form of level I'o(N). If Conjecture 6.3.1 holds, then we can take
the larger exponent w — 1 instead of w — [w/6].

Example 6.4.4. From Corollary 6.2.11, we obtain the following positive quasimodular
forms:

Xs2(2) := Xs(z) — 27 X52(22) € QM (To(2))
X102(2) = X102(2) — 2°X102(22) € QM (To(2))
X122(2) i= X12(2) — 211 X120(22) € QM%’;(TO(Z))
X142(2) = X14(2) — 2% X142(22) € QM (To(2)).

One may take a smaller exponent m so that F(z) — N"F(Nz) becomes completely
positive. Such examples can be found when the Fourier expansions of F can be easily
expressed in terms of divisor sums or the Ramanujan tau function; see Appendix D for
some examples of this type.
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6.5 Application: Another proof of the modular form inequality for the
Leech lattice packing

By using the positive quasimodular forms constructed in the previous section, we can
give an alternative proof of one of the modular form inequalities [19, Lemma A.2] used in
the proof of the optimality of the Leech lattice packing.

Recall (see (5.30) and (5.31)) the forms

F = 49E3E] — 25E5EZ — 48E,E;Eq — 25E; + 49E4EL,
G = H;(2H} + 7H,H, + 7H}).

Then the inequality [19, Lemma A.2] is equivalent to
432
Fit) < 22G(it)
U

for t > 0 (5.33). The author gave an algebraic proof of this inequality by proving
monotonicity of the quotient F(it)/G(it) (Proposition 5.4.4) and showing that the limit
lim; o+ F(it)/G(it) = 432/m* (Proposition 5.4.6). The monotonicity part was proved by
using the differential equations satisfied by F and G, i.e. (5.36) and (5.37). In this section,
we give another proof of the monotonicity by using the positive quasimodular forms
constructed in the previous section.

It is enough to show that
.£1,0 = P’G - PG’ = (314F)G - P(&MG)

is positive. Using Sage, one can check that £ ¢ can be factored as

105

Lip= 3

-HyHJ(Hy + Ha)* - L, (6.10)

where L := KloE% + K12E5 + K14 is a quasimodular form of weight 14, level I'(2), and depth
2 with

Kio = —2(23H; + 46H;Hy + 54H;H; + 16H,H; + 8Hy)(Ha + 2Hy),
K1z = —2(10H + 35H3Hy + 3HZH?2 — 64H,HY — 32H2)(H2 + HyHy + H2),
Kis = (26HS + 78H5Hy + 177H; Hy + 182H5H] + 51H3H) — 48HoH; — 16HS)(Ha + 2H,).
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Here K, (for w € {10, 12,14}) are modular forms of weight w and level I'(2). We observe
that each K, is invariant under z + z + 1, so they are in fact modular forms of level
I'0(2) c I'(2). The ring of modular forms of level I'((2) is generated by two elements
A= H% and B = H, + 2Hy, where both have positive Fourier coefficients:

2
Z r4(2n + 1)q"+%) , B=2 (1 + Z r4(2n)q”) )

n>0 n>1

A=4

(Here r4(n) is the number of ways to write n as a sum of four squares.) Let Xé,2 >S(z) =

Xuw,s(2z). One can write L as a combination of X% X32, X% )~(10,2, X% )~(12,2 and A, B

8,27 10,27 12,27
as follows:
L= a1X§22>AB + azigrzAB + a3X$>2A + El45€10,2A + a5X$>2B + a6§12,23 (6.11)

where all the coefficients a1, . . ., a¢ are positive:

ap = 78278400,

a; = 550800,
az = 90823680,
as = 116640,

as = 678813696000,
ae = 331776000,

and the positivity of L follows from the positivity of Xg2, X10,2, X12,2 (Proposition 4.4.2)
and Example 6.4.4.

6.6 Application: Modular form inequality for universal optimality of
the Leech lattice

The last application is a new proof of the inequality (3b) of [20, p. 1067]. In loc. cit.,
the authors proved the universal optimality of Eg and the Leech lattice by using Cohn—
Kumar’s linear programming bound for potential energy [16]. Following the idea of
optimal sphere packings [80, 19], they constructed two-variable generating functions
of Fourier interpolation bases for dimensions 8 and 24 [20, Theorem 1.7], as Laplace
transforms of certain kernel functions. In particular, they proved positivity of the kernels
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by means of numerical analysis, which is considerably more involved than the methods
used in [80, 19].

One of the inequalities is the following. Let

E1,0 = 12mi(~E2E4E¢ + E2 + 720A) (6.12)
&1 = 2n2(E2E4Eq — 2E2E2 — 1728E>A + E2Eq) (6.13)
g1(”() = T(§1,1(T) + gl,O(T)- (6.14)

Inequality (3b) of [20, p. 1067] is
i&1(it) > 0 (6.15)

for all t+ > 0. Combined with the other inequalities (1), (2), and (3a) of [20, p. 1067],
they proved positivity of the generating function for d = 24 and showed the universal
optimality of the Leech lattice.

Here, we show that the inequality (6.15) follows from Corollary 6.2.7.

Lemma 6.6.1. The inequality (6.15) is equivalent to the monotonicity of the function
t - t1X751(it) on (0, c0). In particular, it follows from Corollary 6.2.7.

Proof. Recall that (see Table C.1)

—12E»E4E6 + 5E; + 7E2
3991680
By Theorem 4.2.1, we have

Xi2,1 = & —12E,E4Eq + 5E; + 7EZ = 3991680X15,1.

E,Es — Eg —E2E¢ +E; 11

Xip1 =2X61Xs1 = 2+ =55 1008 3991680

(—E3E4E¢ + EoE3 + ExEZ — ESEq).
Using this, one can express 51,0 and 51,1 in terms of X121 and X7, ;:

= . 5 . .
&1 = 12mi | —EE4Eq + EZ + E(Ei - Eg)) = 7ti - (—12EE4E6 + 5E; + 7EZ) = mi - 3991680 X12,1

—~ 2 2
E11 = 2m}(EZE4Es - 2E2E2 — Eo(E] - E2) + E}Ee) = — = - 3991680, ,

and

ont

iE1(it) = —t&11(it) + iE1 o(it) = 39916807 (
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d
= —362880mt 10 E(tllxlz,l(it))

which proves the claim. O

Figure 6.4 shows the graphs of t - t!1X1; 1(it) and t +— Xi21(it)/X], ,(it), where the
former is monotone decreasing and the latter is monotone increasing. By (6.4), we have

6(—1)%510 1
"~ 554007

th%h t“Xlz,l(it) =

and the tangent line of the latter at t = 0 is I(t) := % We leave it as future work to give

simpler proofs of the other inequalities (1), (2), and (3a) of [20, p. 1067].

le—-6

-2%pi*t/11
—X_12,1(it) / X_12,1'(it)
-172

0.81

0.6 1

0.4+

0.2+

-1 /(55400 * pi)
—t411* X_12,1(it)

T T T T T T T T
0.5 1.0 1.5 2.0 0.5 1.0 1.5 2.0

(a) qulz,l(l’t) (b) XlZ,l(it)/X{ZJ(it)

Figure 6.4: Graphs of !Xy, 1(it) and X12,1(it)/ X1, ,(it) with asymptotes as t — 0" and

t — oo.
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Chapter 7

Extremal quasimodular forms of higher
levels

In Chapter 4, we studied the positivity of level 1 extremal quasimodular forms of Kaneko—
Koike [40]. In this chapter, we study analogues of their results for extremal quasimodular
forms of level I'h(N) for N = 2,3,4, introduced by Sakai and Tsutsumi [67]. We first
prove uniqueness of extremal quasimodular forms of level I'y(N) and depth s for (N, s) €
{(2,1),(2,2),(3,1),(4,1)} by adapting Pellarin’s argument [61] (Corollary 7.2.4).

For each pair (N, s) listed above, we derive new recurrence relations (Theorems 7.3.7
and 7.4.5 for depth 1, and Proposition 7.3.16 for depth 2), and use them to prove positivity
of the depth 1 forms D, and 7, (Propositions 7.3.8 and 7.5.3). In all cases, we also classify
those with integral Fourier coefficients (Theorems 7.3.14, 7.4.7, and 7.3.19), extending the
level 1 results of Kaminaka-Kato [39] and Nakaya [57]. For (N,s) = (2,2), we further
classify the completely positive forms (Corollary 7.3.17), showing that only finitely many
weights give completely positive forms, in contrast to the depth 1 case.

7.1 Extremal quasimodular forms a la Sakai-Tsutsumi

It is natural to consider extremal quasimodular forms of higher levels. In [67], Sakai and
Tsutsumi defined them for level I'o(N) with N > 1 (possibly with nontrivial characters) in
the same way.
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Definition 7.1.1 (Sakai-Tsutsumi [67]). Let f = > ,50a,9" be a quasimodular form of
weight w and depth r with a character xy of I'o(N). Let

m = dimQM,(To(N), x) = ) dim Mu-2:(To(N), x).
i=0

Then f is an extremal quasimodular form if its first m Fourier coefficients satisfy
apg=a1=-=ay2=0, ayu_1#+0.
We say that f is normalized if a,,—1 = 1.

They studied extremal quasimodular forms of depth 1 and level N = 2,3,4, con-
structing explicit families via recurrence relations that also satisfy certain modular linear
differential equations.

7.2 Uniqueness of extremal quasimodular forms

We prove uniqueness (up to normalization) of extremal quasimodular forms of even
weight, depth 1, trivial character, and level I'y(N) for N = 2,3, 4, by adapting Pellarin’s
argument [61]. Note that Lin and Yang used the same argument to prove uniqueness
of extremal forms in Atkin-Lehner subspaces of level I'j(2) and I'{(3), where I';(N) is a
subgroup of SL,(R) generated by I'y(N) and Atkin-Lehner involutions [52, Corollary 2.16].

The main idea of [61] is to consider the following quantity
Ks(w) == dim Mi541)(SL2(Z)) — dim QM (SLa(Z)) € Z (7.1)
and prove the following estimate:
Theorem 7.2.1 (Theorem 2.3 of [61]). Let 65(w) := dim Q M’ (SL»(Z)). We have
0s(w) = 1 < vax(s, w) < 8s(w) — 1 + xs(w), (7.2)
where vimax(s, w) is the largest possible vanishing order at infinity,

Vmax(s, w) := max{n : 3f € QM (SLo(Z))\{0}, f = 4" + O(g"*)}. (7.3)
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In particular, ks(w) = 0fors = 1,2,3,4[61, Lemma 2.1], and combined with uniqueness
of extremal modular forms (i.e. depth 0) of level 1, this proves the uniqueness of level 1
extremal forms of depths 1 through 4. Note that M,,(SL2(Z)) has a basis o, g1, - - -, §4-1 of
the form ¢j(z) = 2,5 ax(gj)9" [74, p. 20], which proves uniqueness of extremal modular
forms of level 1.

For higher levels, it is natural to consider the following generalization of (7.1):

Os(w, N) := dim QM:*(To(N)) (7.4)
Ks(w, N) := dim M(s11)0(To(N)) — dim QM (To(N))
= 0o((s + )w, N) — 65(w, N). (7.5)

Following the arguments in [61, 52], it suffices to establish the following.

Proposition 7.2.2. For each s and N, xs(w, N) is increasing in w and independent of w
for sufficiently large w, i.e. xs(N) := limy 0 ks(w, N) exists. Moreover, k1(2) = k2(2) =
x1(3) = x1(4) = 0.

Proof. For N = 2, one has

So(w, 2) = dim My (To(2)) = {%J +1. (7.6)

Hence 6¢(w +4,2) = 6o(w,2) + 1 holds for all w, and if w > 2s + 4, we can write w = w’ +4
withw’ —2i > 0foralli <s, so

ks(w,2) = Oo((s + D)w, 2) — ds(w, 2)

=(5+1)+60((s + D', 2) = (s +1) — Z So(w’ —2i,2)
i=0

S
= 5o((s + Dw’, 2) — Z So(w’ = 2i,2)
i=0
= xs(w’, 2)
and this also proves monotonicity. x1(2) = k2(2) = 0 are equivalent to

60(27/(], 2) = 60(@0,2) + 60(@() - 2/ 2)/
60(3@0, 2) = (S()(ZU, 2) + 6O(Z'U -2, 2) + 60(@0 -4, 2)/
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which can be proved using (7.6). Similarly, the dimensions of even-weight modular forms
of level 3 and 4 are

So(w, 3) = dim My (To(3)) = {%J +1, (7.7)
So(w, 4) = dim My (To(4)) = % +1, (7.8)

A similar argument with 6o(w, 3) = do(w —6,3) + 2 and 6o(w, 4) = 6o(w — 2,4) + 1 proves
Ks(w,3) = xs(w — 6,3) and ks(w,4) = xs(w — 2,4). One can get monotonicity of k,(w,3)
and «xs(w, 4) from these, and also

K1(3) =0e 60(210,3) = 60(wl 3) + (SO(ZU - 2/ 3)/
K1(4) =0e 60(2&),4) = 60('60,4) + 60(@0 -2, 4)/

can be shown using (7.7) and (7.8). O

Proposition 7.2.3. Foreachw € 2Zand N = 2, 3, 4, there exists a unique extremal modular
form of weight w and level I'y(N) up to scalar multiples.

See Theorems 7.3.3 and 7.4.2 for the level 2 and 3 cases; the level 4 case is discussed in
Section 7.5.

Corollary 7.2.4. For
(N,s)e€{(2,1),(2,2),3,1),(4,1)} (7.9)

and even w, extremal quasimodular forms of weight w, depth s, and level I'y(N) are unique
up to scalar multiples.

Proof. One can show that an inequality similar to (7.2) holds for general levels:
Os(w, N) —1 < viax(s,w,N) < 6s5(w,N) — 1+ xs(w, N) (7.10)
where
Vmax(s, w, N) := max{n : 3f € QM (To(N))\{0}, f=q"+ O(q””)}. (7.11)
Now, Proposition 7.2.2 shows 0s(w, N) — 1 = vmax(s, w, N) and completes the proof. O

Note that xs(N) > 0 for other (N, s) with N = 2,3, 4, so the argument does not apply
in general. However, we can still check the uniqueness of extremal forms of small depths
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and weights by considering the first few Fourier coefficients of a basis of Q M3’ (To(N)).
Let f1,---, fa be abasis of Q Mfus (Fo(N)) with Fourier expansions
fiz)= ) ainq",

n=0

which can be computed using a basis of M (I'0(N)) for w’ < w and E;. Then the

uniqueness of an extremal quasimodular form of weight w, depth s, and level I'y(N) is
equivalent to the invertibility of the d X d matrix

aio 4ai1 ot a1,d-1
ao 4az1 - az24-1
ago ada o 4dd-1

Using Sage, we checked this for (N, s) = (2,3),(2,4),(3,2),(3,3),(3,4) and w < 50. Based
on our calculation, we conjecture that uniqueness holds for all even weights with these
levels and depths. Details can be found in Appendix A.2.

Conjecture 7.2.5. Foreach N > 1,even w > 2, and s > 0, there exists a unique normalized
extremal quasimodular form of weight w, depth s, and level I'o(N).

7.3 Level I'x(2)

Define the following modular forms of level Ty(2):!

Ao(z) = 2E»(2z) — Ea(z) = 1 + 244 + 24q% + 964° + 24q* + 144¢° + - - -, (7.12)
Ago(z) = E4(2z) = 1 +2404% + 2160g* + 67204° + 175204° + 302404 +---,  (7.13)
1n(22)'° _ Ax(2)* — Ag(2)

n(z)® 48

These are modular forms of weights 2,4, 4, and the ring of quasimodular forms of level

Ag1(z) = =q+8¢*+28¢° +64g* +1264° +--- . (7.14)

I'0(2) is generated by these together with Ej:
QM(I'0(2)) = C[E, A2, Aso] = C[Ez, A2, Agpa].

Note that A4,1(z) is not a cusp form in the usual sense, since it only vanishes at one cusp
(c0).
1A, and A4 1 are denoted by H; and A; in [67], respectively.
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Lemma 7.3.1. Ay, A4, and A4 1 have positive and integral Fourier coefficients.

Proof. The Fourier expansion of A, is

Ax(z) =2 (1 -24 Z ol(n)qZ”) - (1 -24 Z al(n)q”)

n>1 n>1

=1+ 242 (al(n) - 201 (g)) q"

n>1

where we define g1 to be zero for non-integer inputs. For each 1, write n = 2m with k > 0
and odd m; then one can show that

o1(n) — 201 (g) =o01(m) > 0.

Positivity of Fourier coefficients of Aso(z) = 1 + 240 Y51 03(1n)q?" is clear. For Ag1, we
can write it as

e % _ Eél(iz) . (52(22)1; Ez(z))2 7.15)
2
- 3o (3)) 4| 3 o= (5
nx1 n>1
and the claim follows. O

Remark 7.3.2. In [44, p. 153], it is shown that the square root of A4 has positive integral
Fourier coefficients:

n(2z)® a1 3 5 7 9
W: Z o1(n)q? =q2 +4q2 +6q2 +8q2 + 1392 +--- . (7.16)
n>1,24n

Also, the eighth root of A4 is

—

(22 _ 45 M (=) _ W N
n (Z) = ql 21 1 :qSZCZ(n)q :qéZq( 21)
n g anl(l - qn) n>1 n=0

where c(n) is the number of 2-core partitions of n [29, 33, 4].

From Lemma 7.3.1, we can prove the following analogue of the Kaneko-Koike conjec-
ture for “depth 0” extremal forms of level I'y(2).
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Theorem 7.3.3. Normalized extremal modular forms of weight w and level I'z(2) are
unique and have positive and integral Fourier coefficients.

Proof. From dimc My (I'o(2)) = [7] + 1, the extremal modular form of level I'g(2) has

vanishing order | 7 | at the cusp. Hence, it should be of the form ASAZI1 where

0,%2) w=0 (mod4)
(a,b) = (7.17)
(1,%2) w=2 (mod4)
so that 2a + 4b = w and b = | 7 |. Then the claim follows from Lemma 7.3.1. O

Remark 7.3.4. The analogue of Theorem 7.3.3 fails at level 1: extremal modular forms of
level 1 are of the form EZESAC, and their Fourier coefficients are not positive in general.

Remark 7.3.5. One can construct a Miller basis of M,(I'0(2)) using A, and Ay 1, i.e. a basis
80,81,/ 82 where the i-th coefficient of g; is a;(g;) = 6;; when 0 < i,j < [ 7] (see [74,
p- 20] for the case of level 1), by taking linear combinations of AgAZ , above. Integrality of
the coefficients implies that integral linear combinations of the elements of the basis are
precisely the modular forms of level I'g(2) with integral Fourier coefficients. See Appendix

A.2 for more details.

Depth 1

Now we consider the depth 1 extremal forms. Let D, = Dy 1 denote the (unique)
normalized extremal quasimodular form of weight w, depth 1, and level T'y(2).? Define

Ez(Z) + 2A2(Z)

EX(z) = .

= (log As1(2)) =1+8 Y. (ol(n) 40, (g)) " (7.18)
n>1

which will play the role of E; in the case of level Iy(2).> We also denote the level T'(2) Serre
derivative as

I = F - EE?]P = OF — gAzF. (7.19)
It is known that O, satisfies the following modular differential equation [67, Theorem A]:
oy = CEllgy , W@ Dpnrg, (7.20)

w 72 w 4 2 w = VU. .

2In [67], the authors used D, for weight 2n extremal forms, but we use this notation so that all the
subscripts stand for weights of quasimodular forms, like (7.12) or (7.13), (7.14).

3Ttis denoted by E f) in [67], while we use [2] as a superscript to avoid confusion with second derivatives.
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Using this, we can obtain a recurrence relation for the Fourier coefficients of Dy,.

Proposition 7.3.6. Write the Fourier expansion of D, as

Dy =y d’q" =) filw)g* (7.21)

n>w w k>0

with fi(w) = d'*)

2k Then fi(w) is a rational function in w, and it satisfies the following

identity:

1 C(w jw , w(w — 1)i
fr(w) = (%+—k)k (; (5 (E + (k- 1)) —) bi fr—i(w) (7.22)

where fy(w) = 1 and b; is the i-th Fourier coefficient of Egz]

Proof. Compare the coefficients of 42+ in (7.20). O

Here is a list of fy(w) for1 <k < 4:

hw) =-—— 2 (7.23)
2w(w? + 12w — 4)

L) = = w0
Sw(w? + 14w? — 16w + 16)

) = D w s w6
2w(w® + Sw* + 312w3 — 654w? + 1472w — 480)

fa(w) =

(w +2)(w + 4)(w + 6)(w + 8)

Theorem 7.3.7. For w > 2, let D, be the normalized extremal quasimodular form of
weight w and depth 1 defined in [67]. Then these forms satisfy the following recurrence

relations:
(w+2)(w +4)
= A —A11Dw). 7.24
Dy To(w + 3)° (A2Dy+2 — Ag1Dyw) (7.24)
w+2 5w +1
Z)w+2 - 8(w n 1)2 ( 12 AZDw - aw—lz)w) (7-25)
w+2
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Proof. (7.24) corrects a minor error in [67, Lemma 1]. For (7.25), one can check that the
right-hand side is a normalized quasimodular form of weight w + 2 and depth 1 with
vanishing order % + 1 at the cusp, and Corollary 7.2.4 implies that it must be 9y, 4>. For
the last identity, differentiating (7.25),, gives

W+ 2 5w +1 5w +1 w-—1
D’ Ay D)+ ——A Dy — D)) + ——E,D!
w2 = 8(w+1)2( 12 2wt T 12 12 2w
w+2
=— |4 ’+—2 + 1A, + (w = 1)E;

where we used (7.20) to rewrite D;;. Now, add this to 4(w + 1)D2 D42 with (7.25),,; then
the D,9,, term vanishes and we get (7.26),. O

Proposition 7.3.8. For w > 2, D, is positive, i.e. Dy, (it) > 0 forall t > 0.

