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1 Introduction

Spin group is a universal cover of an orthogonal group. In this note, we will
show that low dimensional complex spin groups are isomorphic to

Spin(3,C) ~ SL(2,C)
Spin(4, C) ~ SL(2,C) x SL(2,C)
Spin(5,C) ~ Sp(4, C)
Spin(6, C) ~ SL(4,C).

For each case, we’ll approach in the following way. To prove Spin(n,C) ~ G
for some G, we’ll first “compute” the group SO(n,C) first, i.e. find another
group G’ isomorphic to SO(n,C). To do this, we construct nondegenerate
bilinear forms and the corresponding quadratic forms @ explicitly for each
n € {3,4,5,6}. Then we construct G’-action on the quadratic space, preserving
the quadratic, so we get a map G’ — SO(Q) ~ SO(n,C), and show that the
map is an isomorphism. Then G would be the universal cover of G’.

Note that we only need to find a bilinear form, since every nondegenerate
quadratic spaces over an algebraically closed fields are isomorphic. For the
general theory of quadratic spaces, see [3].

2 Spin(3,C) ~ SL(2,C)
First, we are going to prove the following theorem:

Theorem 1.
PSL(2,C) ~ SO(3,C)

Using this Theorem, we can prove that Spin(3,C) is isomorphic to a well-
known group.

Corollary 1.
Spin(3, C) ~ SL(2,C)



Proof. First, we have to show that SL(2,C) is a simply connected group. To
prove this, consider a natural action SL(2,C) on C*\{0}. Then this is a transi-
tive action and the stabilizer subgroup of e; = (1,0)7 is

Stab(e;) = {(é f) .z c} ~C.

Hence we have a diffeomorphism
SL(2,C)/Stab(e;) ~ C*\{0}.

We know that C2\{0} is homotopic to S3, which is simply connected. Also,
since Stab(e;) ~ C is contractible, SL(2,C) is homotopic to S3, so is sim-
ply connected. Now we have a 2-cover SL(2,C) — PSL(2,C) ~ SO(3,C), so
SL(2,C) is a universal cover of SO(3,C). O

So, how we can prove the Theorem 17 Actually, there is a one line proof:

proof of the Theorem 1. The map ® : SL(2,C) — SO(3,C) defined as

b L@ = —c?+d?) —(ab—cd) L(a®>+b*—c*—d?)
((Cl d) — - —(ac—bd) ad + be —i(ac+ bd)
—i(a® =+ —d?)  i(ab+ cd) (a® 4+ b% + 2+ d?)

ol

[

is a surjective homomorphism whose kernel is the center of SL(2,C). O

One may ask where does the isomorphism come from, which looks quite
unnatural. It is not even trivial that ¢ is a group homomorphism and surjective.
We will construct such homomorphism by using the adjoint action of a Lie group
on a Lie algebra.

Let sl(2,C) be a Lie algebra of SL(2,C). This is a 3-dimensional complex
vector space with a basis

0 1 1 0 0 0
=@ 0) 7= 2) #=(0)
Let G = SL(2,C). Consider a left G-action on G itself by a conjugation, i.e.
g € G acts on G by h — ghg~!. Then we have an induced action of G on its
Lie algebra g = sl(2,C) by conjugation v — gvg~! again. Hence we get an
adjoint representation ad : G — GL(g) of G, and we will analyze this map more
rigorously.

Let
a b
g = <c d) € SL(2,0C).



Then its action on F, H, F' is given by
2
1 _ (—ac a
Ew— gEg " = (_02 ac)

~1_ {ad+bc —2ab
HrgHg < 2¢cd —(ad +be)

Lo [(bd —b?
F = glg 1:<d2 —bd)

so the automorphism ¢, : sl(2, C) — sl(2,C) corresponds to the g can be repre-
sented as a 3 by 3 matrix

a? —2ab  —b?
¢g=|—ac ad+bc bd
- 2cd d?

with respect to the ordered basis {E, H, F'} of sI(2,C). We have det(¢,) = 1: if
we expand determinant by the second row, we have

det(¢,) = ac(—2abd* + 2cdb®) + (ad + be)(a*d? — b*c?) — bd(2a*cd — 2c*ab)
= —2abcd + (ad + be)? — 2abed = (ad — be)* = 1.