Proof. Define D, as

~ n(2z)\*@™Y
Dy(z) := ( ) Dy(2). (7.27)
n(z)?

We will show that D, (z) is completely positive, and the positivity of Dy, (z) will follow
directly from the product formula of 1. For w = 2,

Dy = 2Dl BB (o, (2] gy

n>1

is completely positive, and also

1n(2z) n(l—q) L+4q" 1—[(1+q)(1+q + g2 ) (7.29)

n(z)? n>1 (1—¢")7 n>11 q" n>1

is completely positive as well, hence Dy(z) is completely positive. By n’ = 5;Eon and
(7.26)—2, the derivative of D, is

~, 1(22)\*° ™ SE2(22)n(22)n(z)? - 15 E2(2)n(2z)n(2)?
Dulz) =2w 1) (n(z)z) G

2 2(w-1)
(i) o

_ (n(22)
n(z)?

Dy(2)

2(w-1)
) [4(w — 1)D2(2)Dw(z) + D), (2)]
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nez)
n(z)?

2z)%\ ~
%)Dw—2(z)-

By induction, 5w (z) is completely positive for all w (recall Lemma 7.3.1 and (7.29)). O

w

2(w-1)
= §A4,1(Z) ( ) Dy-2(z)

= %Au(z) (

Lemma 7.3.9. For N € Zsy, N°E}(Nz) — E}(z) € QM (To(N)) is positive.
Proof. This follows from Lemma 6.1.2 and Corollary 6.4.1. O
Corollary 7.3.10. For any N € Z and t > 0, N2E»(iNt) — Ep(it) > N2 — 1.

Proof. By Lemma 7.3.9, t — N2?E»(iNt) — E,(it) is decreasing, hence N2E5(iNt) — Ex(it) >
lim; 0o N?E»(iNt) — Eo(it) = N2 - 1. m

Proposition 7.3.11. For w > 2, D, is positive.

Proof. From (7.18), one can check that the differential equation (7.20) is equivalent to

/

Z), - 1 ’
R (730)
A Ay

By Lemma 7.3.9 with N = 2, Egz]' > 0 and the right-hand side of (7.30) is negative, hence
t — D] (it)/ A4,1(it)% is a monotone increasing function on ¢ > 0. Thus it is enough to
show that the limit lim;_,o+ D/, (it)/ A4 1(it)? is zero. Using the transformation law of (z),

we get
4

i\ 4 n(it)16 4 1 = p—2rnt\8 ot .
A4,1( ) EB | = g1+ 0E”™) (7.31)

2t] ~ 167Qit)F 1+ ¢-2mnt

as t — oo. For D) (it), write D], = Fo + F1E; + F2E§ with F; € My2i(I'0(2)). Then
1 1
—wqy || = W -
Z Dw ( 22) z FO ( 22)
1 1
“w-)p (.22, [-—
+z F1( 22) z Ez(z)

+ Z_(w_4)F2 (—l) . Z_4E2 (——
2z
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. o
= Fi(2) + Fa(2) (4Ez(22) - ?) F3(z) (4152(22) - %)

for some IP-:] € My-2j(T'0(2)) (these are multiples of Atkin-Lehner involutions of F;). Con-

sidering z = it we get D), (zit) = O(t%) ast — oo (note that lt:j(it) = O(1)), and combining
with (7.31) gives

D) _ . Dol _ . o)
i w

im ————— = im — =
t—0* A4/1(lt)7 t—o0 A4/1 (_t)j t—o0 éz—w(l-i-O(e_znt))

O

Propositions 7.3.8 and 7.3.11 show that the function ¢ +— D (it) is positive and mono-
tone decreasing for all t > 0. In fact, we conjecture that O, satisfies the analogue of the
Kaneko-Koike conjecture.

Conjecture 7.3.12. For all even w > 2, O, is completely positive.

Although we cannot prove this, Propositions 7.3.8 and 7.3.11 provide some evidence
for this conjecture in view of Proposition 3.2.4, where complete positivity is equivalent to
the positivity of all higher derivatives.

Instead, Lemma 7.3.1 and (7.24) immediately imply the following result, which is an
analogue of other parts of the Kaneko—Koike conjecture.

Corollary 7.3.13. For even w > 2, the prime factors of the denominators of all the Fourier
coefficients of D, are smaller than the weight w.

By observing the second nonzero coefficient of D,,, we can easily determine all extremal
forms with integral Fourier coefficients, as was done for the level 1 and depth < 4 cases in
[39] and [57].

Theorem 7.3.14. D, has an integral Fourier expansion if and only if w = 2.

Proof. By (7.23), Dy, has integral Fourier coefficients only if w + 2 divides 8, i.e. w = 2 or

w = 6. D, has integral Fourier coefficients from (7.28), but the coefficient of ° in Dy is %

(Table C.2). O
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Depth 2

We proved uniqueness of the (normalized) depth 2 extremal quasimodular forms in
Corollary 7.2.4, and we will denote the weight w forms by D, ,. It is natural to ask
whether they satisfy differential equations and recurrence relations similar to the ones for
level 1 [40, 32]. In the case of level 1 and depth s < 4, the extremal quasimodular forms
Xuw,s are solutions of the differential equation

w -
X! = B2, X, 17 = 0

and one can try to find a similar equation for O, ». In fact, direct computation shows that
the differential equation (7.20) for Dy, = Dy, 1 is equivalent to

17 w 2 2,w-1
D = FIEY, Dy 7Y =0,

An analogous equation holds for depth 2 as well.

Theorem 7.3.15. Forw = 0 (mod 4), the extremal quasimodular form of level I'y(2), weight
w, and depth 2 satisfies the following differential equation:

1444 w LW —
D}y = 71E Daaly ™™ (7.32)
yy 3W . 3(w - 1w , w—-2)(w - 1w
. TEgzlﬂw,z + %Eéﬂ’ﬂw,z ( )(8 ) Egz]”@w,z _0, (733)
or equivalently,
—AJ +4A40) [30w2 -4 w +1)(w — 2)2

85.],.285]85]_2@@0,2 - 2 3 l 16 85]_21)10,2 + ( )3(2 ) AZDw,Z =0

(7.34)

Proof. We follow the argument in [32]. One can directly check that 9, satisfies the
differential equation. Define the operator K\ as

KPf = B0 f ol ool f v a@ s walanf 03

where
A (w +2)(3w? + 12w +10)
v 3(7w? + 28w + 24)
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NCI s 1)(15w° + 48w? + 4w — 40)

o 12(7w? + 28w + 24)
NC 16(w + 1)(16w3 + 55w? + 20w — 28)
© o 3(7w? + 28w + 24)

By using induction, we can prove that if f satisﬁes (7.32)w, then K,° f satisﬁes (7.32)+4-
o2 o2l KD,

p (2] up
More precisely, we can express 8w Ko D2, o2 ol w Dwoand &'w 690149010 K

w+4 w+2
as a linear combination of 8w 8w_21)w,2, 3w_21)w,2, and Dy, » whose coefficients are mod-

ular forms of level I'g(2). Then (7.34)y+4 for f = K;pf)wlz becomes identically zero. O

A dimension computation shows that the vanishing order of Dy, » is |2 ]. By compar-
ing coefficients of %+ and ¢%*2 of (7.33), for w = 0 (mod 4) the g-expansion of Dy, »
starts with

w  2w(w? — 12w — 16) a4
Dua=d% == g 1"
w(2w + 21w* + 1136w + 4048w? + 2432w — 1024) 75
(Bw + 4)2(Bw + 8)2

(7.36)

We can also use this to compare the second nonzero coefficients of Dy44> and K;pZ)w,Q
and obtain the constant of proportionality:

220(w + 1)3(w + 2)*(w + 3)°
33(w + 4)2(3w + 4)2(Bw + 8)2(7w? + 28w + 24)

up
Ky Dyo = Dip+ap.

Proposition 7.3.16. For w = 0 (mod 4), we have the following recurrence relation:

(Bw + 4)?

256(w + 1) (( +DA2Dr 2 — 29, Dy z) (7.37)

Dyi2p =

Proof. Both A2Dy, > and 85]—21) w,2 have weight w + 2, depth < 2 and have order q% . S0

3w
T +1

their suitable combination has order g . Now, we can use (7 36) to find a, b where

aA2Dy 2 + ba Z)w 2 = Dyi2,2 by comparing coefficients of g * and q P41 , which gives
the above relatlon. |

Corollary 7.3.17. Dy, » is completely positive if and only if w € {4, 6,8, 10,12, 14, 18}.
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Proof. For w = 4 and w = 6, we have the following identities:

D)} 5(z) =3D1,1(2)X4,2(22) (7.38)
1 (98E/(22) = 13E/(z) E.(22)—E )
Z%ﬂmzz%O( ——* 6(2)7()6(2)+AZ('Z)) 739

(7.38) implies that D > is completely positive. From (7.39), the n-th coefficient of g, is

1
2880

It has order 4 at the cusp, and one can actually show that the contributions from E4 and

L¢(—1303oo-+4903(g))-+3(a5uo-a5(g))-+10n2(01@0-2al(g))] (7.40)

E¢, i.e. the 03 and o5 terms of (7.40), are already positive for n > 4.

Now, define

B (A3 — A40)(4As0 — AY)

Ma(z) := n(z)®n(22)® = Z cnq" = 144 (7.41)
n>1

which is a Hecke eigenform of level I'g(2) and weight 8, and its n-th coefficient c,, can be
bounded by ao(n)n% <n? by Deligne’s bound. For w € {8, 10, 12,14, 18}, we can express
Dy 2 as

Dywo =Py +Q + Ry (7.42)

where Py, Qu, Ry, are modular forms of level I'y(2) and weights w —4, w -2, and w, respec-
tively. Then we can decompose these into Eisenstein and cusp parts, and estimate Fourier
coefficients of each part to show that the Fourier coefficients of Dy, » = anL B | dfff’z)q” are
positive for large enough n. For example, for w = 8, we have

_ Eu(z) — 8E4(22)

P
8 1612800

0 _ 11E4(z) — 191E4(22)
8~ 71124480

R Es(z) — Es(2z) 11Ax(z)
8 = -

51179520 137088

so the n-th coefficient of Dg 5 is

o 240n?(o3(n) — 803(%)) ~ 504n(1105(n) — 19105(%)) . 480(07(n) — 07(3)) _ 1ley,
n2 1612800 71124480 51179520 137088

By using n* < ox(n) < 2nf for n > 1 and k > 2, we can show that d](f)z > 0 forn > ng
with effective ng, and for n < ng we can check positivity by direct computation. For
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w = 10,12,14, 18, we have the following decompositions, and we can show positivity of

the Fourier coefficients similarly:

Py =
Q10 =
Ry =
Py =

Q2 =

Ry =

Py =

Qu =
Ry =

Pig =

Q18 =

_E6(Z) + 73E6(22)
731566080
_361Es(z) + 26839E5(22) 2414
284265676800 84602880

—Elo(z) + E10(2Z) 121A2A2
2715254784 39997440
—Eg(z) + 5441E5(2z2) Ay
2895298560000 5222400
151E10(Z) + 110953E10(22) " AZAZ
53236592640000 733286400
Ein(z) — Ep(2z) (33389542 — 801981A4,0)A,
811819008000 2451778560000
—45E10(Z) + 18893E10(22) ArA»
304513309900800 230461440

—22363E15(z) + 20343643E15(2z)  (688459A3 — 1265209A4,0)A2
+

228186736223846400 168290080358400
_E14(z) + E14(2z)  Aa(8883883A2 — 20201636A40)A;

43911212826624 1463003388887040
_5197E14(z) +2098067315E14(22)

44416420158497587200000
A2(98935A3 — 269494A4,0) A,
- 21751003975680000
_ 581E1(2) + 24329659E16(22)
272898149276712960000

(61058626865A% — 197501459863 A2 A4 o + 270388013672A2 )A,
2 2 4 4,0

" 15689843541552660480000

—E18(z) + E158(2z2)
778506238269849600

A2(143215428358562A§ - 667208676525767A%A4,0 + 767756329212366/12 0)A2

14883124757451581030400000

For other (even) weights, we can show that the second nonzero coefficient of Dy, > is
negative. When w = 0 (mod 4) and w > 16, this directly follows from (7.36). When w = 2
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(mod 4), we can use (7.36) and (7.37) to show that the second nonzero coefficient is

2(w® = 18w* — 4w +8)
Bw +2)2

(7.43)

which is negative for w > 22. m|

Remark 7.3.18. The above decompositions of D, for w = 4,6,8,10,12,14,18 are com-
puted with the help of ChatGPT-5.5 Pro.

By observing the second nonzero coefficient of 9, », we can easily show the following:

Theorem 7.3.19. There is no extremal quasimodular form of even weight, level I'((2) and
depth 2 with an integral Fourier expansion.

Proof. When w = 0 (mod 4), assume that D, > has an integral Fourier expansion. Then

we have )
2 - -
B w(w= — 12w — 16) ez,
Bw +4)2
which implies
2w(w? — 12w — 16) B 128

273w + 4) - (18w? — 240w + 32) = —

€
Bw +4)2 3w +4

and the only possible w’s are w = 4 or w = 20 (among multiples of 4). However, the
corresponding (second nonzero) coefficients are 3 and —33, respectively, which are not
integers. The case w =2 (mod 4) can be checked similarly by using (7.43). O

Higher depths

Although we do not know existence or uniqueness of extremal quasimodular forms for
higher depths, one may ask whether a differential equation analogous to (7.32) is satisfied
by the extremal quasimodular forms of level I'y(2) and depth s > 3. Unfortunately, no such
differential equation holds in general for depth > 3. If D, 3 is an extremal quasimodular
form of level I'g(2), weight w, and depth 3, then it is natural to expect that it satisfies the
following differential equation:

F(4) E[z] F (2w-3)
©ER, FS

o _ [ZJ " § l2J/ ’” (w 2)(w - 1)w lZJ” (w 3)(w 2)(w 1)w [ZJ/N
=F wEyF + 2(w DwE; > E; Y E;
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=0.

However, any F satisfying the above differential equation has vanishing order w at the
cusp, while the actual vanishing order of D, 3 (if it is unique) would be

3
dim QM3(To(2)) - 1 = Z dim My_ok(To(2)) =1 = w — 1.
k=0

Instead, we show that the smallest-weight depth 3, level I')(2) extremal quasimodular
form De 3 is completely positive.

Proposition 7.3.20. We have

25
De3(z) = 8—4(1)6,1(2) — De,2(z) — Dr,1(2)X4,2(22)) (7.44)
~700Ef/ (z) — 8400E (22) — 91E},(2) — 714E/,(2z) — 10E4(2) + 10E¢(22) s
B 4515840 (7.45)

10 60 80 260 324
— 5 6 7 8 9 10
In particular, Ds 3 is completely positive.

TR (7.46)

Proof. Both identities can be checked by direct computation with Sage. By (7.45), the n-th

coefficient of De 3 is
_ An + Bn/z

ap = 7633 (7.47)

where
A, = 10n%01(n) — 13n03(n) + 305(n), B, = 120n%01(n) — 102n03(n) — 305(n)
and B, = 0 when 7 is not an integer. Using the elementary bounds n* < o4(n) < 2n* for
k > 2 (and 01(n) < n?), we have
Ay 23n° = 26n* +10n°, B, > —6n° —204n* + 120n°
and this implies A;, > 0 forn > 9 and A, + B,/ > 0 for even n > 14. Thus a, > 0 for

n > 14, and one can check that a,, > 0 for 5 < n < 13 by direct computation. O

Remark 7.3.21. The positivity of a, is verified in Lean 4 with the help of Claude Opus 4.7.

However, it is not true that all depth 3 extremal quasimodular forms of level I'y(2) are
completely positive. In fact, we can compute with Sage that
1 553179q12 N 2138466q13 B 4442592q14 L
162637 162637 162637
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7.4 Level I'y(3)

The ring of modular forms of level I')(3) with even weights is generated by the following

modular forms:
3E2(3z) — Ea(2)

Ba(z) = 5 =1+12g +364% + 12¢° + 84¢* + 72¢° + - - -, (7.48)
Ba(z)* - B
Byi(z) = 2(2) o 102) _ g +99% +27% + 73q* + 1264° +243¢° + - - - , (7.49)
Bx(z)® - 3By(z)B +2B
Boo(z) = 222 73B2(2)Buo(2) # 2Booz) _ o, o3 ok 4 8005 420748 4 . (750)

432
Note that By, By 1, Be 2 are algebraically dependent; we have Bi 1 = B2Bg 2. Also, we define

EEJ)](Z) _ Ex(z) -ZBBz(Z) _ 9E2(32)8— Ea(z) _ 14 32 (ol(n) 90, (g)) g (7.51)

nx1
and the corresponding level I'(3) Serre derivative
k

k
IE=F - 5EE”F = OkF — 7BaF. (7.52)

Lemma 7.4.1. By, B4, B> have positive and integral Fourier coefficients.

Proof. The positivity of B; is clear from
Ba(z)=1+12) (Gl(n) _ 30, (3)) q". (7.53)
3
n>1
For B4,1, we have an analogous decomposition as (7.15):

By(z) E;(32) , 5 (E262) ~ Ea(2) 2
12 4 24

Bya(z) = (7.54)

2

5 (o= (2))

n>1

= Z n (ol(n) - 301 (g)) q" + 62 no1(n)g® +3
n>1 n>1

which immediately shows integrality and positivity of coefficients. Finally, Be is equal
to the 6-th power of

37)3 3 1 — g31)3

T}( Z) — q Ll_[nZl( q ) — q% Z C3(n)qi’l, (755)
17(2) q> anl(l - qn) n=0

where the last summation is the generating function of the number of 3-core partitions

[29, 33, 4], hence has integer coefficients. O
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Theorem 7.4.2. Normalized extremal modular forms of even weight w and level I'y(3) are
unique and have positive and integral Fourier coefficients.

Proof. From (7.7), the extremal modular forms of level I'o(3) have vanishing order | 3 | at

the cusp. Hence, each of them should be of the form Bg BZ 1Bg ) where

(0,0,%) w=0 (mod 6)
(a,b,¢)=4(1,0,22) w=2 (mod 6) (7.56)
(0,1,2%) w=4 (mod 6)

so that 2a + 4b + 6¢ = w and b + 2¢ = | §]. Then the claim follows from Lemma 7.4.1. O

Remark7.4.3. Asin Remark 7.3.5, these can be used to construct a Miller basis of M,,(I'o(3)).
See Appendix A.2 for details.

Now, denote by &, the unique normalized extremal quasimodular form of level I'y(3),
even weight w, and depth 1 (Corollary 7.2.4). As in the level I'¢(2) case, &, for w = 0
(mod 6) satisfies the following differential equation:

w 2w w(w —1) _r3),
&y~ 3By, 8ol = 8 - TEYE, + ———E; €, = 0, (7.57)
Proposition 7.4.4. Write the Fourier expansion of &, as
Ev= ) " = gilw)gF I (7.58)

nZszJ k>0

(w)
LZw J +k°
satisfying the followmg identities:

k .
si= e (5 (2 () ] o

3 i=1

with gx(w) = ' Assume w = 0 (mod 6). Then gx(w) is a rational function in w,

where go(w) = 1 and c¢; is the i-th Fourier coefficient of E?].

Proof. This directly follows from comparing coefficients in the differential equation (7.57).
O
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Here is a list of gx(w) for 1 < k < 4:

w(w + 3)
— 7.
g1(w) T (7.60)
w(w? + 45w + 54)
= 7.61
$200) = S ¥ 372w + 3) (7.6
w(w + 5)(w* — 14w? + 315w? + 342w — 324
ga(aw) = L ) 7.62
48(w + 3/2)(w + 3)(w +9/2)
w(w® — 27wd + 899w* + 6015w + 11484w? — 3348w + 27216)
ga(w) = (7.63)
384(w + 3/2)(w + 9/2)(w + 6)
Theorem 7.4.5. &, satisfies the following recurrence relations: for w = 0 (mod 6)
2w+ 3 7w+1
Swi2 = m (—9w—18w + 12 B28w) (7.64)
2(w+3 7w+ 11
8w+4 = W (_aw+18w+2 + TB28w+2) (7-65)
2(w + 6)2w +9) (w + 3)(w? — 8w — 56)
&E = —0w+3Ew+4 — B,&E
w+6 243(w I 5)2 w+3Cw+4 12(w n 4)2 20w+4
2(w + 3)(w? + 6w +7)
Bs1E 7.66
3(w +4)2 4,10w+2 ( )
, 2w
8w+2 = —3(w + 1)828w+2 + (? + 1) B4,18w (7.67)
2(w +3
81/u+4 = —3(w + 3)828w+4 + ﬁ ((w2 + 6w + 7)B4,18w+2 - (2w + 3)B6,28w) (7.68)
, 4(w + 3)(w +6)2w +9
S = —3(W +5)828 016 + ( ) A ) (B4,1Ew+4 — B 2Ew+2) (7.69)

81(w + 4)?

Proof. Since the Serre derivative does not increase depth, the right-hand side of (7.64) is a

quasimodular form of weight w + 2 and depth < 1. By uniqueness, it is enough to show
2(w+2)

that the Fourier expansion of the right-hand side starts with gl™5 1 = q%”, and this can
be checked from the Fourier expansions of By, &;, and (7.60). The next two recurrence
relations (7.65) and (7.66) can be checked similarly, and the remaining three relations
follow from the first three. O
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From (7.64) and (7.65), we can obtain formulas for the rational functions gx(w) when
w =2 (mod 6) and w =4 (mod 6). For example, we have

w?+8w—2 —
g1(w) = { Zws) U 2 (mod 6) (7.70)
wAowts ;Zﬁ“l’” w=4 (mod 6)

The following corollary is an immediate consequence of the first three recurrence
relations, and is analogous to Corollary 7.3.13.

Corollary 7.4.6. For even w > 2, the prime factors of the denominators of all the Fourier
coefficients of &, are smaller than the weight w.

As in Theorem 7.3.14, we can determine the extremal forms with integral Fourier
coefficients by observing the second nonzero coefficient of &;,.

Theorem 7.4.7. For even w, &, has an integral Fourier expansion if and only if w = 2 or 4.

Proof. As in the proof of Theorem 7.3.14, we use (7.60) and (7.70) to find necessary condi-

w(w+3)
2013 € L

< 2. Similarly, one can

tions for the integrality of the Fourier coefficients. If w = 0 (mod 6), g1(w) =

3w 3w
2w+3 2w+3

check that the only possible w’s for g1(w) € Z for w = 2,4 (mod 6) are w = 2,4,8. When
w = 2 or 4, one can write

&z = 2B S (5 a0 (1)) g7,

implies 2¢1(w) — w = € Z, which is impossible since 1 <

24 3
nx1
E/(3z) ?
_ 2 _ 2 _ _ n n 3n
E4(z) = Ex(2) +2( Y ) = [Z (al(n) o (3))q +22n01(n)q
nx1 nx1
and this proves integrality of the Fourier coefficients. However, the coefficient of g7 in Eg
is %, which is not an integer (Table C.2). O

As in the level I'g(2) case, we conjecture that &, is completely positive for w > 2.

Conjecture 7.4.8. For all even w > 2, &;, is completely positive.

A similar approach to Proposition 7.3.8 can show that the positivity of &, for w = 0
(mod 6) implies the positivity of &2, using (7.67), but this is not enough to prove the
positivity of Ey4 and Ey 4.
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7.5 Level I'x(4)

The ring of quasimodular forms of level I'((4) with even weights is generated by the
following modular forms:

Ca0(z) = 2E2(42) — E2(2z) = 1+ 244% + 244" + 964° + 244¢° + 144" + - -, (7.71)
Ez (Z + %) — EQ(Z)

15 =q+4¢°+6¢° +8¢” +13¢° + 12¢M + - - . (7.72)

C21(z) =

Lemma 7.5.1. C; and C;,1 have positive and integral Fourier coefficients.

Proof. The positivity of Ca is clear from Cp,0(z) = A2(2z) and Lemma 7.3.1. For Cy1, we
can directly compute the Fourier coefficients as

Coa() =5 Y oum(-0)" =) = > or(m)”

n>1 n>1,24n

and the claim follows. Note that (7.16) implies C, 1(z)? = A4(22). O

Theorem 7.5.2. For even w > 2, the normalized extremal modular form of weight w and
level I'g(4) is unique and has positive and integral Fourier coefficients.

Proof. From (7.8), the extremal modular form of weight w and level I'g(4) has vanishing
order & at the cusp. Since C, is a cusp form of weight 2, the extremal modular form is

w
2

simply C, |, which has positive and integral Fourier coefficients. O

Let 4, (z) be the unique normalized extremal quasimodular form of level I'y(4), weight
w, and depth 1. By (7.8), we have dim QMful (To(4)) = dim M, (T(4))+dim My, —»(To(4)) =
w + 1 and the vanishing order of ¥, at the cusp is w. Consider D,,1(2z), which is also
a quasimodular form of level I'y(4), weight w, and depth 1. Since Dy, ,1(z) has vanishing
order 7 at the cusp, D,(2z) has vanishing order w at the cusp, and hence is extremal and
must coincide with %, by uniqueness.

Proposition 7.5.3. For even w, F,(z) = Dy 1(22).

As a corollary, we get positivity results for ¥, and analogous results on denominators
of Fourier coefficients and integrality of Fourier coefficients immediately.
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Corollary 7.5.4. For even w > 2, the prime factors of the denominators of all the Fourier
coefficients of , are smaller than w. Also, #;, has an integral Fourier expansion if and

only if w = 2.

Proof. This directly follows from Proposition 7.5.3, Corollary 7.3.13, and Theorem 7.3.14.
O

Table C.2 lists the first few extremal quasimodular forms of level I')(N) for N = 2,3, 4
and depth 1.
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Chapter 8

Feigenbaum-Grabner-Hardin’s family of
Fourier eigenfunctions

In [26], Feigenbaum, Grabner, and Hardin generalized the construction of magic functions
in [80, 19, 14] to arbitrary dimensions d divisible by 4. Although these eigenfunctions do
not prove any new optimal bounds for the sphere packing problem, it is conjectured
that the corresponding quasimodular forms are positive on the imaginary axis; in fact,
complete positivity was conjectured for the quasimodular forms of (—1)4/4-eigenfunctions
[26, Conjecture 1].

In this chapter, we prove a weak version of their conjecture for both the (-1)%/# and
(=1)4/4+1 families, i.e. positivity of the quasimodular forms on the imaginary axis. For the
(—1)4/% family {F, },, we prove positivity by relating these forms to extremal quasimodular
forms of depth 2 (Proposition 8.1.3); the positivity then follows almost immediately from
Theorem 4.4.4. For the (—1)4/4+1 family {Gy}w, we define a family {Y}, of “modular
forms” analogous to the depth 2 extremal quasimodular forms; in particular, the vanishing
order of Y;, at the cusp is one larger than that of G,,. We then prove positivity of Y;, (and
hence of G,) by showing that Y, satisfies a hypergeometric differential equation similar to
Nakaya’s differential equation [57]. Note that one needs to consider ¢|s instead of ¢, in
[26] to get the correct formulation (see Remark 6.4 of loc. cit.). These results will be used
in Chapter 9 to give improved upper bounds for the Bourgain—Clozel-Kahane uncertainty
principle in certain dimensions that are multiples of 4.
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8.1 (-1)%*-eigenfunctions

For dimensions d = 0 (mod 4), the (—1)#/4-eigenfunctions are constructed as integral trans-
forms of quasimodular forms of level 1 and depth 2 [26, Theorem 3.2, Proposition 5.1,
Proposition 5.3]. This construction recovers the (+1)-part of the magic functions of Via-
zovska and Cohn—-Kumar-Miller-Radchenko—-Viazovska for d = 8 and d = 24. To simplify
computations further, we normalize the forms f;,, of loc. cit. so that their first nonzero
Fourier coefficients are all 1, and denote the resulting forms by F;,. The following theorem
is the normalized version of their results.

Theorem 8.1.1 (Feigenbaum—Grabner-Hardin [26], normalized). For even w > 8, define
quasimodular forms {Fy },>s of weight w and depth 2 as

Fg = ﬁ(hﬁa} —2E>Eq + E3)
Fio = 171@(—155156 +2E,E2 — E4Fy)
Fip = 51814 5 (ESES — 2E;E4Eq + E7)
Fis = ﬁ(—ga@ + EoE] + EoEZ — E3Eq)
Fi6 = m(@E%EZ’ — 25E5E2 — 48E,E5Eq — 25E; + 49E4E2)
Fig = 287401%(—1215%]52& +5EyE; + 19E,E4E2 — 5ESE¢ — 7E2)
and
Fuiz = 16(w — 1?;3()20_—8)7()2(060_—4)6)(10 -5) ((w - 113)20 — Fabu-2= 83”_4Fw_2) (&)
Fues = 16(w — 10)(35{_5;4(20— 3)(w +2) ((w - 63)20 = EaFy = ‘95"—2&”) ' 8.2

Then the vanishing order of Fy at the cusp is [ 7| — 1. For w = 0 (mod 4), these forms Fy,

satisfy the third-order ordinary differential equation

_ Bw? 36w + 140E P (w —14)(w = 5)(w - 2)
144 w2t 864

Now, let d be a positive integer divisible by 4 and n, = |(d +4)/16] + 1. Let w = wy + =

12[(d +4)/16] — d/2 + 16. Then the following function

2 00 (2w H
Md,+(x):4sm2(””"” ) / R /) e g (8.4)
0

& Fu E¢Fp =0.  (8.3)
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for x € RY satisfies (here we abuse notation by writing My +(x) = Mg +(|Ix]]))

Mg+ (x) = (_1)d/4Md,+(X) Vx € RY,

Md/.}_( \/21’1.},.) =0 and M;l,_,’_( \/2n+) * O,
Mgy +(V2m) = M(’H(VZm) =0 Vm>n,,meZ.

Proof. The proof can be found in [26], except for the normalization part. When w = 0
(mod 4), we use the differential equation (8.3) and compare coefficients of g to show that
the g-expansion of F;, has the form

|

Fo=cw|gs +

2(w? = 12w? + 224w — 960) g

o —w (8.5)

for some constant c,, and we use induction on w with (8.2) to show that ¢, = 1 for all
w = 0 (mod 4). Using (8.8) (which will be proved in the next proposition), we can also
show that Fy, is normalized when w = 2 (mod 4). O

Assume that d = 0 (mod 8). The corresponding weight w, and n. are

4416 d=0 d 16 441=2_3 4=0 d 16
w, = {4 (mo ) ny = 4 (mo ) (8.6)
+

16
4110 d=8 (mod16) d841=2_2 4=8 (mod16)

Note that n, = [%J +1forany d =0 (mod 8).

Positivity of F,

In this subsection, we prove that the forms F, are positive for all w > 8. The proof is
based on Propositions 8.1.2 and 8.1.3, which reduce the positivity of F;, to the positivity
of depth 2 extremal quasimodular forms.

Proposition 8.1.2. For w > 12 divisible by 4, we have

_ (w-8)(w-4) B
Fyio = 768(w — 7)(w — 5) (E4Fy—2 — EsFy-4) (8.7)
aw—ZFuJ = wT_SFw+2- (88)
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Proof. The proof is similar to that of Proposition 4.4.1. We can directly check the equations
for w = 12. For w > 16, we use induction: assume that (8.7),, and (8.8),, hold. In (8.1)y 4,
we can write 8Z Fyi2 as 2% 582] ,Fu using (8.8), and then use (8.3),, (together with (8.8),
again) to express it as a combination of E4F42 and EgFy, proving (8.7),+4. Equation

(8.8)w+4 can be shown by applying dy+2 to (8.2),, and using (2.55), (8.3),, and (8.7)y+4. O

We can now express the forms F, in terms of depth 2 extremal quasimodular forms as
follows.

Proposition 8.1.3. For w > 12 and w = 0 (mod 4), we have

256(w — 3)(w —2)(w — 1)

F, =- Xywo+ EaX,— 8.9
w (w _4)w2 w,2 4Aw—4,2 ( )
2w - 3) w—6
F ——FE4 X, ——Fc X1 1
w2 = 3w =2y 4% 22 + 3w =4y eXws2 (8.10)

Proof. Equation (8.10),, follows from (8.9),, by applying d,—» to both sides and simplifying
with (2.55), (8.8)x-4, and (8.8),. Hence it suffices to prove (8.9). First, both F,, and Xy—4,
are normalized (for all w), with vanishing order 7 — 1 at the cusp. Hence E4Xy—42 — Fy is
a weight w, depth 2 quasimodular form with vanishing order 7 at the cusp; thatis, it is an
extremal quasimodular form. By uniqueness [61], it must be a constant multiple of Xy, »:
there exists a constant ¢, such that E4Xy,—42 — Fyy = c0wXpp2. To compute this constant
explicitly, we examine the second (nonzero) Fourier coefficients of F, and X,—4. Let

+ay Vgt +a5§”+14)q1” ¥

4+l

Xw-4p = qz4 o
Fw:(f4L b( )q4 +bw+1q
Then the Fourier expansion of E4 X4 — Fy is
EsXwap — Fop = (1+240q +2160g% + - - ) (q%—l +al g% +al g4 )
—(qw‘1 b(w)q +b£§‘21q5+1+---)
= (24042l - b) g -
and we have ¢, = 240 + a

(w—4) b(w)
w

Thus it suffices to know an explicit formula for the second nonzero Fourier coefficients

aEZ" 4) and b(z_zu). This is provided by the following lemma.
4

N
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Lemma 8.1.4. For w > 12 and w = 0 (mod 4), we have

_ 2(w — 4)(w? + 4w — 48
ﬂ(yw 4) _ (w - 4)(w _ w ) (8.11)
4 w
2(w3 — 12w? + 224w — 960
plo) - 2w~ 120 w — 960) (8.12)
4 w(w - 4)

Proof. We will only prove (8.11); the proof of (8.12) is similar (using (8.8)). Following the
computation in the proof of Proposition 3.3.4, applying 92 , to (4.31),,—4 shows that the
7-th Fourier coefficient of Xy, » is

3w? 2w —1 (w-gy 18w? —129w + 240
— Ay +
16(w — 1)(w — 2)%(w — 3) 6 T 3

(and the (7 — 1)-th Fourier coefficient vanishes). Since the forms Xy, > are all normalized,
the above expression must equal 1, and solving for a(u_?)_él) gives (8.11)y. O
4

By Lemma 8.1.4,

Coo = 240 +al ™ — b
4

w
4

240w (w — 4) + 2(w — 4)2(w? + 4w — 48) — 2w(w® — 12w? + 224w — 960)

(w — 4)w?
_ 256(w = 3)(w —2)(w - 1)
- (w — 4)w?
and this completes the proof of (8.9),. ]

Now we can prove the positivity of Fy, for all w, using these identities and the weak
version of the Kaneko—Koike conjecture (Theorem 4.4.4).

Theorem 8.1.5. For all w > 8, F,, € QM3%*.

Proof. By Proposition 3.3.1 and (8.8), it is enough to show positivity of F4o for w =
0(mod4) and w > 8. Assume that F,,_4 and F,_ are positive. Since E4 is (completely)
positive and Eg(it) < 0 (resp. Eg(it) > 0) for 0 < t <1 (resp. t > 1), equation (8.7),, (resp.
equation (8.10),, together with Theorem 4.4.4) implies that Fy,42(it) > 0 for 0 < t < 1 (resp.
t > 1). Hence Fy 47 is positive. O
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Remark 8.1.6. We also have the following relation between Fy12, Xw+2,2, and Xq—2 2, similar

to (8.9), for w = 0 (mod 4):

256(w — 6)(w — 1)(w + 1)
(w — 4)w?

Fw+2 = — Xw+2,2 + E4Xw—2,2/ (813)

which can be proved similarly.

As an immediate consequence of Theorem 8.1.5 and (8.4), we obtain the following
nonnegativity result for the Fourier eigenfunctions M -.

Corollary 8.1.7. For all d divisible by 8, we have M 1 (x) > 0 for all x € R? with ||x|| > v2n,
where n, is defined in (8.6).

Differential identities for F,, and X, »

In Chapter 5, we used the differential equations (5.24) and (5.25) to prove the monotonicity
of F/G (Proposition 5.3.1), and similarly for dimension 24 (equations (5.36), (5.37) and
Proposition 5.4.4). The equations (5.24) and (5.36) relate F1» and Fi6 to X4, and Xsp,
respectively. The following identity generalizes these differential equations to all F;,. Let

k(k +2)
144

be the modular linear differential operator of type (k, k +4) [56], originating from Kaneko
and Zagier [43].

Lo =97 - E4 (8.14)

Proposition 8.1.8. For all even w > 12, we have

LowoFe = ({%J - 1) ({%J _v ; 5) AXu_g2. (8.15)

In particular, Ly ,,—2Fy is positive.

Proof. Assume 4|w. (8.15),, reduces to

(w —10)(w — 4)
48
By taking the Serre derivative of (4.31),-4 and using (4.36),-4, we get

Lzlw_sz = AXIU—S,Z‘ (8.16)

wZ w-—3

768(w — 3)(w — 1)

dw-2Xwp = E4dy-6Xw-42 — EeXw-4, (8.17)
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2 w—1 w -3

w
Ecdw-6Xw-4,2 + 15

02 Xuo =
w2202 7 768(w — 3)(w — 1)

E40% (Xup-ap — EXXy-42| .

(8.18)
Using (8.9),, we can express Lj ,_2F, using only extremal forms as

~256(w = D(w = 2)(w = 3)

_ 2 2
Lo w—2Fw = Y — Iy o Xw2 + Egd_(Xu-42
16(w — 1)(w —2)*(w — 3 2
+ (w = Diw = 21w )E4Xw 2 — =Ecduw—6Xw-4,2 (8.19)
w(w —4) “ 3
(w+4)(w-6)_,
144 EiXu-42

and now (8.16), follows from (4.31)y—4, (8.18)y, (8.19)y, and (6.10),,—4 of [32], where the
last equation is equivalent to

w—4

w-5 w — 6)? 2
( ) Xw-42 = (T) AXyp-82. (8.20)

Eedw-6Xw-42 + T

2
E4aw—6XZU—4/2 +

The case w = 2 (mod 4) can be proved by taking the Serre derivative of (8.16),-2 and using
(4-32)w—2/ (4-32)w—101 and (8.3)w_2. O

Similarly, Ly -2 X 2 is a multiple of Fy,14.

Proposition 8.1.9. For all even w > 8, we have

w w w—1
LZ,w—ZXw,Z = lZJ ({ZJ - T) Fy+a. (8-21)
Proof. Use (4.31), (4.33), (8.10), and (8.13). O

8.2 (-1)¥/**l.eigenfunctions

The construction of (—1)#/4+1

-eigenforms and eigenfunctions in [26] differs from the con-
struction of the (—1)4/4-eigenforms and eigenfunctions above. The corresponding “mod-
ular forms” {¢y }w>g can be expressed in terms of the Jacobi theta functions ©,, ©3, Oy,
the modular discriminant function A, and log A, where A is the modular lambda func-

tion (2.35). We find that it is more convenient to work with ¢|,S instead of ¢, since
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Ls = logAs admits a Fourier expansion 2.37. Thanks to the SL,(Z)-equivariance of the
Serre derivative, the forms ¢|s satisfy the same recurrence relations and differential
equations as ¢,. We also find that the weight 4 and 6 modular forms G4 and G can
be added to the family, and all the recurrence relations (8.22), (8.23) and the differential
equation (8.24) are still satisfied at w = 4. The theorem below is essentially equivalent to
the combination of Theorem 4.4, Proposition 5.5, and Proposition 5.6 of [26], with some

minor modifications.!

Theorem 8.2.1 (Feigenbaum—Grabner-Hardin [26], normalized). For even w > 4, define
“modular forms” {Gy }w>4 of weight w and level I'(2) as

H
Gy = 2—§(H2 +2H,)

H;
Ge = 2—4(H§ + HoHy + H3)
3

Gs = 713 —2(H, +2H,)
3
Gio = TE 2_(2H? + 5H,Hy + 5H?)
3
3ALsg
G = Tyt 7(H3 +3H;Hy + 3H,Hj + 2H))
5
Gy = 5.7 2_(2H? + 7H,Hy + 7H?)
_ SE4ALs 5H3 5 4 3172
G = RTEAMETIY 11(5H +20H,Hy + 42H; H;
+ 68H;H; + 60H,H; + 24H)
3
EsA
Gy = ——LeALs (10HS + 45H3H, + 68H:H?