Now define an inner product on s((2,C) by (v,w) = Tr(vw), which is clearly
C-bilinear. The associated quadratic form is

Qi(v) = (v,0) = Tr(v?) = 204 + )

for v =xF + yH + zF, and this is a nondegenerated quadratic form. Clearly,
this inner product and the quadratic form is invariant under the G-action:

(g (v), dg(w)) = Tr(gvg ™ guwg™") = Tr(guwg™") = Tr(vw) = (v, w).

Hence image of the map g — ¢4 lies in SO(Q1), special orthogonal group which
preserves the quadratic form Q1. If we denote Q5 as a standard quadratic form
defined as Qq(zE + yH + zF) = 22 4+ y? + 22, a basis change matrix

1 9 i
V2 X V2
B=10 5 0
z 0 -5

relates two quadratic forms as Q2(v) = @Q1(Bv). Since SO(Q2) = SO(3,C),
we have an isomorphism SO(Q1) ~ SO(3,C) given by A — B~1AB. Explicit
computation gives us that

1 1 1
s Y 5 a> —2ab -b*\ (1 (1) 7
B '¢,B = 0 vV2 o0 —ac ad+bc bd 0 - 0
i i —c? 2 1 _ i
73 0 73 c 2cd d 7 0 7
La? = —c?+d?) —(ab—cd) L(a®>+b*—c*—d?)
= —(ac — bd) ad + be —i(ac+ bd)

—2@® =+ —d?) i(ab+ed) F(a®+b2+ 2+ d?)



which gives the previous homomorphism SL(2,C) — SO(3, C).

Since SO(Q1) ~ SO(3,C), ker ® is same as ker¢. If ¢, = id, then we
should have b = ¢ = 0 and a? = d?> = ad = 1. So the only possible choice is
(a,d) = (1,1) or (=1, —1), which corresponds to elements in the center. Hence
we have an induced map PSL(2,C) — SO(3,C), which is an embedding.

We need to show that this map is an isomorphism. First, both have dimen-
sion 3: since SL(2,C) — PSL(2,C) is a finite cover, both group have a same
dimension, which is 3 since dim¢ s(2,C) = 3. For SO(3, C), one can check that
50(3,C) = {X € M3,3(C) : X + X =0}, and this space also has dimension 3
over C. We need the following lemma:

Lemma 1. Let G be a conneted Lie group of dimension n and H be a Lie
subgroup of G with same dimension. Then G = H.

Proof. Since H C G is a Lie subgroup, G/H has a smooth manifold structure.
Since dim G = dim H, dim(G/H) = 0 and thus G/H is a 0-dimensional smooth
manifold, i.e. a set of points endowed wit a discrete topology. Since G =
Iec i 9H, G is not connected if G # H. O

By lemma, it is enough to show that SO(3,C) is connected. Actually, we
can prove more general result:

Lemma 2. SO(n,C) is connected forn > 1.

Proof. Clearly, SO(1,C) = {1} is connected. We will use induction on n. As-
sume that SO(n — 1, C) is connected for some n > 2. Let

Xn:{(xla...7$n)€(cn . x§++xi:1}

g € SO(n,C) acts on X as v +— gv. If ge; = e; for e; = (1,0,...,0)7, since
g € SO(n,C), g should has a form

(1 oT
I <0 9’)
where ¢’ € SO(n—1,C). Thus Stab(e;) ~ SO(n—1,C). Also, we can show that
the action is transitive, hence we have SO(n,C)/SO(n—1,C) ~ X,,. It is known
that X, is connected, so SO(n, C) is also connected since both SO(n—1,C) and
X, are connected. (First one is because of the induction hypothesis and the
Lemma [3] in the Appendix. For the second one, in general, for any irreducible
polynomial f(z1,...,2,) € Clxy,...,x,], zero set of f in C™ is connected with
respect to the usual topology on C", which is hard to prove in general.) O

Thus we get PSL(2,C) ~ SO(3,C) with an explicit isomorphism. Since
SL(2,C) is a double cover of PSL(2,C) and is simply connected, we just showed
that the complex spin group Spin(3,C) is SL(2, C).



3 Spin(4,C) ~ SL(2,C) x SL(2,C)
By the similar way, we can also show the following;:

Theorem 2.
(SL(2,C) x SL(2,C))/{((—1I,—1)) =~ SO(4,C).

Corollary 2.
Spin(4,C) ~ SL(2,C) x SL(2,C).