+
217.11.13 © 2%7.3. 11 13
+34HSH; — 13H3H; — 36H,H; — 12HY)

and for w = 0 (mod 4),

3 3(w —6)(w —2) (w —9)(w —8)

w2 = 16 —16)(w - 5)(w - Hw - 3) ( 36 402 azzv—ZGw‘z) (822
3 3(w - 2)(w + 2) (w —4)(w —3)

ot = 15w~ 8)(w —3)(w - V(w + ) ( 36 FaGo - ag’Gw) ' (8.23)

IThere were minor errors in the expressions of ¢16 and ¢1g in [26], which we correct in Theorem 8.2.1.
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Then the vanishing order of Gy, at the cusp is |2 | — 3. For w = 0(mod 4), these forms G,
satisfy the third-order ordinary differential equation

_ Bw? = 24w + 80 E1duCop — (w —12)(w — 3)w

83
wGw 144 864

E¢Ge = 0. (8.24)

Now, let d be a positive integer divisible by 4 and n_ = [d/16] +1. Letw = wy_ =
12|d/16] — d/2 + 14. Then the following function

e (TXPY TG/
M _(x) = 4sin ( > )/0 We tdt (8.25)

for x € R? satisfies (here we abuse notation by writing My _(x) = My —(||x]]))

M- (9 = (1)¥**1M; () Vxe R,

M4,-(v2n-) =0 and M) (v2n-) #0,
Mg -(V2m) = Mél,_(\/2m) =0 Vm>n_,meZ.

Assume d =4 (mod 8). Then w and n_ can be expressed as

d — d+12 w —
4111 d=4 (mod 16 2 _w _ ) g=4 (mod 16
w_ = {4 (mod 16) - :{ 16 =4 (mod 16) 206

445 4=12 (mod16) did v _1 §=12 (mod 16)

Note that n_ = [%J + 1 forany d =4 (mod 8).

To be precise, G, is not a modular form, because of the presence of the L5 term. In
general, it has the following form:

Proposition 8.2.2. For each w, there exists a level SL,(Z), weight w — 12 modular form
Gy-12 and a level I'(2) modular form W, such that

Gw = Go-12ALs + W, (8.27)

In particular, Ew =0forw =-8,-6,—4,-2,2 and Eo = 2%7, and for w = 0 (mod 4) and
w > 12, we have

3 3(w + 10)(w + 14) (w+8)(w +9)
T 16(w + 4)(w + 9)(w + 11)(w + 16) 36

o

E4Gy — 902Gy (8.28)
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Proof. The recurrence relations (8.22) and (8.23), together with (2.38), show by induction
on w that G, can be written in the form (8.27) (note that d;2A = 0). To prove (8.28), it is
enough to show uniqueness of (8.27); equivalently, for a modular form A of weight w and
level SL,(Z) and a modular form B of the same weight and level I'(2), ALs + B = 0 if and
only if A = B = 0. If A and B are nonzero, then L5 = —2 has to be a modular function
of level I'(2), hence a rational function of the modular lambda function A. In other words,
there exists a rational function R € C(x) such that

Ls(z) =1log(1 - A(z)) = R(A(2)),
for all z € H, which is impossible since log(1 — x) is not a rational function in x. O

Gy admits a Fourier expansion in ql/ 2 = ¢™Z and these forms are normalized in the
sense that the first nonzero Fourier coefficient of G, is 1.

These forms also satisfy relations analogous to (8.7) and (8.8).

Proposition 8.2.3. For w > 8 divisible by 4, we have

(w—6)(w—2)
Gus2 = E4sGy-2 — E¢Gy- 8.29
w2 768(w—5)(w—3)( 4Gw-2 = E¢Gy-4) (8.29)
w—3
awGw = TGw+2 (830)
Proof. The proof is analogous to that of Proposition 8.1.2. m|

Companion of X, »

We can ask whether there is a family of level I'(2) “extremal forms” closely related to G,
analogous to the relationship between F;,, and X, . We observed experimentally that
the forms G, also satisfy equations similar to (8.15); namely, L, G, is divisible by A for
all w > 8. This led us to the following definition of a family {Y; },>> that satisfies the
analogous equation (8.41).

Definition 8.2.4. Define Y, inductively by

H;
=g
3E4Ls 3 ’
Yy = - .5 — o -5(H2 + 2H,Hy)
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Yo =0
5E2Ls 5
_ 4 4 3 2772 3
Ys = 5 — = 5o 5 (11H; + 28H3Hy + 18HH] + 12H>Hy)
and for w > 8 withw =0 (mod 4),

3(w + 6)? ((w +2)(w + 3)

Yipss = E4Yy — 05 Y (8.31)

16(w + 3)(w + 4)%(w + 5) 36

6
Yo = ——du Y, 32
w+2 w+3aw w (83)

The g-expansions of Y, for w < 10 are:

H
Y, = 2—42 = q% +4q% +6q% +8q% +13q% + .-
3E4£S 3 2
TS5 312 5(H2 + 2H,Hy)

3 276 5 1566 7 14072% 113963 u

Yy =

R T TR o R VT

Y =0

5E2 /L 5
_ 4 4 3 2772 3
Ys = — o9 - 1.3, 7(11H2 +28H2H4 + 18H2H4 + 12H2H4)
s 1020 7 80470 2 1593080 u 27913055 L

=TT T T T T ey 1T T 007

5E4E¢Ls 5 5 . s - )
= oo 11~ g 7 2 + 11HyHy — HyHy - 24H; Hy — 12H, Hy)
_ 5, 2004 ; 250018 . 84839768 y 26865297

ST T T Ty T Ty 1 1001

Like Gy, these are not modular forms in general, due to the term Ls. However, Y,

10

satisfies recurrence relations and differential equations analogous to those of X, ».

Proposition 8.2.5.

1. Forw =0 (mod 4), Y,, satisfies the third-order ordinary differential equation

_3(w+2)2—4]548 v _ w(w +3)
w+w

2
05 Yoo = 93 Yo 144 864

EgY, =0 (8.33)

where 653 ) is the Kaneko—-Zagier operator (4.2), or equivalently,

w + 2 (w+1)(w +2)

" y w(w + 1) (w + 2
Y, s EY) + 1 ( I )

24

E}Y,, -

E/Y, =0.  (8.34)
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2. Forw # 6 and w = 0 (mod 4), we have

we2 2(w +2)(w? + 16w + 12)

wH w+10
Yo =g % EaEell i 8.35
q @162 q () (8.35)
w2 2(w? +30w? + 188w + 72) wis w410
Yoo = g%2 4 4+ 0(g" 8.36
w+2 q (w + 6)2 q (‘7 ( )
In particular, the order of Y;, at the cusp is | 2] + 3
3. Forw =0 (mod 4), we have
3(w +2)? (w - 3)(w —2) )
Yui2 = E Y — 0% Yo 8.37
“2 T 16(w — 4)2(w + 1)(w +3) 36 o2 =dylu-a| - (837)
w + 2)?
Y2 = ( ) (E4Yw—2 - E6Yw—4) (8-38)

768(w + 1)(w + 3)
256(w — 1)w(w + 1)

Gow =— Yy + E4Y 8.39

v w-2)w+27 (8.39)
2(w —1) w—4

Gusr = ——2EYy o+ ————FEgYo_ 8.40

4. Forall w > 2, Yy, can be expressed as
Yy = ?wLS + Dy,

where Yw (resp. @) is a holomorphic modular form of weight w and level SL,(Z)
(resp. I'(2)).

Proof. Assume w = 0 (mod 4). Let Ry, be the differential operator corresponding to the
right-hand side of (8.31), i.e.

w:

3(w + 6)? (w +2)(w + 3)E P
16(w + 3)(w + 4)2(w + 5) ( 36 A

By direct computation, one can check that Ry (ker 02 )) C ker0? +q; thatis, if Y, satisfies
(8.33)w, then Yy, 14 = Ry Yy, also satisfies (8.33),+4, which proves part (1). For part (2), (8.35)
follows from considering the Fourier expansion of Yy, in (8.34), and (8.36) follows from
(8.32) and (8.35). For part (3), (8.37) and (8.38) can be proved similarly to (8.7), and (8.39)
and (8.40) can be proved similarly to (8.9) and (8.10). Finally, part (4) follows inductively
from (8.31) and (8.32). O
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Note that the “coefficients” of (8.31), (8.32), (8.33), (8.34), (8.37), (8.38), (8.39), (8.40)
coincide with those of (4.31), (4.32), (4.36), (4.35), (4.33), (4.37), (8.9), (8.10), respectively,
after replacing w with w +2. Identities similar to Propositions 8.1.8 and 8.1.9 hold between
Gy and Yy,.

Proposition 8.2.6. For all even w, we have
J w+4

LowGw = ({%J B %) (& 6

LowYe = ({%J + %) ({ J - “’T_z) Gusa (8.42)

Proposition 8.2.7. Y, can be expressed as the hypergeometric series

) AYw—S (8-41)

4k +3 4k +5 4k+7 3 3 1728
Yu(z) = j(z) F2E4(2)F - 5F k4o k42,2 4
4k(z) = j(z) " T2E4(2)" -3 2( e e g ktykts j(z)) (8.43)
vkl -1 4k +5 4k +7 4k +9 3 3 1728
_ . . - . 44
Vornta) = ) e (o) o (M2 2T S I e
when z =itand t > 1.

Proof. The proof is similar to that of Theorem 4.4.3. O

Now, the positivity of G, follows from the positivity of Y.

Theorem 8.2.8. For all even w > 8, G, is positive, i.e. G (it) > 0 forall t > 0.

Proof. The proof is similar to that of Theorem 4.4.4. Positivity of Yy (it) for t > 1 follows
from the hypergeometric expression in Proposition 8.2.7. Positivity for 0 < t < 1 can be
shown by induction using (8.37) and (8.38), as in the proof of Theorem 8.1.5. O

Corollary 8.2.9. Foralld =4 (mod 8), we have M; _(x) > O forall x € RY with ||x|| = V2n_,
where n_ is defined in (8.26).

Remark 8.2.10. Based on experiments, we conjecture that Y, and G, are completely pos-
itive, i.e. their Fourier coefficients are all nonnegative; this can be viewed as a corrected
version of the conjecture suggested in [26, Remark 6.4]. It may be possible to prove that all
but finitely many coefficients of each G, are positive by using Jenkins and Pratt’s bounds
on Fourier coefficients of modular forms of level I'y(2) [37].
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Chapter 9

Improved Bounds for the Sign
Uncertainty Principle

In [7], Bourgain, Clozel, and Kahane studied a variant of the uncertainty principle known
as the sign uncertainty principle. For a suitable real-valued function f on R¥, define r(f)
to be the smallest radius beyond which f is nonnegative, and define r(]?) similarly for
the Fourier transform. They proved that, under natural sign assumptions at the origin,
the product r(f )r(f) is bounded below by a positive constant. We denote the square root
of the corresponding infimum by A.(d). The only currently known exact value of A,(d)
is A4(12) = V2, due to Cohn and Gongalves [14]. There is also a negative version of the
problem, with an analogous constant A_(d); both A, (d) and A_(d) are known to grow on
the order of Vd as d — co.

In this chapter, we prove new upper and lower bounds in certain dimensions divisible
by 4. In these dimensions, our bounds improve earlier results of Bourgain—Clozel-Kahane
[7], Gongalves-Silva—Steinerberger [30], Cohn—Gongalves [14], and Edwin [25]. The pre-
cise statements are as follows.

Theorem 9.0.1. For multiples of 4 with d < 36000, we have

/ d
A(d) < 2{% +2. (9.1)
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Theorem 9.0.2. For multiples of 4 with 4 < 10000, we have

[r|d
Ayronld) > 2|£]+2 d#4 (mod24), | ©2)
\/2 I_%J d=4 (mod 24).

Theorem 9.0.1 follows from the positivity results for the Feigenbaum—-Grabner-Hardin
Fourier eigenfunctions proved in the previous chapter (Theorems 8.1.5 and 8.2.8), together
with computer verification that these eigenfunctions are nonpositive at the origin. Theo-
rem 9.0.2 adapts the summation-formula method of Cohn and Gongalves [14], using radial
Schwartz summation formulae associated with extremal Eisenstein series.

9.1 Uncertainty principle a la Bourgain—Clozel-Kahane

Heisenberg’s uncertainty principle in quantum mechanics can be expressed as an in-
equality between the L?-norms of a function and its Fourier transform: for f € L?(R) with
Ifll=1and f € L2(R), we have

[ treorar [ fwidy > o 93)

with equality when f(x) = e’ Mathematically, this means that one cannot make both
f and f too concentrated near 0. In [7], Bourgain, Clozel, and Kahane considered an
alternative version of the uncertainty principle:

Question 9.1.1. For a real-valued, even, nonzero L! function f whose Fourier transform
is also in L!, define 7(f) and r(f) to be the smallest positive numbers such that f(x) > 0
(resp. f(y) = 0) for all |x| > r(f) (resp. |y| = r(f)). What is the infimum of the product

r(H)r(f)?

It suffices to consider Fourier (+1)-eigenfunctions vanishing at the origin, that is,
functions satisfying f = f and f(0) = 0 [7, p. 1217]. If A (1) denotes the infimum of r(f)
over such functions, then they proved that A (1) is positive; in fact,

1
. -7 < .
04107+ % 5 < Ad() (9.4)

where A = —inf, (222) [7, Théoreme 1.1].

113



The same question can be formulated in higher dimensions. We say that a function
f: R? > R is eventually nonnegative if f(x) > 0 for sufficiently large |[x||, and in that case
define

r(f):=inf{R >0: f(x) >0 for all ||x|| > R} (9.5)

to be the radius of the last sign change of f. Let A, (d) be the set of functions f : R? — R
such that

1. f, j? € L'(R%) and ]?is real-valued (i.e. f is even),
2. f is eventually nonnegative while ]?(0) <0,

3. fis eventually nonnegative while f(0) < 0.

The higher-dimensional sign uncertainty principle says that
Asd) = inf  AJr(f)r(f) > 0. 9.6
)= inf  \HAR) 9.6)

More precisely, Bourgain, Clozel, and Kahane proved the following lower bound.

Theorem 9.1.2 (Bourgain—Clozel-Kahane). For all d > 1, we have

e L (ir() = £ -

They also related the sign uncertainty principle to zeros of Dedekind zeta functions of
number fields.

Proposition 9.1.3 (Bourgain—Clozel-Kahane, Proposition 4.3 of [7]). Suppose that there
exists a number field F of degree d and discriminant D whose Dedekind zeta function
Cr(s) has a zeroin (0,1). Then

A.(d) > Vd|D| 2. (9.8)

In particular, if

Vd|D| 2 > A, (d),

then Cr(s) has no zeros in (0, 1).

Using the degree-48 number field F with C p(%) = 0 constructed by Armitage [2], they
also proved a weaker version of Theorem 9.1.2, namely that A (d) > Oford = 0 (mod 48).
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9.2 Known bounds for A.(d)

We first summarize the known bounds for A.(d).

Cohn-Elkies bound and A_(d)

Lower bounds for A_(d) imply lower bounds for the Cohn-Elkies linear programming
bound. Let A;P be the infimum of B, 5(d) among all possible choices of f : R — R
that are continuous, integrable, and satisfy the conditions in Theorem 2.4.1. Indeed, if f
satisfies the conditions in Theorem 2.4.1, then ¢ = j? — f is a nonzero (—1)-eigenfunction
that is eventually nonnegative, and the last sign change of ¢ is at most the last sign change
of f. This proves

A > Ba_(a)2(d). (9.9)

Thus a lower bound for A_(d) gives a lower bound for A';iP.

Upper bounds

To prove an upper bound in a given dimension 4, it suffices to construct a Fourier eigen-
function f with eigenvalue +1 such that f(0) = f(0) = 0 and f(x) > 0 for ||x|| > r, with
r > 0 as small as possible. Most constructions use functions of the form

F00) = prfx2)e K (9.10)

where p is a polynomial. This reduces the problem to finite-dimensional optimization, and
Laguerre polynomials provide a convenient basis since (9.10) is a Fourier eigenfunction
when p is a suitable linear combination of them.

For d = 1, Bourgain, Clozel, and Kahane proved A.(1) < 0.64 [7, Théoreme 2.1].
Later, Gongalves, Silva, and Steinerberger improved this to 0.59355 using Hermite poly-
nomials and numerical optimization [30, Theorem 1]; AlphaEvolve, Google DeepMind’s
evolutionary coding agent, further improved it to 0.5671 [59].

For general dimensions, Bourgain, Clozel, and Kahane used a family of functions of
the form (9.10) to prove the following bound, which remains the best known uniform
upper bound for A, (d).
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Theorem 9.2.1 (Bourgain—Clozel-Kahane, Théoreme 3.2 of [7]). For d > 2, we have

d+2 1
AL(d) <4/ — :(\/z_n+o(1))«/3 (9.11)

1
—— =10.3989%4 . ... (9.12)
V271

where

Cohn and Gongalves [14] used auxiliary functions from [18] to give an upper bound
A_(d) < (c +0(1)Vd, (9.13)

where ¢ is given by
. sin(6/2) cot(0)esec(0)/2

~0.319%4.... (9.14)
V2n
Here 6 = 1.0995.. . . is the unique root of
2log(sec(0) + tan(0)) = sin(0) + tan(0O). (9.15)

In the same paper, the authors conjectured that Bourgain—-Clozel-Kahane’s upper
bound (9.11) cannot be improved using only functions of the form (9.10) with bounded
degree of p. More precisely, let A, y(d) be the infimum of 7( f) over all nonzero f : R* — R
such that f = +f, f(0) = 0, and f is of the form (9.10) with degp < N. Then they
conjectured that [14, Conjecture 3.2]

lim Ai,N(d) _ 1
R

for fixed N > 3. This conjecture was proved by Cohn, Dong, and Gongalves [12], who

(9.16)

more generally established the same limit whenever the degree is sublinear in d.
Theorem 9.2.2 (Cohn-Dong-Gongalves, Theorem 1.2 of [12]). Let n = n(d) > 3 be a

sequence with limg_,« 1(d)/d = 0. Then

AL ua(d) 1
lim = .
d—oo  Afd V27
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Lower bounds
Gongalves, Silva, and Steinerberger improved the lower bound for A, (1) to
A.(1) >0.45 (9.17)

using rearrangement inequalities with an optimal-transport flavor, which do not easily
generalize to higher dimensions [30, Theorem 2]. For dimensions d > 2, they proved the
following lower bound instead:

Theorem 9.2.3 (Gongalves-Silva—Steinerberger, Theorem 7 of [30]). For d > 2, we have

1( 1 _(d 1
A+(d)2ﬁ(1+AdF(§+1)) , (9.18)

where the number A, is defined in terms of the Bessel function J;/, as

T (4 +1) Jap(u)
Ag = _thrlg (0 /2)i2 . (9.19)

Moreover, A4 < 3 and A; — 0 as d — oo exponentially fast.

The two lower bounds in (9.7) and (9.18) are asymptotically the same: after division
by Vd, both converge to 1/V2me. The existence of extremizers in all dimensions was also
established [30, Theorem 3].

For A_(d), Cohn and Gongalves proved the same lower bound as Theorem 9.1.2, i.e.
| d
A_(d) > E

Recently, Edwin [25] proved an improved lower bound for both A (d) and A_(d) when
d>5.

for all d > 1 [14, Equation (3.2)].

Theorem 9.2.4 (Edwin, Theorem 1.4 of [25]). For d > 5, we have

Au(d) > \/g. (9.20)
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The proof is based on the following inequality relating || f||, || f]|1, and ||]?||1 [25, Theo-
rem 1.5]: if f and f are both in L!(R?), then

171 < (2] 0l ©921)

In particular, Edwin proved that (9.21) implies
1 e\
ALP s 2 (_) )
8

which has the same dominant growth rate as the Torquato-Stillinger conjectured lower
bounds for the Cohn-Elkies linear program in [78] (see also [77]).

Optimal values

The exact values of A, (d) are known in only a few dimensions. Using the magic functions
of Viazovska [80] and Cohn-Kumar—Miller-Radchenko—-Viazovska [19], one can show
that A_(8) = V2and A_(24) =2 by considering the (—1)-eigenfunction components of the
magic functions. The magic function (2.59) also shows that A_(1) = 1.

In [14], Cohn and Gongalves studied the problem using modular forms. In particular,
they were able to find the exact value of A, (12):

Theorem 9.2.5 (Cohn-Gongalves, Theorem 1.2 of [14]). A,(12) = V2.

The lower bound A, (12) > V2 follows from the summation formula associated with
the Eisenstein series Eg:

Theorem 9.2.6 (Cohn—-Gongalves, Lemma 2.1 of [14]). For any radial Schwartz function

f: R12 - C, R R
£O) = cif (V2] = =)+ ) ¢ f(/2)) 9.22)

j=1 =1

where c; = 50405(j) are the coefficients of Eg.

The transformation law of Eg (2.9) first gives the summation formula (9.22) for Gaus-
sians; a density argument then extends it to all radial Schwartz functions. More pre-
cisely, consider the Gaussian function f(x) = e~™* on R12, whose Fourier transform is
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]?(y) = t=60~7¥?/t | The transformation law of Es (2.9) gives

e i . ) o
Eq(it) = t°Eq (Z) & 1—504205(11)6 2mnt — _4=6 1—5042 os(n)e” |, (9.23)

nz1 n>1

which can be rewritten as

£(0) =504 )" o5(n) f(V2n) = = £(0) + 504 > a5(n) f(V2n) (9.24)

n>1 n>1

for Gaussians f. From this identity, one can show that the linear functional

f > £(0) =504 )" o5(n) f(V2n) + £(0) — 504 > o5(n) f(V2n)
n>1 n>1
is a continuous linear functional on 8.,4(R'?) that vanishes on the compactly supported
smooth radial functions, which are dense in 8;,q(R'?) (see [14, Lemma 2.1] for details).

Thus (9.24) holds for all radial Schwartz functions on R'?, and this implies the lower bound
A.(12) > V2.

Lemma 9.2.7 (Cohn-Gongalves, Lemma 2.2 of [14]). Let f € A.(12). If r(f) < V2 and
r(f) < V2, then f(x) = f(x) = 0 whenever |x| = V21 with n > 1.

For f € A,(12), one may assume that f is radial by averaging over rotations. If f is
Schwartz, then the conclusion follows almost immediately from (9.24): we have

£O) + £(0) = > os(n)(f(V2n) + F(V2n)) (9.25)

n>1

together with £(0), j?(O) < 0and f(V2n), j?(\/Z_n) > 0 for n > 1, which prove the claim.
A standard mollification argument then extends the result to all of A,(12). By Lemma
9.2.7, any f € A.(12) with r(f )r(f) < 2 must be identically zero [14, Lemma 2.3]; hence
A.(12) > V2.

For the upper bound A, (12) < V2, Cohn and Gongalves constructed a “magic function”
inspired by Viazovska’s construction, which can be expressed as

RIIXIIZ) ~ (Ha(it) + Hs(it))H4(it)3e
0

f(x) = sin2 (T A(Zt) _RHXHtht (926)

for ||x]| > V2, and can be analytically continued to the origin with f(0) = 0.
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Although exact values are rare, Afkhami-Jeddi, Cohn, Hartman, de Laat, and Tajdini
conjectured that A, (d)/Vd and A_(d)/Vd both converge as d — oo, and that the two limits
coincide [1].

Conjecture 9.2.8 (Afkhami-Jeddi-Cohn-Hartman—-de Laat-Tajdini, [1, Conjecture 3.2 and
Equation (3.5)]). We have

lim A+(d) = lim A_—M) =
d—o0 \/E d—oo \/E

I

~0.3183.... (9.27)

9.3 New upper bounds for A, (d)

In this section, we prove Theorem 9.0.1. The asymptotic constant in our upper bound is
smaller than the constant in Bourgain—Clozel-Kahane’s bound (9.11):

0.35355--- = 1 < L:0.39894:....

V8  \2m
In fact, the upper bound (9.1) is smaller than (9.11) for all d > 52.

The proof uses the Fourier eigenfunctions constructed in Chapter 8. More precisely,
we showed that My +(x) > 0 for all ||x|| > v2n., as a corollary of the positivity of the forms
Fy and G, (Corollaries 8.1.7 and 8.2.9). Hence, it suffices to show that M, .(0) < 0, which
would imply A.(d) < V2n. for the corresponding dimensions by taking f = M, +.

Nonpositivity of M, 4(0)

Write F, = Ay + EoBy_o + E%Cw_4 for modular forms Ay, By—2, and Cy—4 of weights w,
w — 2, and w — 4, respectively. Since w =0 (mod 4),

i) = e ) e e i)« ) o o

= tY A, (it) — (—t2E2(z‘t) + %) tY 2By n(it)

12 3 2
+ (t4E§(it) - —th(it) + %) F4Cp_a(it)
T T
. 6tv1 . . . 36102 .
= thw(lt) - - (Bw—Z(lt) + ZEZ(Zt)Cw—AL(lt)) + > Cw—4(lt)
T
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Therefore the integrand of (8.4) can be expressed as

t2UF, (i/t) 5 Fulit) 6t Byo(it) + 2Ex(it)Cops(it) | 36 Cop-alit)
AGH™ A w A(it)+ 72 A(it)

(9.28)

Write the relevant g-expansions as

F By—p +2E2Cyy— Cu—
A;{i Z an’+qn, w-2 An+2 w—4 _ Z bn’+qn’ Aw+4 _ Z Cn,+5]n/ (9.29)

n>%-n, n>l-n, nz—ny

where
Fu2:=Bya+2ECya= ) @y 7q" (9.30)

nx1
is a cusp form of depth 1 and weight w — 2. Since 7 — n; > 0, the first term in (9.28)
gives a convergent integral for all x € R?. The other two terms have poles, which make the
integral (8.4) diverge near the origin. As in [26, Proposition 2.1], following the method of
[80, 19], we analytically continue the integral to the origin by subtracting the polar part.

Let ¢(t) denote the right-hand side of (9.28) and define the truncation 5 (t) by

O(t) = qb(t)—[—% Z bk,+e‘2”kt+% Z ck,+e‘2”kt] (9.31)

1-n4<k<0 —n4<k<0

The function qﬂg has exponential decay as t — oo, and (8.4) can be rewritten as

M, 4(x) = 4sin’ (%x”z) |/O°° 5(t)e_”||"||2tdt

_ Z 6bk’+/ po~TIXIP o =2mkt gy 4 Z 36C§’+/ eIt o -2mkt 4y
Tt 0 T 0

1-7’1+§k§0 —n+§kSO

2 o
= 4sin? (_71||x|| ) / qb(t)e‘””"”ztdt
2 0

o (TlIxIf? 6 b + 36 Ch+
+4sin® [ ——| [-= ’ + = —
Sm( 2 - Z 2(IXP + 262 | 2 Z 7(Ix|P + 2k)

1—n+SkSO —VlJrSkSO

which converges for ||x|[> > 2n; and analytically continues to x = 0. The only term
contributing to the value at the origin is bp +, which gives

6 n2 by, 6by,
Md,+(0):—;-4-z-n—2+:— n*. (9.32)

121




Equation (9.32) shows that M, +(0) < 0 if and only if by + > 0. Now, for each k > 1,
define pr(n) as

o 1(1 — = ) P (9.33)
nz n>0

where p1(n) = p(n) is the number of partitions of n,and A™ = q7" 3,50 p2am(n)q™. For
k =0, define po(n) = 6,,0. Equations (9.29) and (9.30) give

bo+ =[q""] (Z P24n+(”)q”) (Z ~£,w+ z)q") Zp24n+(n+ — ])a w=2), (9.34)

n>1 n>1

Since px(n) > Oforall k > 1and n > 0, it suffices to check positivity of a( Y forl < j<ny.
We verified this by computer for all weights w corresponding to d1mens10ns d =0 (mod 8)
with d < 36000, proving (9.1) in these dimensions.

Nonpositivity of M, _(0)

The analysis of M, _(0) is parallel: we express it in terms of the Fourier coefficients of a
modular form related to Gy,.

log A(z) admits the expansion [26, (A-18)]

log A(z) = miz + 4log2 + Z(—l)k r4l(<k)q§
k>1

where r4(k) is the number of representations of k as a sum of four squares. Using this
expansion, we can write G (i/t) as

F% Gy (%) =t "Gyp_12 (%) A (%) Ls (%) + W, (%) (9.35)
= Gu_12(it)A(it) log A(it) + (W | S)(it) (9.36)
= Go-12(it)A(it) (—Tct +4log2 + Z(—nk@e—“kf) + (WyleS)(it)  (9.37)

k>1

Thus the integrand of (8.25) can be expressed as
t7YGy(i/t)

¢-(t) = — (,t)n_ (9.38)
B w-12(it)  Gu-12(it)A(it)(log A(it) + mt) + (W0 S)(it)
— - (zt)n——l + A (9.39)
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where the numerator of the second term admits a Fourier expansion in g'/2. Write the

Fourier expansions as

Guw-12(2) _ S b g, Gu-12(2)A(2)(l0g A(2) = 7iz) + (VuohwS)(z) _ S ey

A(Z)n__l n>1-n_ A(Z)”— n>-2n_
and define the truncation 5-(1‘) of ¢p_(t) as
5_(t) = ¢_(t) - (—nt Z bk,_e_znkt + Z ck,_e_”kt) . (9.40)
1-n_<k<0 —2n_<k<0

Then (8.25) can be rewritten as

M, _(x) = 4sin’ (%X”z) /°° 5_(t)e_””x”2tdt

2
. 4sm( x| )( S b / TR T S / —n(||x||2+k>tdt)

1-n_<k<0 —2n_<k<0

2 _
_ 4in? (M) / B (t)e—P gy
2 0

2 1 1
gsin? (XY | b 1
’ Sm( )| 2, b (WP + 262 2, < (NP + )

1-n_<k<0 —2n_<k<0

which analytically continues to x = 0. This gives

b
My _(0)=-m-4-— 22 = —ppg_. (9.41)
Tt

Gu12 = Z a2, (9.42)

As in the case of M, (0), bg - is given by

n_-1
=[g""] (Z Pz4<n__1>(n)q")( a1 ”) > pran pyn-—1-fa " (9.43)
n=0

n20 j=0

where pi(n) is defined as in (9.33), hence by > 0 if ﬁﬁui_u) >0forall0<j<n_-1. We
verified this by computer for all weights corresponding to dimensions d = 4 (mod 8) with
d < 36000.
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9.4 New lower bounds for A_;)s/s1(d)

Recall that Cohn and Gongalves proved A, (12) > V2 using the summation formula
associated with the Eisenstein series E¢. Their argument applies more generally via
the following criterion:

Proposition 9.4.1 (Cohn—-Gongalves, Proposition 2.4 of [14]). Lets € {+},0 < pp < p1 < ---
with

. Pj+1
lim !
j—oo00 p]

=1,

and ¢; > 0 for all j > 1. If every radial Schwartz function f on R? satisfies the summation
formula
FO) +5F©0) =5 cif(pp)+ ) cif(p))
j>0 j>0
then A;(d) > po.

The summation formula associated with the Eisenstein series Eyix for k > 2 gives
Aqy1(4k) > V2, but this is far from optimal. To improve it, we use modular forms
whose Fourier expansions start with 1, followed by as many zeros as possible, and then
coefficients of a consistent sign. More precisely, if we have a modular form of weight w
and level 1 with Fourier expansion

1—schq"

nx=nop

with ¢, > 0 for all n > n, then Proposition 9.4.1 gives A;(d) > v2ny. We call the modular
form with the largest possible ng an extremal Eisenstein series; here n is one larger than the
dimension of the space of cusp forms

i ifw#2 (mod 12),
{ =1, = dimS,(SL,(2)) = {I.IZJ tw # (mo )

(9.44)
4] -1 ifw=2 (mod 12).

Such modular forms first appeared in the study of extremal lattices. Let A C R? be an
even unimodular lattice (so d is a multiple of 8), and let ®5(z) be the associated theta
series (2.11), which is a modular form of weight d/2 for SL,(Z). Recall that the Fourier
expansion of ®, is given by (2.17). We say that A is extremal if rg(1) = rg(2) = --- =
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ro(f) = 0. In other words, extremal lattices are even unimodular lattices with the largest
possible minimal length. For example, the Eg lattice and the Leech lattice are extremal
in dimensions 8 and 24, respectively; their theta series are E4 = 1 4+ 480 3,51 03(n)q" and
Z Ei’ + 35 Eg =1+ 19656042 + - - -. Nebe also constructed an extremal lattice in dimension
72 [58].

In [53], Mallows, Odlyzko, and Sloane proved that extremal lattices cannot exist in
dimensions larger than 164000 by showing that the unique modular form of weight w

with Fourier expansion

Eu(z) =1+ Z anq" (9.45)

nx{+1
satisfies ag1» < 0 when w = 0 (mod 4) is sufficiently large (Siegel proved that a1 > 0 for
allw =0 (mod 4) [71]). Jenkins and Rouse [38] studied these modular forms further and
proved an explicit version of Deligne’s bound for Fourier coefficients of cusp forms (not
necessarily Hecke eigenforms).

Theorem 9.4.2 (Jenkins—Rouse, Theorem 1 of [38]). Let w be an even integer and F €
Sw(SLa(Z)) with F(z) = 1,51 a,9". Then

18 72(41 41) 5

_1
2

d(n)an (9.46)

¢
Z i, o= 7-288m

m=1

lan| < ylogw| 11

where ¢ = {,, and d(n) is the number of divisors of n.

Using this, they obtained an explicit upper bound on the largest index at which the
coefficients of £, are negative when w = 0 (mod 4). The same argument applies when

= 2 (mod 4), yielding an explicit upper bound on the largest index at which the
coefficients of £, are positive. Since the original proof of [38, Theorem 2] contains some
minor errors, we give a corrected version with a slightly larger constant.

Theorem 9.4.3. Let w be an even integer and &, be the unique modular form of weight w
with Fourier expansion (9.45). Assume thatw > 12and w # 14,s0¢ > 1. If w = 0 (mod 4)
(resp. w =2 (mod 4)), then a, > 0 (resp. a, < 0) if

n > et ((>logw)a - 1.0242382¢. (9.47)
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Proof. We assume w = 2 (mod 4); the other case is similar. Write £, = Ey, + h where E,, is

the Eisenstein series (2.1) and h = }},,51 b, q" € Sx(SL2(Z)). Then

2w
b, = an_l(m)

for 1 <m < {. We estimate b, for n > ¢ using Theorem 9.4.2. We have

_ (=D)¥P'2n)YBy, . (2m)“By
T (w-1D'2w (w-1)!2w

C(w)

and C(12) > C(w) > 1 gives
2n)¥ 2w n)¥

T -1 By “ w11

Combining this with g,-1(m) < C(w — 1)m®~! gives

!
Yo

m=1

!

2 —
Z 2 P 2wl(w - 1)

mw—l Bw

m=1

Cw-DC° | .
ST w1 n; et

U(w — 1)(2m)® / o
< @D /1 xw-1ldx

C(w — 1)(2m)% (€ +1)*/2
< (ZU - 1)! wl/2 '

From (9.44), we have w < 12¢ + 14, and (1 + %)Z < e gives

! 7
b2 11Q21)% {(w — 1)e®e®/? ( 1)
1 —
1y mZi mol S w-1 Vo T

- 11¢(11)e®27 2mr)wew/2

V12 (w —1)!
< 612.008(271)7"3“’/2
(w-1)"

For the second sum, the function x +» x@1¢=7-288x

¢ 2w ¢
me p=7-288m
m=1

ow-1(m)e
m=1
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BZU

is increasingon 0 < x < ¢ so

(9.48)

(9.49)

(9.50)



Q) lw - 1) + w—1 ,-7.288m
(w —1)! ;1 "ee

2m)¥C(w —1) ew_ —7.288¢
(w—1)!

and

e1872(41 41)°/2 i b prassn _ €S TLAD20) (41.414}
m

(w —1)! w

w/2 u
) ) /we—7.288'“’1‘—2

w=1

w2 m=1

18.72+7.288-Z w pw/2 w/2
L 6C(11)(2m)“ ( 41.41 ) el

(w —1)! 12¢°5
2rn)”
< e28-859m(1.02423823)“'/2\/@ (9.51)

(Here w < 120 + 14 < 26/ is used.) Combining (9.50), (9.51), and d(n) < 2+/n, we get

w
b,| < e29-56%\/€ log w(1.0242382¢)%/2n®/2, (9.52)
Now, we have
_ 2w (271)“’?1% w=2 29 56 1 w
0y = ~5o w1 (n) + by < o (w—l)!( 1T + C(12)e (mogw)z(1.oz4z382£)z)

and a, < 0if
59.169

n > e (£3logw)w? - 1.0242382¢.

O

The bound is practical enough to check the sign pattern of the coefficients of &
for moderate weights. For example, ¢000 = 166, and the right-hand side of (9.47) is
approximately 176.66 for w = 2000. Thus it suffices to check the signs of the coefficients
of Ex000 for 167 < n < 176 in order to establish complete positivity.

Extremal Eisenstein series therefore give new lower bounds for A, (d) via summation
formulae analogous to (9.22). For example, if d = 4 (mod 8), w = % =2 (mod 4), and &,
has a Fourier expansion of the form €, = 1+ ).,,5¢,1 a,9" witha, <Oforalln > ¢ +1, then
the same argument as in the proof of Theorem 9.2.6 shows that A, (d) > 4/2(¢ + 1). Since
{ +1 = dim M, »(SL2(Z)) is asymptotic to d/24, this lower bound is asymptotic to \/m,
which improves the previous lower bounds in these dimensions. Similarly, when w = 0
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(mod 4) and &, is completely positive, we obtain the lower bound A_(d) > y2(¢ +1).
For small w, the desired sign pattern follows from the following modular form identities,
which can be verified directly in Sage.

Proposition 9.4.4.

€4 = E4 =1+240q +2160g% + - - - (9.53)

€6 = E¢ = 1 —504q — 166324> — - -- (9.54)

€s = Eg = E5 =1+480q +61920g* + - -- (9.55)

€10 = E1o = E4E¢ = 1 — 264q — 1354324 — - -- (9.56)
7E; + 5E > 3

€12 = — > = Oy, = 1+196560q +167731204° + - (9.57)

€1, = 393120141 = 3931204% + 503193604° + - - - (9.58)

€14 = E1q = E2E¢ = 1 — 24 — 1966324% — - -- (9.59)
E4(4E3 + 5E2)

€16 = % =1+ 1468804° + 647577604° + - - - (9.60)

€l = %Eﬁiz +86169600X 15,1 = 29376047 + 1942732804° + - - - (9.61)
E6(7E3 + E2

€18 = % =1-86184q* — 845752324° + - -- (9.62)

€1g = —161336448X50,1 — 172368E4X16,1 = 1723689 — 2537256964° + - - - (9.63)
E2(11E3 + 25E?

€20 = i ; - o) _ 1 + 3960092 + 878592004° + - - - (9.64)
55

€ = ﬁa% +192192000X 22,1 = 7920047 + 263577600g° + - - - . (9.65)

These identities show that

A(_l)d/4+1 (d) > »\,2(&1/2 + 1) (966)

holds for all multiples of 4 with 4 < d < 40. For example, f,p = 1, and the complete
positivity of €y yields A_(40) > 2.

For larger weights, we combine Theorem 9.4.3 with a finite check of the remaining
coefficients for all even weights w < 5000, completing the proof of Theorem 9.0.2.

The following plots compare the new upper and lower bounds for A.(d) with the
previous bounds.
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80 F T T T T T T -
60 |- 2
S
40 + a
<
20 2
0 ‘ ‘ | . 50 100 150 200
0 5,000 10,000 15,000 20,000 25,000 30,000 35,000
d
— Bourgain—Clozel-Kahane (9.11) (UB) a New upper bound (9.1) (UB)
—_ Bourgain-Clozel-Kahane (9.7) (LB) — Edwin (9.20) (LB)
—_ New lower bound (9.2) (LB)

Figure 9.1: Upper and lower bounds on A,(d), with a zoomed view for d < 200 in the
inset. The new bounds proved in this chapter (Theorems 9.0.1 and 9.0.2) are sampled at
every multiple of 4 in the inset; the main plot shows representative samples, and the new
lower bound applies in dimensions with d = 4 (mod 8).
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<
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20 | -
0 | | | 50 100 150 200
0 5,000 10,000 15,000 20,000 25,000 30,000 35,000
d
— Cohn—-Gongalves (9.7) (LB) —_ Edwin (9.20) (LB) —_ New lower bound (9.2) (LB)

Figure 9.2: Lower bounds on A_(d), with a zoomed view for 4 < 200 in the inset. The

new lower bound proved in this chapter (Theorem 9.0.2) applies in dimensions with d = 0
(mod 8).
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Appendix A

Implementations in Sage

In this appendix, we give some details about the Sage implementations of the computations
in this thesis. All the code is available at https://github.com/seewoo5/posgmf.

A.1 Quasimodular forms in Sage

Our Sage code is heavily based on the current implementation of quasimodular forms,
which was largely written by David Ayotte. In Sage, the ring of quasimodular forms of level
I'o(N) or I'/(N) is essentially implemented as a polynomial ring in one variable (E;), with
the ring of (genuine) modular forms as a coefficient ring, based on [43]. For the quasimodu-
lar forms of level SL,(Z), we can simply define the ring as QM = QuasiModularForms(1), and
the Eisenstein series Ej, E4, and Eg are available as generators of the ring, i.e. QM.gen(0),
OQM.gen(1), and QM. gen(2).