Proof. By the Theorem 2, there exists a surjective homomorphism SL(2,C) x
SL(2,C) — SO(4,C), which is a double cover of SO(4,C). Since SL(2,C) is
simply connected, SL(2,C) x SL(2,C) is also simply connected. O

To prove the Theorem 2, we need construct a 4-dimensional quadratic space
over C where SL(2,C) x SL(2,C) acts on and preserves the quadratic form.
Consider the action of the group on a space Mayo(C) (the space of complex
2 x 2 matrices) defined as

(g, h) -v:= guh™1, (g,h) € SL(2,C) x SL(2,C), v € Mayx2(C).

Then this is a well-defined action on May2(C). With respect to the basis
{e11, €12, €21, €22}, the map ¢4 5 : Mayx2(C) = May2(C) corresponds to a 4 x 4
matrix

ad —ay b6 —by

| =aB aa —bB ba _f(a b _fa B
Agn = e —ecy dé  —dy |’ g_(c d)’ _<fy 5)€SL(2’C)'

—cf ca —df da
We can check that det(A4,;) = (ad — be)(ad — Bv) = 1, so the image of
¢ : SL(2,C) x SL(2,C) — GL(M3x2(C))

is contained in SL(M3x2(C)). Now we need a bilinear map and a (non-degenerate)
quadratic form on May2(C) so that ¢4 preserves the quadratic form. Define
Q : May2(C) — C as the determinant, i.e. Q(v) = det(v). Then we have

Q(pg.n(v)) = det(gvh™") = det(g) det(v) det(hf1 = det(v) = Q(v),

so it is preserved by the action. The corresponding bilinear form is

/\

£
g

<
\

Qv+ w) = Qv) = Q(w))
(det(v + w) — det(v) — det(w))

(x1w2 — Y122 + Towr — Y221),

N —R N~ DN



where v = (7} ) and w = (32 22 ). Hence we obtain a map ¢ : SL(2,C) x
SL(2,C) — SO(4,C). If (g,h) € ker ¢, then gvh™! = v for any v € May2(C).
If we put v = h, we get ¢ = h and gvg~! = v. Thus g € Z(Max2(C)) = Cls.
Since det(g) = 1, we should have g = h = 15, and ¢ induces an injection

¢ : (SL(2,C) x SL(2,C))/{(—1,-1)) — SO(4,C).

One can check that both groups has dimension 6 (by computing dimensions of
Lie algebra of each groups), so ¢ is an isomorphism by the Lemma 1 and 2.

4 Spin(6,C) ~ SL(4,C)

We are going to look at Spin(6, C) first, since Spin(5, C) is slightly more involved.
For Spin(6, C), we have the following isomorphism

Theorem 3.
PSL(4,C) = SL(4,C)/(—1I) ~ SO(6, C).

Corollary 3.
Spin(6,C) ~ SL(4, C).

Proof. In general, we can prove that SL(n, C) is simply connected for n > 2. The
natural action of SL(n, C) on C™\{0} is transitive, so we have a diffeomorphism

SL(n,C)/Stab(e;) ~ C™\{0}.

We know that C™\{0} is homotopic to S?"~! which is simply connected. Also,
we have

T
Stab(e;) = {((1) vg ) : g € SL(n — L(C)} ~ SL(n —1,C) x C"!

which is diffeomorphic to SL(n —1,C) x C*~!, so is homotopic to SL(n — 1, C).
Thus by induction with the Lemma [l SL(n,C) is simply connected for any
n > 2. O

What is a 6-dimensional quadratic space over C with SL(4, C) action? SL(4,C)
naturally acts on C%, and this induces an action on A2C*, which has a dimension
(3) = 6. If we write ey, e, e3, e4 for the standard basis, then the corresponding
“standard” basis of A2C* as

ei1 Nea, ey Nes, e1Neq, exgNez, exNey, e3/eq.
The action of SL(4,C) on A2C* is defined as
g(v1 Avg) = gvs Agua, g€ SL(4,C), v1,v2 € ct.

It is easy to prove that this action has determinant 1. Recall that for any finite
d-dimensional C-vector space V', we have the determinant map det : GL(V) —



C* defined as g ~— det(g) = A%g, where A%g is the induced map on A%V
which is isomorphic to C. Now we define SL(V) = ker(det). In our case, for
g € SL(4,C) = SL(C*), we have to check that A%2g € SL(A?C*), which trivially
follows from Ag € ker(det : GL(A*C*) — C*): then A*g acts on A*C* trivially,
and then AS(AZg) = A3(A%g) also acts on AS(A2C?) trivially.