QM = QuasiModularForms(1)
E2, E4, E6 = QM.gen(@), QM.gen(1), QM.gen(2)
Disc = (1 / 1728) * (E4 ~ 3 - E6 * 2) # discriminant form
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A.2 Custom functionality

Extremal quasimodular forms

For given weight w and depth s, we can compute an extremal quasimodular form Xy s
by computing a basis of the space of quasimodular forms of weight w and depth < s, and
then solving a system of linear equations to determine the unique form with the desired
vanishing order at infinity. However, when s = 1 or s = 2, we used Grabner’s recurrence
relations [32] and checked the extremality of the resulting forms by checking the vanish-
ing order at infinity. The higher-level cases that appear in Chapter 7 are implemented
essentially in the same way.

def is_extremal_gm(gm):
"""Check whether a quasimodular form is extremal.”""
s = gm.depth()

gm.weight ()

w
d

order = gm_cusp_order(gm)

dim_gm(w, s)

return d - 1 == order

if w<6:

def _extremal_gm_d1(w):

assert False, "weight should be >= 6"
if w ==
return (1 / 720) x (E2 x E4 - E6)
else:
if w% 6 == 0:
_gm = _extremal_gm_di(w - 6)
res = E4 * gm_serre_derivative(_gm, w - 7) - ((w - 5) / 12) *x E6 * _gm
res *=w / (72 * (w - 5) * (w - 1))
assert is_extremal_gm(res), "not extremal”
return res
elif w% 6 == 2:
_gm = _extremal_gm_d1(w - 2)
res = (12 / (w - 1)) * gm_serre_derivative(_gm, w - 3)
assert is_extremal_gm(res), "not extremal”

return res
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elif w % 6 == 4:
_gm = _extremal_gm_d1(w - 4)

res = E4 * _gm
assert is_extremal_gm(res), "not extremal”
return res

else:

assert False, "weight is odd”

def _extremal_gm_d2(w):

if w < 4:
assert False, "weight should be >= 4"

if w==
return (1 / 288) * (E4 - E2"2)

elif w% 4 ==
_gm = _extremal_gm_d2(w - 4)
res = ((w-3)* (w-4) / 36) * E4 x _gm
res -= gm_serre_derivative(gm_serre_derivative(_gm, w - 6), w - 4)
res = (3 * (w)*2) / (16 * (w - 1) * (w - 2)*2 * (w - 3))
assert is_extremal_gm(res), "not extremal”
return res

elif w % 4 ==
_gm = _extremal_gm_d2(w - 2)
res = gm_serre_derivative(_gm, w - 4)
res *= (6 / (w - 1))
assert is_extremal_gm(res), "not extremal”
return res

else:

assert False, "weight is odd”

def extremal_gm(weight, depth):

nnn

Find the extremal quasimodular form for given weight and depth.

The result is normalized so that its first nonzero coefficient is 1.

nnn

assert (@ <= depth <= weight/2 and 2 * (depth + 1) != weight), "inappropriate weight and
depths”

if depth == 1:
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return _extremal_gm_d1(weight)
if depth == 2:

return _extremal_gm_d2(weight)

bs = gm_basis(weight, depth)

d = dim_gm(weight, depth)

m = matrix([gm_coefficients(gm_, d) for gm_ in bs])
c_ = vector([@] x (d - 1) + [1])

X_ = m.solve_left(c_)

ans = sum(x_[j] * bs[j] for j in range(d))

return ans

To check uniqueness of extremal forms (of general levels), it is enough to check invert-
ibility of the d X d matrix of coefficients of the quasimodular forms in the basis of a given
space, where d is the dimension of the space.

def is_extremal_gm_unique_level(weight, depth, level=1):
Check if the extremal quasimodular form of given weight, depth, and level is unique.
Only supported for level Gamma@(N) for N =1, 2, 3.
if level == 1:
if depth <= 4:
return True
return is_extremal_gm_unique(weight, depth)
elif level == 2:
if depth <= 2:
return True
bs = gm_12_basis(weight, depth)
d = len(bs)
m = matrix([gm_coefficients(b, d) for b in bs])
return m.is_invertible()
elif level == 3:
if depth <= 1:
return True

bs = gm_13_basis(weight, depth)
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d = len(bs)
m = matrix([gm_coefficients(b, d) for b in bs])
return m.is_invertible()

else:

raise NotImplementedError("Only level Gamma@(N) for N = 1, 2, 3 is supported”)

Finding linear combinations

A large portion of the computations in this thesis involves expressing a given quasimodular
form as a linear combination of other quasimodular forms, in order to study its Fourier
coefficients. This is implemented as follows, by solving a system of linear equations of the
tirst few Fourier coefficients. If the system is not solvable, then it returns an error.

def gm_find_lin_comb(gm, 1s, prec=100):
"""Express ‘gm‘ as a linear combination of quasimodular forms in ‘ls‘."""
w = gm.weight()

gm.depth()

m = matrix([gm_.coefficients(list(range(prec))) for gm_ in 1ls])
c

S

= vector(gm.coefficients(list(range(prec))))

X_ = m.solve_left(c_)

r = sum(x_[j] * 1s[j] for j in range(len(ls)))
assert gm == r

return x_

Quasimodular forms of level I'(2)

As mentioned before, quasimodular forms of level I'o(N) or I'i (V) are already available in
Sage. However, for the ring of quasimodular forms of level I'(2), we had to implement it
ourselves since the current implementation of modular forms does not support that level.
The ring of quasimodular forms of level I'(2) is isomorphic to a polynomial ring with three
generators, namely H, = ©;, Hy = ©}, and E;. So we simply define it as a polynomial
ring QM2.<H2,H4,E2_> = QQ[‘H2,H4,E2’], and implement functions that compute the g-
series and (Serre) derivatives and plot the graph of a given form in ¢ for z = it. We use
(2.46)—(2.48) to implement (Serre) derivatives as follows.
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QM2.<H2, H4, E2_> = QQ[’H2,H4,E2’]

E4_ = H2%2 + H2 * H4 + H4"2

E6_ = (H2 + 2 * H4) * (2 x H2 + H4) * (H4 - H2) / 2
Disc_ = H2"2 * (H2 + H4)"2 x H4*2 / 256

E2_2z = (1/4) % (2 * E2_ + H2 + 2 * H4) # E2(22)
E4_2z = (1/16) * (H2*2 + 16 * H2 % H4 + 16 * H4"2) # E4(2z2)
E6_2z = (-1/64) % (H2 + 2 % H4) % (H2*2 - 32 % H2 % H4 - 32 % H4"2) # E6(22)

def gm2_weight(qgm):
"""Return the weight of a homogeneous level Gamma(2) quasimodular form."""
w = None
for (a, b, e) in gm.dict().keys():
if w is None:
w=2%*a+2xb+2x*%e
else:
assert w==2*a+2*xb+2+*e

return w

def gm2_depth(gm):
"""Return the depth of a level Gamma(2) quasimodular form.
dp = 0
for (_, _, e) in gm.dict().keys():

nnn

dp = max(e, dp)

return dp

def gm2_derivative(gm):

"""Return the derivative of a level Gamma(2) quasimodular form."""
r = QM2(0)
for (a, b, e), coeff in gm.dict().items():

r += (coeff / 6) x H2%a * H4*b * ((@a - 2 *b) * H2 + (2 *xa - b) * H4 + (a + b) *
E2_) * E2_"e

if e >=1:

r += coeff x H2%a * H4*b * e x E2_*(e-1) * (E2_"2 - E4_) / 12

return r

def gm2_serre_derivative(gm, k=None):
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"""Compute the level Gamma(2) Serre derivative with weight ‘k¢.""”
if k is None:

k = gm2_weight(gm) - gm2_depth(gm)
return gm2_derivative(gm) - (k / 12) * E2_ *x gm

For the g-expansions of these quasimodular forms, we express them in gh = g

1/2

instead of q = g, since the power series ring does not support non-integer powers. We also
implemented functions from the ring QM (Q M(SL2(Z))) into the ring QM2 (Q M(T'(2))), which
correspond to the natural embedding 11_to_12 and to f(z) — f(2z) (double_argument).

def

def

11_to_12(qgm):

r = QM2(0)

for (d2, d4, d6), coeff in gm.polynomial.dict().items():
r += coeff x E2_*d2 x E4_"d4 x E6_"d6

return r

double_argument(qgm):
"""Map ‘f(z)¢ to ‘f(2z)¢ for level 1 quasimodular forms represented at level Gamma(2)."""
r = QM2(0)
for (d2, d4, d6), coeff in gm.polynomial().dict().items():
r += coeff * E2_2z"d2 * E4_2z"d4 * E6_2z"d6

return r

Now, we can check various quasimodular form identities using assert as follows. Note

that the ring QM is implemented as a polynomial ring in three variables (namely E;, Ej,

and E¢), and Sage simply checks whether two given polynomials are equal.

>>>

>>>

>>>

>>>

>>>

>>>

>>>

>>>

X_4_2 = extremal_gm(4, 2)
X_6_1
X_8_2 = extremal_gm(8, 2)

assert X_8_2.derivative() == 2 x X_4_2 * X_6_1 # Check (51)

(E4*3 - E6%2) / 1728

F_8d = (E2 *x E4 - E6)*2

assert gm_serre_derivative_fold(F_8d, 2, 10) == (5/6) * E4 x F_8d + 172800 * Disc *
X_4_2 # Check (64)

G_24d = H2"5 * (2 * H2*"2 + 7 * H2 x H4 + 7 x H4"2)
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>>> assert gm2_serre_derivative_fold(G_24d, 2, 14) == (14/9) * E4_ * G_24d # Check (72)

For the computations in the proof of the “harder” inequality (5.9), we define auxiliary
rings RQM and RQM2 corresponding to

RQM(T) = QM(T) |% ;]

for I' = SLy(Z) and I'(2), by adding two formal variables ip and ioz corresponding to
1/m and i/z = 1/t, respectively. As mentioned before, we regard these new elements as
“weight 1”7 objects. Then we extend the derivative D on these rings using

. . A\ 2
1 i 1 d (i 11 (i
D(;)—O' D(z)—ﬁa(;)—zz(z)

and the product rule.

# Level SL_2(2)
RQM.<ip, ioz> = QM[’ip’,’ioz’] # ‘ip‘® =1/ pi, ‘ioz‘ =1/ z

def rgm_weight(rgm):

"""Return the weight of a rational quasimodular form expression."”"”
w=20
for (dip, dioz), gm in rgm.dict().items():

w = max(w, gm.weight() + dip + dioz)

return w

def is_rgm_homogeneous(rgm):
"""Check whether all monomials in ‘rgm‘ have the same total weight."""
w = None
for (dip, dioz), gm in rgm.dict().items():
w_ = gm.weight() + dip + dioz
if w is None:
W= w_
else:
ifw = w_:
return False

return True
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def rgm_depth(rgm):

"""Return the depth of a rational quasimodular form expression.”""
dp = 0
for gm in rgm.dict().values():

dp = max(dp, gm_depth(gm))

return dp

def rgm_derivative(rgm):
"""Differentiate a rational quasimodular form expression.”""
r=2=0
for (dip, dioz), gm in rgm.dict().items():
r += gm.derivative() * ip*dip * ioz*dioz
if dioz >= 1:
r += gm * ip*dip * dioz * ioz”*(dioz - 1) * ((1/2) * ip * ioz"2)

return r

# Level \Gamma(2)
RQM2.<ip_, ioz_> = QM2[’ip’,’ioz’] # ‘ip‘ =1 / pi, ‘ioz‘ =1/ z

def rgm2_weight(rgm):

"""Return the weight of a level Gamma(2) rational quasimodular form expression.”"""
w=20
for (dip, dioz), gm in rgm.dict().items():

w = max(w, gm2_weight(gm) + dip + dioz)

return w

def is_rgm2_homogeneous(rgm):
"""Check whether all monomials in level Gamma(2) ‘rgm‘ share one total weight."""
w = None
for (dip, dioz), gm in rgm.dict().items():
w_ = gm2_weight(gm) + dip + dioz
if w is None:
W= W_

else:
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ifw!l=w_:
return False

return True

def rgm2_depth(rqgm):

"""Return the depth of a level Gamma(2) rational quasimodular form expression.”""
dp = 0
for gm in rgm.dict().values():

dp = max(dp, gm2_depth(gm))

return dp

def rgm2_derivative(rqgm):
"""Differentiate a level Gamma(2) rational quasimodular form expression.”""
r=2=0
for (dip, dioz), gm in rgm.dict().items():
r += gm2_derivative(gm) * ip_*dip * ioz_*dioz
if dioz >= 1:
r += gm x ip_*dip * dioz * ioz_"(dioz - 1) x ((1/2) * ip_ * ioz_"2)

return r

We can also define S-actions on these rings, using the transformation laws of Eisenstein
series and theta functions. Note that, if the input is a quasimodular form without any
rational terms, then the output is homogeneous. Otherwise, the output may not be
homogeneous in general. Also, we always assume that the input is homogeneous. On
each monomial, the action |,S on F - (1/m)" - (i/z)” where F € Q My—_,—4(T) equals

(Flo—a-S) - (1/m0)* - (i/(=1/2))" - 2770 = (=1)@0/2 - (Fly_apS) - (1/70)" - (i/2)"

(we only deal with inputs of even weights, so a + b is always even). We can extract
homogeneous components using rgm_homogeneous_comps and rgm2_homogeneous_comps.

def rgm_S_action(rgm):
"""Apply the S-action to homogeneous rational quasimodular forms."”""
r=2=0
assert is_rgm_homogeneous(rgm), "Input is not homogeneous."”
for (dip, dioz), gm in rgm.dict().items():

r += (-1)*((dip + dioz)/2) * gm_S_action(gm) * ip*dip * ioz*dip
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return r

def rgm2_S_action(rgm):
"""Apply the S-action to homogeneous level Gamma(2) rational forms."""
r=2o
assert is_rgm2_homogeneous(rgm), "Input is not homogeneous."”
for (dip, dioz), gm in rgm.dict().items():
r += (-1)*((dip + dioz)/2) * gm2_S_action(gm) * ip_*dip * ioz_*dip

return r

def rgm_homogeneous_comps(rqgm):
"""Extract homogeneous weight components from a rational quasimodular form."""
r = dict()
for (dip, dioz), gm in rgm.dict().items():
gm_comps = gm.homogeneous_components()
for w_, gm_ in gm_comps.items():
w = w_ + dip + dioz
if w not in r:
rfw] = gm_ * ip*dip * ioz*dioz
else:
rfw] += gm_ * ip*dip * ioz*dioz

return r

def gm2_homogeneous_comps(qgm):
"""Extract homogeneous weight components from a level Gamma(2) quasimodular form."""
r = dict()
for (dh2, dh4, de2), coeff in gm.dict().items():
w =2 % (dh2 + dh4 + de2)
if w not in r:
rfw] = coeff * H2*dh2 * H4*dh4 * E2_*de2
else:
rfw] += coeff * H2*"dh2 * H4*dh4 x E2_"de2

return r

def rgm2_homogeneous_comps(rgm):
"""Extract homogeneous weight components from level Gamma(2) rational forms."""
r = dict()

for (dip, dioz), gm in rgm.dict().items():
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gm_comps = qgm2_homogeneous_comps (gm)
for w_, gm_ in gm_comps.items():
w = w_ + dip + dioz
if w not in r:
riw] = gm_ * ip_*dip * ioz_*dioz
else:
riw] += gm_ % ip_*dip * ioz_*dioz

return r

Note that these functions also help with the limit computations such as (5.29), (5.39),
and the one in Proposition 5.4.10, since we essentially use the S-action to change the limits
from lim;_,o+ to lim; . For example, the following code recovers the proof of Proposition
5.3.3, computing F|12S and G|;9S and extracting their modular form components.

>>> F_8dS = gm_S_action(F_8d)

>>> (G_8dS = gm2_S_action(G_8d)

>>> print_rgm(F_8dS, "F_8d|S")

F_8d|S

polynomial (E272xE4"2 - 2%E2*E4xE6 + E6"2) + (-12%E2*E472 + 12*E4xE6)*(1/m)*(i/z) +
(36*%E4*2)*x(1/m)*2%x(i/z)"2

weight 12

depth 2

>>> print_rgm2(G_8dS, "G_8d|S")

G_8d|S

polynomial (-5%H2%2*H4*3 - 5xH2*H4%4 - 2xH4*5)

weight 10

depth 0

>>> print("F_8dS, ip"0@ * i0z"0:", F_8dS.coefficient([@, 0]))

F_8dS, ip?@ * ioz*@: 518400%q*2 + 18662400%q"3 + 255052800%q"4 + 1870387200%q"5 + 0(q"6)

>>> print("F_8dS, ip*1 * ioz*1:", F_8dS.coefficient([1, 11))

F_8dS, ip*1 * ioz*1: -8640%q - 2229120*q"2 - 56712960%xq"3 - 570689280*q*4 - 3375043200*q"5 +
0(9"6)

>>> print("F_8dS, ip"2 * ioz”2:", F_8dS.coefficient([2, 2]))

F_8dS, ip"2 * ioz*2: 36 + 17280%q + 2229120*q"2 + 37808640*q*3 + 285344640%q"4 +
1350017280*9g*5 + 0(q"6)

>>> print(”G_8dS, ip*@ x ioz"0:", gqm2_g_series(QM2(G_8dS.coefficient([0, 01)), 10))
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G_8dS, ip"@ * i0z*@: (-2) + (-240)*qh"2 + 10240%gh*3 + (-134640)*gh"4 + 1007616%gh*5 +
(-5215680)xqh"6 + 20828160%gh*7 + (-69131760)*gh*8 + 199966720%gh*9 + Order (gh*10)

Victor—Miller basis

As explained in Chapter 7, Remarks 7.3.5 and 7.4.3, we can construct Victor-Miller bases
of My (T'o(N)) for N = 2,3 using extremal modular forms. In the case of level I'o(2),
the modular forms A;EU _iAfM for 0 < i < 7 form a basis of My (I'0(2)) of cusp orders
1,9,...,9%. Then the first d = & + 1 coefficients of these forms form an upper-triangular
matrix with diagonal entries 1, and we can invert this matrix to obtain the Victor-Miller
basis.

def 12_victor_miller_basis(weight):
"""Return the Victor-Miller basis for level Gamma@(2) at given weight."""
assert weight % 2 == 0@, "Weight must be even”
_M2 = ModularFormsRing(Gamma@(2))
A2 = _M2.@ # 2E2(2z) - E2(2)
A4_0 = _M2.1 # E4(22)
A4_1 (A2 ~ 2 - A4_0) / 48
if weight % 4 == 0:
tri_basis = [A2 * (weight // 2 - 2 x 1) x A4_1 ~ i for i in range(weight // 4 + 1)]
else: # weight % 4 ==
tri_basis = [A2 * (weight // 2 - 2 * 1) * A4_1 *» i for i in range((weight - 2) // 4 +
D]
d = len(tri_basis)
T = identity_matrix(QQ, d)

for i, f in enumerate(tri_basis):

f_qgexp = f.qexp(d).list() # can be shorter than d
for j in range(i + 1, len(f_gexp)):
TCi, j1 = f_qgexplj]
Tinv = T.inverse()
vm_basis = [sum(Tinv[i, j] % tri_basis[j] for j in range(d)) for i in range(d)]

return vm_basis

143



Similarly, we can get the triangular basis of M, (I'0(3)) using the forms B;Bi 1B’6‘,2 for
i,j, k €Zspand k € {0,1} such that 2i + 4j + 6k = w. The form has cusp order j + 2k, and
these cusp orders are all distinct for different basis elements; if 2i1 +4;j; +6k1 = 2ix+4j,+6k>
and j1 + 2k1 = jz + 2k2, then j1 — jz = —2(i1 — iz) = —2(k1 — kz), and j1,j2 S {0, 1}, SO j1 = jz
and i1 = i, k1 = ky. Then we can get the Victor-Miller basis by sorting the basis elements
in ascending order of their cusp orders and inverting the upper-triangular matrix of

coefficients of these formes.

def 13_victor_miller_basis(weight):
"""Return the Victor-Miller basis for level Gamma@(3) at given weight."""
assert weight % 2 == 0@, "Weight must be even”
_M3 = ModularFormsRing(Gamma@(3))
B2 = _M3.0 # (3E2(3z) - E2(z)) / 2

B4_0 = _M3.1 # E4(3z)

B6_0 = _M3.2 # E6(3z)
B4_1 = (B2 ~ 2 - B4_0) / 24
B6_2 = (B2 ~ 3 -3 %B2*B4_0 + 2 % B6_0) / 432

tri_basis = []
for i in range(weight // 2 + 1):
if (weight - 2 x i) % 6 == @:
k = (weight - 2 x 1) // 6
tri_basis.append(((i, @, k), B2 * i x B6_2 * k))
if (weight - 2 x1i - 4) %6 == 0:
k = (weight - 2 1 -4) // 6
tri_basis.append(((i, 1, k), B2 ~ i *x B4_1 *x B6_2 * k))
tri_basis.sort(key=lambda x: x[@J[1] + 2 * x[@J[2])
tri_basis = [f for _, f in tri_basis]
d
T

len(tri_basis)
identity_matrix(QQ, d)

for i, f in enumerate(tri_basis):
f_qgexp = f.qexp(d).list() # can be shorter than d
for j in range(i + 1, len(f_gexp)):
TLi, j1 = f_qgexplj]
Tinv = T.inverse()
vm_basis = [sum(Tinv[i, j] * tri_basis[j] for j in range(d)) for i in range(d)]

return vm_basis
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For example, we get the following basis elements for weight w = 8 and level I'y(2):

1
fO = —%A‘l 152A2A40 ZZA‘ZL/O =1- 7680q3 + 4320q4 _ 276480[]5 b
1 1 7
fi = —5gg A2 + 3cA2AL0 — 5o ALy = 4+ 14097 +10249" +4398¢° + -,
1 1 1
fa= 2304 % 1152A2A4 o+t 2304142,0 = q2 + 16q3 + 120q4 + 576q5 4o

and similarly for level I'g(3):
fo=Bi,=1+480q° +619204° + - -,

1 1 5
f1 =—EBZB40+8B2B6Q 48B2 —q—135q3—902q4—"' ,
1 1

- 2
fa= BB - 75

1
—B2Bso+ —Bi o= 4" + 184> +1354" + --- .
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Feigenbaum-Grabner-Hardin Fourier eigenfunctions

In Chapter 9, we used Fourier eigenfunctions constructed by Feigenbaum, Grabner, and
Hardin [26] to obtain new upper bounds for the sign uncertainty principle constant A, (d).
For this argument, we must prove the nonpositivity of M +(0), which reduces to verifying
the nonnegativity of the first few Fourier coefficients of certain quasimodular forms.

For (-1)%/ 4-eigenforms, we implemented F,, and l?w using the recursive formulas (8.1),
(8.2), and (9.30). For (=1)%/4+1-eigenforms, the L5 term must also be tracked. We did this
by adjoining a generator for L5, namely QM2_LS.<LS> = QM2[’LS’], and by implementing
functions that compute derivatives, g-series, and the modular components A and B of
an expression G = A + BLs. We then used these routines to verify the nonnegativity of
the required initial Fourier coefficients of Gu. The computation was carried out on the
high-performance computing server of the UC Berkeley Department of Mathematics. It
took more than a month to verify the required coefficients for all dimensions up to 36000.

Extremal Eisenstein series

Extremal Eisenstein series &, are used in Chapter 9 to give new lower bounds for the
sign uncertainty principle constant A_y)is+1(d). In Sage, the default basis of a space of
modular forms is the Victor-Miller basis for the cusp forms, followed by Eisenstein series.
When the level is 1, the Eisenstein series is simply E;, of (2.2). Hence, if we denote the
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elements of the Victor-Miller basis as fi, ..., f;, then the extremal Eisenstein series can be
computed by

{
2w
Ew = 5 Z 0w-1(n) fu + Ew

n=1

and we do not need to solve any linear equations for this.

def extremal_eisenstein_series(weight):
Compute extremal Eisenstein series of given weight, i.e. a modular form of weight $w$
with $g$-expansion
$1 + 0(g"{1})$ where $1%$ is the dimension of the space of modular forms of weight $w$.
assert weight % 2 == @ and weight >= 4, "Weight must be even and >= 4"
w = weight
basis = ModularForms(weight=weight).basis()
# The last basis element is the Eisenstein series, and the rest are Victor-Miller basis.
d = len(basis) # d =1+ 1
cs =[]
for n in range(1, d):
coeff = (2 * w) / bernoulli(w) * sigma(n, w - 1)
cs.append(coeff)
r = sum(c * b for (c, b) in zip(cs, basis[:-1]))
r += basis[-1]

return r

146



Appendix B

Formalization of Sphere Packing in
Dimension 8 in Lean 4

In this appendix, we briefly explain the Sphere-Packing-Lean project, which is an ongoing
project formalizing Viazovska’s proof of the optimality of the Eg-lattice in dimension 8 in
Lean 4. We also show some examples of the formalized statements, which we expect to be
updated as the project progresses. See also [36] for a short summary of the current status
of the project.

B.1 Overview

As mentioned earlier in the introduction, the project was initiated by Sidharth Hariharan
while he was visiting Viazovska at EPFL as an exchange student. Its existence was first
announced at the ICMS workshop “Formalisation of Mathematics: Workshop for Women
and Mathematicians of Minority Gender” in May 2024. Chris Birkbeck, Gareth Ma, Bhavik
Mehta, and I then joined the project, setting up the early blueprint and formalizing the
core definitions and related theorems during summer 2024. In particular, we decided to
follow the proof in Chapter 5 instead of Viazovska’s original proof. The project reposi-
tory was made public at the “Big Proof: formalizing mathematics at scale” workshop at
the Isaac Newton Institute in Cambridge in June 2025, and it began to receive numerous
contributions from the community, both from humans and Al systems (and combinations
of the two). Several companies working on autoformalization (i.e., automatically formal-
izing mathematical results using Al or other tools) also began contributing to the project,
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https://github.com/thefundamentaltheor3m/Sphere-Packing-Lean

including Harmonic (with their model Aristotle) and Math Inc (with their model Gauss).

A milestone was reached in February 2026, when Math Inc.’s model Gauss “finished”
the project in the sense that it produced a sorry-free proof of the optimality of the Eg-lattice
in dimension 8, consisting of about 60K lines of Lean code. A week later, they announced
similar results for dimension 24, comprising about 180K lines of code. However, their
work prompted some public discussion, as the maintainers of the project were unaware
thatMath Inc. had been working on it until the announcement was made, especially given
that they had stopped communicating publicly since November 2025. More backstory on
what happened can be found in Jeremy Avigad’s essay [3].

Although we now have a sorry-free proof of Viazovska’s remarkable result, the project
is not yet considered “finished,” for several reasons. First, the goal of the project was not
to validate Viazovska’'s proof, since it was never in doubt. Rather, as with other Lean
projects, we aim to produce maintainable Lean code that can be upstreamed to Mathlib
and prove useful for future formalization projects. For example, the dimension formula
for modular forms of level 1, the definition of E;, the derivative and Serre derivative of
modular forms, and Jacobi’s identity (2.25) are planned to be upstreamed to Mathlib or
have already been upstreamed. The project has also produced several metaprogramming
outcomes, including the new tactics norm_numI and tendsto_cont, which are likewise planned
to be upstreamed (see Section B.7). The quality of Gauss’s code, as well as that of most
LLM-generated Lean code, is not yet good enough for this purpose and requires further
refactoring. Another aim of the project is to deepen our own understanding of the proof;
formalization is an excellent way to do this, as it forces us to scrutinize every detail.

Moreover, LLM-based autoformalization of a natural-language proof does not guar-
antee that the formalized proof corresponds to the informal one, even when the formalized
proof is correct. The notion of “correspondence of proofs” is introduced in Simon DeDeo
and Eamon Duede’s paper [22], and it is highly nontrivial to determine whether two math-
ematical proofs are essentially the same. In principle, an autoformalized proof may be
correct without corresponding to the original proof, and it could be either better or worse
than the original. Note that the project does not follow Viazovska’s original argument in
its entirety [80]. As mentioned above, the proof of the quasimodular form inequalities is
based on the approach in Section 5.3 instead of the original argument based on interval
arithmetic, and some of the arguments are simplified to make them more amenable to
formalization.

Nonetheless, Gauss’s code includes formalizations of intermediate results for which
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we had been searching for the right approach, and it can serve as a useful suggestion for
how to handle them. We are currently working to understand and refactor Gauss’s code.
This also reflects the current state of autoformalization: more developments of this kind
will appear in the future, and we will need to adapt to these new technologies.

B.2 Formalizing E;

The formalization of E; was carried out mostly by Chris Birkbeck. Here we briefly explain
our choice of definition for E; and the proof of its quasimodularity.

The function E; : H — C should be holomorphic on H, satisfy the functional equation
(2.40), and admit a Fourier expansion of the form (2.39). Here are four possible definitions
of Ez:

1

1 )
RN e o
Ex(z)=1-24 Z o1(n)g" (B.2)
n>1
Ex(2) = (log Y () = 3 (8.3)
3E/ E
. 4(zE)4 . o) -

Note that the last definition implicitly takes Ramanujan’s identity (2.43) as a definition.
Each formulation has its own advantages and disadvantages when proving equivalences

between them. For example, if we take (B.3) as the definition, then one must first decide
2

how to define A(z). If we define A as %, then the transformation law (2.40) becomes
easy to prove, but showing that A(z) is nonzero on H becomes difficult. Conversely, if we
define A via the g-expansion ¢ [],,51(1 — g")?*, then the nonvanishing of A(z) on H and the
g-expansion (B.2) follow almost immediately, but the transformation law (2.40) becomes
difficult. Similarly, one of Ramanujan’s identities follows immediately from (B.4) if taken
as a definition, but this is inconvenient because E4(z) vanishes at the points equivalent to
e2™/3 under the SLy(Z)-action.

In the end, we chose the first definition, and the other three identities above are
proved as theorems. One must first handle the conditional convergence of the double
sum in the first definition. Once this is done, the g-expansion of E; (B.2) follows from
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the standard argument using the Mittag—Leffler expansion of the cotangent function,
micot(mz) = % + Dus0 (Z%n + Z%), while the functional equation (2.40) can be proved
by a direct computation from the definition. The discriminant form A(z) is defined as
A(z) = n(z)*, where 1(z) = ¢/**[1,51(1 - g") is the Dedekind eta function. One can

use (B.2) to prove that E»(z) = 21—4(10g 1)’ (z), which implies the transformation law of 1(z),

n (—%) = \/gn(z),

and also implies the transformation law of A(z), ultimately showing that A(z) is a cusp

namely

form of weight 12 and level 1.

We also decided not to formalize the full definition of quasimodular forms, since
it is not needed for the sphere packing project. However, we plan to formalize the
theory of quasimodular forms in the future, and it would be interesting to formalize their
applications in several areas of mathematics, such as mirror symmetry [24, 42], partitions
[6, 83], and Gromov—Witten invariants [60].

B.3 Schwartzness of Fourier eigenfunctions

The Cohn-Elkies bound [13] holds for Schwartz functions, or more generally for admissible
functions; a function f : R? — C is called admissible if there exists a constant 6 > 0 such
that | f(x)| and |j?(x)| are bounded by C(1 + [x|)™~® for some constant C > 0. In [80],
Viazovska used the bounds (5.10) and (5.11) on the coefficients of the relevant modular
forms to establish the Schwartzness of the Fourier eigenfunctions, by proving

|po(2)] < Coe =292 (B.5)
Ys(z)| < Cse™™= (B.6)

for some constants Cyp, Cs > 0 and all 3z > 1/2. As mentioned above, the proofs of (5.10)
and (5.11) rely on the Hardy—Ramanujan circle method or on nonholomorphic Poincaré
series, both of which are highly nontrivial to formalize. Instead, we provide a much
simpler argument that requires only the product formula for the discriminant form (2.10)
and the polynomial growth of the Fourier coefficients of the modular forms appearing in
the “numerators.”
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Lemma B.3.1. Let F(z) be a holomorphic function on H with Fourier expansion

F(z) = Z a,e™"? (B.7)

nznop

where a,, # 0. Assume that )., |a,le ™% converges absolutely for 3z > 1/2 (for
example, when a, has polynomial growth). Then there exists a constant Cr > 0 such that

o

< —71(ng—2)Jz )
A(z) = Cpe (B 8)

for all z with 3z > 1/2.

Proof. By the product formula (2.10),

anno anem’nz
e2miz anl(l _ eZm’nz)M
| anno anem’(n—no)zl
anl |1 _ e2ninz|24
anno |an|e—n(n—no)5z

anl(l _ e—2nn52)24
-mn(n-ng)/2

F(z)
A(z)

— |em’(n0—2)Z| .

< e—n(no—Z)Sz .

e—ﬁ(no—Z)Sz . ZnZno layle

[Tis1(1 —e7mm)
-1(ng—2)Jz

IA

:Cf-e

where
C ZnZnO |an|e—n(n—no)/2
f- [T»1(1 —e ™) -

The denominator also converges; it is simply e™ - A(i/2). O

(B.9)

Corollary B.3.2. The inequalities (B.5) and (B.6) hold.

Proof. Apply Lemma B.3.1, where

— (EZ(Z)E4(Z) - E6(Z))2 _ 720264711'2 + 0(657'(1'2)

$o(z) A e
B H23(2H22 +5HyHy + 5HZ) _10240e%7% + O(e*miz)
Ps(z) = - AR = - e
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Note that all the coefficients of the numerators are nonnegative. O

Lemma B.3.1 was formalized by Sidharth Hariharan earlier during his master’s thesis;
see [81].

variable (z : H) (hz : 1/ 2 < z.im)

variable (¢ : Z — C) (ng : Z) (hcng : ¢ ng # 0)

variable (hcsum : Summable fun (i : N) — (fouterm c z (i + ng)))

variable (k : N) (hpoly : ¢ =0[atTop] (fun n — (n * k : R)))

variable (f : H > C) (hf : Vx : H, f x = X’ (n : N), (fouterm ¢ x (n + ngp)))

noncomputable def DivDiscBound : R :=
(X (n : N), norm (c (n + ny)) *x rexp (-m *n / 2)) /
(IT' (n : N+), (1 - rexp (-t * n)) * 24)

include f hf z hz ¢ ng hcsum k hpoly in
theorem DivDiscBoundOfPolyFourierCoeff : norm ((f z) / (A z)) <

(DivDiscBound ¢ ng) * rexp (- * (ng - 2) * z.im) := ...

theorem norm_gg_le : 3 Cy >0, Vz : H, 1/ 2<z.im —

norm (@o z) < Cop * rexp (-2 * @ * z.im) := ...

B.4 Quasimodular form inequalities

As mentioned earlier, we chose to formalize the proof of the quasimodular form inequal-
ities given in Chapter 5. To do so, we formalized the definitions of derivatives and Serre
derivatives, and developed APIs for restricting quasimodular forms to the imaginary axis.

Derivative, Serre derivative, and Ramanujan’s formula

We formalized the derivative D = %% and the Serre derivative di as follows. Note that

the derivative is defined to be 0 if a given function is not differentiable.

noncomputable def D (F : H - C) : H —» C :=
fun (z : H) => (2 * m = I)7! % ((deriv (F o ofComplex)) z)
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noncomputable def serre D (k : C) : (H—->C) » (H - C) :=
fun (F : H > C) => (funz=>DF z -k * 1271 xE z * F z2)

Then we proved basic properties of b and serre_p, including linearity, the Leibniz rule,
and the fact that serre_b preserves modularity. Eventually, we showed that di F is amodular
form of weight k + 2 if F is a modular form of weight k.

theorem D_mul (F G : H — C) (hF : MDiff F) (hG : MDiff G) : D (F *x G) =DF *x G+ F * DG

theorem serre_D_mul (ki ko : Z) (F G : H — C) (hfF : MDiff F) (hG : MDiff G) :
serre_D (ki + ko) (F * G) = (serreD k; F) = G + F x (serre_D ky G) := ...

theorem serre_D_slash_equivariant (k : Z) (F : H — C) (hF : MDiff F) :
V y : SL(2, Z), serre_D k F |[[k + 2] y = serre_D k (F |[k] y) := ...

theorem serre_D_slash_invariant (k : Z) (F : H — C) (hF : MDiff F)
(y : SL(2, Z)) (h : FIIKl y =F) :
serre_.D k F |[k + 2] v = serre.D k F := ...

noncomputable def serre_D_ModularForm (k : Z) (f : ModularForm (Gamma 1) k) :
ModularForm (Gamma 1) (k + 2) where ...

Combined with the dimension formula for modular forms of level 1, Ramanujan’s
identities (2.42)—(2.44) are also formalized. To prove them, we use serre_D_slash_invariant
to show that d1Ey, d4E4, and d¢Eg are modular forms of weight 4, 6, and 8 respectively, and
then apply the dimension formula to conclude that they must be scalar multiples of Ey4, Eg,
and Ei, where the constants can be determined by comparing limits as 3z — co. This was
largely done with the help of Cameron Freer, who used Claude with his lean4-skills!.

theorem ramanujan_E;’ : serre_D 1 E; = - 1271 % Esq.toFun := ...

Thttps://github.com/cameronfreer/lean4-skills
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theorem ramanujan_E4’ : serre_D 4 E4.toFun = - 371 & Eg.toFun := ...

theorem ramanujan_E¢’ : serre_D 6 Eg.toFun = - 271 * E4.toFun * E4.toFun := ...

theorem ramanujan_Ep : D Ep = 1271 x (E; x Ep - E4.toFun) := ...

theorem ramanujan_Es : D E4.toFun 371 % (Ep * E4.toFun - Eg.toFun) := ...

271 % (E; * Eg.toFun - E4.toFun * E4.toFun) :=

theorem ramanujan_Eg : D Eg.toFun

Restriction to the imaginary axis

We defined an API for restricting quasimodular forms to the imaginary axis, which is
useful for formalizing the quasimodular form inequalities.

noncomputable def ResToImagAxis (F : H - C) : R —» C :=
fun t => if ht : @ < t then F ((I * t), by simp [ht]) else ©

noncomputable def ResToImagAxis.Real (F : H — C) : Prop :=
Vt:R, 0<t— (F.resToImagAxis t).im = 0

noncomputable def ResToImagAxis.Pos (F : H — C) : Prop :=
ResToImagAxis.Real F AV t : R, 8 <t —» 0 < (F.resToImagAxis t).re

Using these, we formalized the results in Chapter 3, including Proposition 3.2.2 and
Corollary 3.3.2 as below.

theorem antiDerPos {F : H — C3} (hFderiv : MDiff F)
(hFepos : ResTolImagAxis.EventuallyPos F) (hDF : ResToImagAxis.Pos (D F)) :

ResToImagAxis.Pos F := ...

theorem antiSerreDerPos {F : H — C} {k : Z} (hMD : MDiff F)
(hSDF : ResToImagAxis.Pos (serre_D k F))
(hF : ResTolImagAxis.EventuallyPos F) : ResToImagAxis.Pos F := ...
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Inequalities

With the above formalization, we can formalize the proof in Section 5.3. The current
formalization was done before Gauss’s contribution (again with the help of Cameron
Freer); Gauss’s formalization subsequently followed the same proof.

noncomputable def F := (Ep * E4.toFun - Eg.toFun) * 2
Hp » 3% ((2:R) H 2+ (5:R) -Hy*Hg+(5:R)-Hy *»2)
noncomputable def negDE; := - (D Ep)

noncomputable def Lig := (D F) * G - F = (D G)

noncomputable def G :

noncomputable def SerreDer_22_Ligp := serre_D 22 Ljg

noncomputable def FReal (t : R) : R := (F.resToImagAxis t).re
noncomputable def GReal (t : R) : R := (G.resToImagAxis t).re
noncomputable def FmodGReal (t : R) : R := (FReal t) / (GReal t)

theorem MLDE_F : serre_D 12 (serre_D 10 F) =
5% 671 % E4.toFun * F + 7200 * A_fun * negDE, := ...

theorem MLDE_G : serre_D 12 (serre_D 10 G) =
5% 671 % Eg.toFun * G - 640 * A_fun * Hy := ...

private theorem serre_D_Lig_pos_imag_axis : ResToImagAxis.Pos SerreDer_22_Lig := ...

theorem FmodG_strictAntiOn : StrictAntiOn FmodGReal (Set.Ioi @) := ...

theorem FG_inequality_1 {t : R} (ht : @ < t) :
FReal t + 18 x (1t » (-2 : Z)) * GReal t > @ :

theorem FG_inequality_2 {t : R} (ht : @ < t) :
FReal t - 18 * (mt * (-2 : Z)) * GReal t < 0 :

155



B.5 Jacobi theta functions and transformation laws

We first needed to formalize the Jacobi theta functions ®,, ©3, ®4 and H,, H3, H4. Fortu-
nately, the two-variable Jacobi theta function

Q(Z T) — Z e2ninz+nin21
7

nez
already exists in mathlib as jacobiTheta,, formalized by David Loeffler, so we can define
0, ©3, ©4 and Hy, H3, Hy as specializations of 0(z, 7):

Oy(1) = e™*0(1/2, 1),
O3(1) = 0(0, 1),
O4(1) = 6(1/2, 7).

This is helpful for computing the S-action on the theta functions (2.31), since the functional

equation for 0(z, 1),
1

(—it)l/2
is already formalized in mathlib as jacobiTheta,_functional_equation. Using (2.30) and (2.31),

0(z,7) = eMG(2 /1, -1/7),

we can prove that Hp, H3, Hy are invariant under the slash actions of a = T2, p=-S T2,
and —I, which together generate I'(2). After establishing holomorphicity (Mpifferentiable)
and the growth condition (boundedness at the cusps), we conclude that Hy, H3, Hy are
modular forms of weight 2 and level I'(2).

noncomputable def ®,_term (n : Z) (1t : H) : cexp (m*xI*x(n+1/2:C)*2x%*1)
noncomputable def ®s_term (n : Z) (1t : H) : cexp (m*I % (n:C)*2xr1)
noncomputable def ®4_term (n : Z) (1t : H) : = (1) *nxcexp (mM*xI*x(n:C)*2*1)

C

C

C
noncomputable def @, (t : H) =2X"n: 7Z, Oy termn 1

Z,

Z,

noncomputable def @3 (7 : H) =2 n: Os_term n 1
noncomputable def @4 (7 : H) =2 n:

: C
: C
: C O4_termn T
noncomputable def H, (t : H) : C := (®, 1) * 4
: C
: C

(O3 1) * 4
(O4 1) * 4

noncomputable def Hsz (7 : H)

noncomputable def Hy (T : H)

noncomputable def Hy_MF : ModularForm (I' 2) 2 :
noncomputable def H3_MF : ModularForm (I' 2) 2 :
noncomputable def H4_MF : ModularForm (I' 2) 2 :

1l
~ -
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B.6 Reducing level 2 modular form identities to level 1

To prove the Jacobi identity (2.25) or the identities on the derivatives of the theta functions
(2.49), (2.50), (2.51), one standard approach is to use the fact that the Serre derivative
preserves depth, and then to inspect the first few g-coefficients to express the relevant
forms in terms of a basis of S4(I'(2)). However, computing dimc S4(I'(2)) formally would
require considerable additional work, as the valence formula is not yet available inmathlib.
Instead, we employ a few tricks to reduce these statements to level 1, whose dimension
formulas are already formalized.

Lemma B.6.1 (Jacobi’s identity). We have H, + Hy = Hs.

Proof. Let f = (Hy + Hy — Hs)?. Clearly, f is a modular form of weight 4 and level I'(2).
Using the transformation rules for Hy, H3, Hy, one computes

fls =(=Hs— Hy + H3)* = f, (B.10)
flr = (-Ha + Hy — Hy)* = f, (B.11)

so f isin fact a modular form of level 1. Taking the limit as z — ico shows that f is a cusp
form, and therefore f = 0, since there is no nonzero cusp form of weight 4 and level 1. O

The identities (2.32), (2.33), and (2.34) can be proved by similar tricks. The right-hand
sides of (2.32), (2.33), and (2.34) are modular forms of level 1 and of the desired weights,
and the form in (2.34) is a cusp form since H» is. The identities then follow from the
dimension calculations dim My(1) = dim M(1) = dim Si2(1) = 1 and a comparison of
the first nonzero g-coefficients.

theorem jacobi_identity : Hp + Hy = Hg := ...

Proposition B.6.2. The equations (2.46)—(2.48) and (2.49)—(2.51) hold.

Proof. The equivalences are immediate from the definition of the Serre derivative. Define
f2, f3, fa as the differences of the left- and right-hand sides of (2.46), (2.47), and (2.48),
respectively:
1
fa1= 02 Hy — Ha(Hp +2Ha),
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1
f3:=d2H3 - g(Hé - H}),
1
f4 = 82H4 + 8H4(2H2 + H4).

A priori, these are modular forms of weight 4 and level I'(2); our goal is to show that they
vanish. By Jacobi’s identity (2.25), f» + fs = fz. Moreover, the transformation rules for
Hz, H3, H4 yield

fols = = fa,
hlr =-f,
fals = —f2,

falr = f3=fo+ fa.
Now define
g := (2Hy + Hg) f» + (H2 + 2Ha4) fa,
h=fi+ fafat f.
One can check that both ¢ and / are invariant under the actions of S and T, so they are
modular forms of level 1. Analyzing the limits of ¢ and / as z — ico shows that they are
cusp forms, and hence ¢ = h = 0, since dim¢ Sg(1) = dimc Sg(1) = 0. This yields
3Esf} = 3(H3 + HyHy + H)) £
= ((2H, + Hy)* — (2H, + Hy)(Hp + 2Hy) + (Hp + 2Hy)?) 2
= QH + Ha'(f; + fofs + f) = 0,

which implies f, = 0. O

theorem D_Hy :
DHy=((1/76:C) - (H *2+ @2 :C): - (Hy*xHy))+ (176 :C)-(Ex*xH) :=...

theorem D_H3 :
DHy = (1/6:C) - (Hp*2-Hyg *2)+(1/6:C)- (Ex x H3) := ...

theorem D_Hg :
DHy =(-(1 /76 :C)) - ((2:C) - (H *xHg) +Hyg *2)+ (1776 :C)-(Ep*xHy) :=...
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B.7 Metaprogramming outcomes

Working on the sphere packing project produced several interesting metaprogramming
outcomes, which we expect to be useful for future projects.

norm_numI

norm_numI is a normalization-simplification procedure to bring norm_num-like functionality to
the complex numbers. The tactic recursively parses an expression in C, splits all atoms
into their real and imaginary parts, calls norm_num on their real and imaginary parts, and
recombines them using the rules of complex arithmetic to return a normalized, simplified
expression in C. The key insight was identifying that the right ‘normal form” for an
expression in C is a + bi, where a4, b € R are both in normal form (in the sense of norm_num).
This was mostly done by Edison Xie, with input from Heather Macbeth, Bhavik Mehta,
and Sidharth Hariharan.

tendsto_cont

The second tactic developed was tendsto_cont, which uses the continuity of the projection
maps from a product of topological spaces to prove goals of the form Tendsto (fun z =>
expr(f1 z, ..., f, z)) 1 (nhds ¢) where atomic limits Tendsto f; 1 (nhds a;) are known from
context and expr is continuous in the atoms (proved via fun_prop). We use it to simplify
the proof of the limit of quasimodular forms that are polynomials in Ej, E4, Eg, Ha, Hy.
This was mostly done by Cameron Freer using Claude, with input from Bhavik Mehta and
myself.

lemma Hy_resToImagAxis_tendsto_zero : Tendsto Hp.resToImagAxis atTop (nhds @) := ...

lemma Hy_resToImagAxis_tendsto_one : Tendsto Hs.resToImagAxis atTop (nhds 1) := ...

-- Before ‘tendsto_cont°
lemma denominator_tendsto_at_infty :
Tendsto (fun s +— (Hi.resToImagAxis s).re * 3 %
(2 * (Hg.resToImagAxis s).re » 2 + 5 * (Hy.resToImagAxis s).re * (Hs.resToImagAxis s).re
+ 5 % (Hy.resToImagAxis s).re * 2)) atTop (nhds 2) := by

have hHy_lim := Hy_re_resToImagAxis_tendsto_zero
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have hHy_lim := Hy_re_resToImagAxis_tendsto_one
have hlim : (1 : R) 3 x (2 %1 *2+5%0@*1+5%0@ *2) =2 :=by norm_num
convert (hHg_lim.pow 3).mul ((hHg_lim.pow 2 |>.const_mul 2).add

((hHa_lim.mul hHg_lim |>.const_mul 5).add (hHy_lim.pow 2 |>.const_mul 5))) using 1
- ext s; ring

- ring

-- After ‘tendsto_cont®
lemma denominator_tendsto_at_infty :
Tendsto (fun s +— (Hg.resToImagAxis s).re * 3 %
(2 * (Hg.resToImagAxis s).re * 2 + 5 * (Hy.resToImagAxis s).re * (Hs.resToImagAxis s).re
+ 5 x (Hy.resToImagAxis s).re * 2)) atTop (nhds 2) := by tendsto_cont

[Hy_resToImagAxis_tendsto_zero, Hy_resToImagAxis_tendsto_one]

fun_prop

fun_prop is an existing Lean 4 tactic for establishing properties of functions, such as con-
tinuity and differentiability. We found it very effective when dealing with properties of
restrictions of quasimodular forms to the imaginary axis, such as realness and positivity.

-- Before ‘fun_prop°
theorem F_imag_axis_real : ResToImagAxis.Real F := by
unfold F
have hProd : ResToImagAxis.Real (E» * E4.toFun) :=
ResToImagAxis.Real.mul E;_imag_axis_real E4_imag_axis_real
have hNeg : ResToImagAxis.Real ((-1 : R) - Eg.toFun) :=
ResToImagAxis.Real.smul Eg_imag_axis_real
have hSub : ResToImagAxis.Real (E» * E4.toFun - Eg.toFun) := by
have hEq : Ep * E4.toFun - Eg.toFun = Ep * Eg.toFun + (-1 : R) - Eg.toFun := by
ext z
simp [sub_eq_add_neg]
simpa [hEq] using ResToImagAxis.Real.add hProd hNeg
simpa [pow_two] using ResToImagAxis.Real.mul hSub hSub

-- After ‘fun_prop°‘
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theorem F_imag_axis_real : ResToImagAxis.Real F := by unfold F; fun_prop

We also found it useful for proving the holomorphicity (Mpifferentiable) of quasi-
modular forms. We registered MDifferentiable and theorems like MDifferentiable.add or
MDifferentiable.mul, along with holomorphicity of E;, E4, Eg, H2, Hy, as fun_prop lemmas, so
that we can prove holomorphicity of more complicated quasimodular forms by simply
writing fun_prop after unfolding the definitions. It was first suggested by Jujian Zhang
to use fun_prop to MDifferentiable, where we found that it is also useful for ResToImagAxis as
mentioned above.

-- Before ‘fun_prop°

theorem F_aux : ... := by -- some auxiliary identity

-- Holomorphicity of the terms

- exact Ep_holo’

- exact E4.holo’

- exact MDifferentiable.mul E;_holo’ E4.holo’
- exact Eg.holo’

- exact MDifferentiable.sub (MDifferentiable.mul E>_holo’ E4.holo’) Eg.holo’

-- After ‘fun_prop*

theorem F_aux : ... := by -- some auxiliary identity

-- Holomorphicity of the terms

repeat fun_prop
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Appendix C

Tables

s|w | Xugs
EE4—E
6 %06:q+18q2+84q3+292q4+630q5+---
~ExEq + E2
8 % = g+ 6602 + 73243 + 4228¢* + 1563047 + - -
E;E2 — E4E¢
1110 47T = g + 25842 + 65644° + 660524* + 39063045 + - - -
1o | TZEREAE T OB HTEG s 10020% + 929645 + 5770845 +
7E,E3 3591212§0 12E2E - q q q q
_l_ —_
14 | 24 471274640 470 _ 42 41284 + 40504* + 588804° + 5253004° + - - -
~E2+E
4| 2 ® = g+ 607 +129% + 28¢% +304% + - -
~7E3E4 + 2E;Eg + 5E2
8 2 2 = g2 +164% + 102g* + 41645 + 130846 + - --
5E2E 3261%829 7ELE q q q q q
2| qp | 22Eeem2na T RRE o 108 s a000% 4 248005 + 1114046 + -
0 77E2E%0883§L4]§0E E 501;13 71;3)2[7 o . "
- + 2Lb4L6 + - 51 1422
12 2 4 4 O P gt 005 4194445 + 971447 + -
13E2E4E 25951;533360?98 E2 - 11E2E N 5 q q
sbabe + EoLy — SEE . — 46_3§4 5 6 ”
14 5150730 = ¢°+ 0" +8107° + 8004¢° + 5447447 +

Table C.1: Extremal quasimodular forms of depth < 2 and weight < 14.
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w | N | normalized extremal form
~Er+ A
2 %=q+2q2+4q3+4q4+6q5+---
—EyAr + A
4 —er2 Tl 8264 20 q2 + %q + 10q + 16q + = 100 q6
2 2 3
—5E A% — 3E2A4,0 —-3A5 + 11A2A4/0
0 {150 = q°+34% + £4° +329° +90¢7 + -
_ 3_ o7l 2
. 20EA3 — 52Ep Ay Ay — 27A% + 74A5 A4 + 25A2 S0 _ 4 16,5, 106, 17,7 ...
16934400 R
2 —E23ZBZ:q+3q2+3q3+7q4+6q5+9q6+,,,
—2E»By — B2 + 3By
4 ; 4322 = q% +8¢° +15¢* +32¢° + 75¢° + 967 + - --
—5E232 —7EyBgg — 533 + ByBg o+ 16Bg g
6 2 39600 ’ == gt + 865 + 600 + 2297 + 455 + 6607 + -
—35E,B3 — 84E, BBy g — 25E9Bg o — 273B2By o + 447B»Bg o — 30B2
8 2 . ’ z ’ 40 —q +7q +117q7+~
11430720
—Ep + Cp —24C
2 2 2906 21 :q2+2q4+4q6+4q8+6q10+---
—EpCp 0+ C2 | —24C5(Cp1 — 96C2
4 20 21 q + 8q6 + 10q + 161710 + 1001712 +-
4 2 l2728 3 2 2 3
~EoC3, +18E2C5, +C5 ) = 24C5 (Co1 — 114C20C5 4 +432C
6 2,0 21" 720 288(2)6() 21 _ = % +3¢8 + 28410 432412 4 90g ™ + ..
3 2 4 3 2 2 3 4
5 _3E2C2,O + 104E2C2,0C2,1 + 3C2,O - 72C2,OC2 1 392C2 0C2 1 + 2496C2 OC + 4800C _ 84 16,10
1411200 R

Table C.2: Extremal quasimodular forms of depth 1, weight < 8, and level I'o(N) for
N =2,3,4.
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Appendix D

Completely positive quasimodular forms
of higher levels

In Section 6.4, we constructed positive quasimodular forms of level > 1 by using the
monotonicity of the functions of the form in (6.1). Here we give some examples of
completely positive quasimodular forms of level > 1, directly constructed from level 1
quasimodular forms by analyzing the Fourier coefficients.

Let F(z) = ),>1419" be a quasimodular form of level 1. Then F(z) — cF(Nz) =

2ns1(an — cay n)q" is completely positive if and only if

. +ANn
inf
7’[21 an

>cC. (D.1)

In particular, the infimum (D.1) is the largest possible constant ¢ such that F(z) — cF(Nz)
remains completely positive.

Proposition D.0.1. For given weight w and depth s, define
Yu,s(2) = Xu,s(2) — 297" Xy (22).
Then Yy 5, Yg2, Y10,2, and Y122 are completely positive.

Proof. Let ay,,, be the n-th Fourier coefficient of Xy, 5. It is enough to show that

Aw 2n

inf > W2, (D.2)
no Awn
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We can express the extremal forms in terms of (derivatives of) Eisenstein series and obtain
explicit formulas for the Fourier coefficients as

E/
s n
X42 = 24 ;nal(n)q , (D3)
E¢ E} nos(n) — n?o3(n)
Xgp = ! :
52 715120 ~ 7200 ( 30 )q ’ B4
(EZ)' EY n07(n) n 65(n)
X102 = . .
102 = 50480 * 63504 Z ( ) T (B-5)

(Note that Ei =1+4803,51 07(n)g" is the weight 8 normalized Eisenstein series.) Using
these, we can compute the infimum (D.2) precisely. Recall that the divisor sum functions
are multiplicative. Write n = 28m for k > 0 and odd m. Then the infimum for w = 4 can

be computed as

k+1 k+1 k+2 _
i 2no1(2n) _ mfz mo1(2* " )or(m) . 2(2 1)

= =4=2%2
n>1 noi(n)  n21 2kmo(25)o1(m) k20 2k+1 1

The cases w = 8 and w = 10 are similar but slightly more complicated. When w = 8, we
first observe that nos(n) — no3(n) > 0 & b, = :5(21)) > 1 for all n > 2, because of the
complete positivity of Xgo'. Again, we write n = 2m with odd m. Then

aspn _ 2nos(2n) — 4no3(2n)

as,  nos(n) —n2a3(n)
_ 2k+1m65(2k+1)05(m) _ 22k+2m20_3(2k+1)03(m)
~ 2%mos(29)05(m) ~ 22Km203(25)a3(m)
40525 byenby, — 1
T 0329 by -

It is easy to check that by« is increasing in k > 0. Hence

agan > 4(73(2k+1) b2k+1 _ 20’5(2k+1) _ 2(25(k+2) — 1)

= = — > 26 — 28—2.
as,n 03(2%) bk 05(2K) 25(k+1) _ 1

The constant 2° is also optimal by considering n = 25 with k — co. The same argument

also works for w = 10.

IThe inequality also follows from the trivial estimate n® < g,(n) < 17 +2% +--- + n".
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For w =12, X15,» can be expressed as

1 (17A E, E{ 17”[(71) 6n09(n) 5n207(n)
X = _ —_ _ no_. n
122 = 18000 ( 21 308 288 18000 Z 7 o KDL

n>3

so it is enough to show that cp, > 210¢, forn > 2, or equivalently,

>0. (D.6)

177(2n) N 12n09(2n)  10n°07(2n) 510 177(n) N 6nog(n) 5n*ay(n)
21 7 3 21 7 3

Write n = 28m with odd m. Then (D.6) is equivalent to

17725 Nt (m) N 12 - 2Kkmae (254N ag(m) 5 22k+21312 5, (264 1) 67 (1m1)

21 7 3
_ 510 177(2%)7(m) L6 25mag(25)o9(m) 5'22km207(2k)07(m))
21 7 3
17’c(m)

= 2 2 (7(2F1) = 10487(2%))

M(zgg(zk“)—zl%g(zk)) 5 22071 (25,(441) — 9105(0)

7 3
17
- T(m)( (2k*1) — 10487(2%))
. nk+1 9(k+2) _ 9(k+1) _
+6 2" mog(m) (2 1_512.2 1
7 511 511
5. 22k+2m207(m) 27(k+2) -1 056 27(k+1) -1
- 3 ( 127 T 127 )
_ 5 128 , 2k+2 [ H7(k+1) _ 259
=3 gy orm2T |2 128
+ ﬁT(m) (T(2k+1) - 10481(2")) 4 gmog(m)ZkH (D.7)

When k =0, m > 3 (since n > 2) and (D.7) can be bounded from below by

2520 , 17 -1072 12 2520 o 18224

—3 Mo o7(m) — 71 T(m )"‘7”109(7”) 3 " T T

and the right-hand side can be easily checked to be positive for m > 3 using the estimate
oo(m) < m. When k > 1, since the last term of (D.7) is positive, it is enough to show that

12
oo(m)m% + 7m10 (D.8)

17
m2a7(m) > |t(m)| and 2(512-29k—8-22k)>£|7(2k+1)—1048’c(2k)|
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for odd m and k > 0. The first inequality easily follows from Deligne’s bound and the
trivial estimates o7(m) > m” and m > oo(m):

2 7

m2oy(m) > m?-m? =m® > m?

1
2

11
=m-m? 2 ao(m)m2 > [t(m)|.

The second inequality can also be checked by using Deligne’s bound |7(2F)| < oo(2* )27k =
(k +1)22k;

5 17
5(512 2%k 8. 2%k — i(|T(2’<+1)| +1048|7(2")))

2 4 17
> 2260 or 40 ok Sk + 2)22*+D) 4 1048(k + 1)22F)

3 3
> 253ﬂ %k 430 2% _ ;—Z((z% +1048)k + (27 + 1048))22* (D.9)
which can be easily checked to be positive for k > 1. O

Remark D.0.2. The positivity assertions in (D.8) and (D.9) are verified in Lean 4 with the
help of AxiomProver.

Using these, we can reprove that the quasimodular form L in Section 6.5 is (completely)
positive by writing it as

L= EliXéz]AB + aéY&zAB + aéXl%]zA + a&Ylole + aéXl[g]z + aéle,z

where

a! = 43027200,

a, = 550800,

a, = 60963840,

a), = 116640,

a, = 339075072000,
al = 331776000.

In fact, we conjecture that Yy, » is completely positive for all w # 6.

Conjecture D.0.3. For all w # 6, Yy, 2(z) = X 2(z) — 2w‘2Xw,2(22) is completely positive.
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This conjecture is stronger than the Kaneko—Koike conjecture on the complete positivity

of Xy 2, since we can write X, » as
Xu2(2) = Yo 2(2) + 297 Y, 2(22) + 2207DY,, p(42) + 250 7DY,, 5(82) + - --
Here are the g-expansions of Yy, » for w < 16:

Yoo = q +2¢% +129° + 4¢* +309° + - -,
Yo = g% +164° + 384" +4164° +2844° + -,

7
Yio2 = q2 + %tﬁ + 134q4 + 2480q5 + %ﬁbf T
1422
Yioo = q° + %44 + Tof’ +9209° + 971497 + - -+,

Yigo = q° + 92—3q4 +8109° + 39084° + 5447447 +93279¢° + - - -,

864 5 2736 ;188288 , 107998 g 1051008 o
»n 1 T 5 1 35 1 5 1 5 1

4
Yiep =q" +
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