We define a natural bilinear pairing on A2C* as

(v Avg,wy Awa) =v1 Avg Awy Awg € NC*~C, 1,09, w1, wy € C*

This is a symmetric pairing on A2C* since (13)(24) € S, is an even permutation.
In terms of the above standard basis, if we write e;; :=e; Ae; for 1 <i < j <4

and v = Zl§i<j§4 Ajj€55, W = Zl§i<j§4 bijeij, then
awy=( Y agey, Y bijei)
1<i<j<4 1<i<j<4
= (a12bsy + asabia — a13bas — agabz1 + a14bes + aazbis)er Aea Aes Aey.

This pairing can be considered as a determinant of the matrix with column
vectors v, v, Wy, wa, and linearly extends to A2C*. In other words, we have

V1 ANva Awyp N\ wg = det(A)el N ey N\ €3 A €4,

A= V1 V2 w1 W2

Especially, the previous SL(4, C)-action preserves the bilinear form since det(gA) =
det(g) det(A) = det(A) for g € SL(4,C). One can check that this is a nonde-
generate paring on A2C?, so we get a map

¢ : SL(4,C) — SO(Q, A’C*) ~ SO(6,C)
where the correponding quadratic form @ on A2C* is
Q(v) = (v,v) = 2(a12a34 — a13a24 + a14023), v = Zaijeij-
i<j

To show that the kernel of ¢ is (—I), assume that g = (b;;)1<s,j<a € SL(4,C)
trivially acts on A2C*. From ge; A ges = e1 A es, we get, for example, the
following equations:

bi1baa — ba1b12 =1

bi1b32 — b31b12 =0

b21b32 — b31ba2 =0
by comparing coefficients of each basis elements e;; = e; Ae; (i < j). Then

b31 = b31b11b22 - b31b21b12 = b21b32b11 - b11b21b32 =0.

Similarly, we can prove that all the off-diagonal entries of g are zero, and b;;b;; =
1 for all i < j gives b1y = byy = b33 = byy = £1.



5 Spin(5,C) ~ Sp(4,C)

This is the most difficult one among 3,4,5 and 6, since we need to consider
symplectic structure. The standard symplectic form on C* is a bilinear map
w: C* x C* = C which is anti-symmetic and nondegenerate. More explicitly, it
is defined as

O I

w(vy,ve) =v{ Jug, J= (_12 0

) , V1,02 € c.

Since w is anti-symmetric, we have an induced map w : A2C* — C. The standard
action of Sp(4,C) on C* induces the action on the space A2C* as before, and
its dual action on V' = Home(A2C*, C) defined as

(g f)(v1 Av2) = flg o1 Ag tws), f:A’C*—C.

We can easily check that w is fixed by the action (in some sense, Sp(4,C) is
defined to be the group that fixes w), and in fact, it is a unique such element in
V' up to constant multiplication. This would be the heart of the our following
proof.

Theorem 4.
PSp(4,C) = Sp(4,C)/(—I) ~ SO(5,C)

Corollary 4.
Spin(5, C) ~ Sp(4, C).

Proof. Tt is enough to show that Sp(4, C) is simply connected. We use the argu-
ment of Eric Wofsey in [2]. Consider the standard action of Sp(4, C) on C*\{0}.
This action is transitive: choose any nonzero vector v = (a1, as1, ¢11, 021)T S
C*. Note that the matrix g = (& 5) is in Sp(4, C) if and only if

ATc=cTA, B'™D=D'B, ATD-CTB=1I.

Assume that (a11,a21) # (0,0). Then we can find a1, a2 € C s.t. aj1a22 —
aizaz1 # 0. Then we can also find ¢12, cos € C s.t.

a11€12 + G21C22 = Q12€11 + G22C21,

which implies ATC = CTA for A = (31} a12) and C = (&' &2). Now take
D=A"T= (A" and B = O, then we have (4 8) € Sp(4,C). If (a11,a21) =
(0,0), we have (c11,c21) # (0,0) and do the similar thing with D = O.

Now consider the diagonal action of Sp(4,C) on (C*\{0}) x (C*\{0}). We
will figure out what is the orbit and the stabilizer of the element (ej,e3) €
(C*\{0}) x (C*\{0}). First, assume that g € Sp(4,C) fixes e; and e3. Since
w is preserved under the action, g must also fix their orthogonal complement
with respect to the symplectic form, which is Ces @ Cey. So we can see that the
stabilizer group of (ey, e3) is isomorphic to Sp(2, C) = SL(2, C), which is simply
connected.



For the orbit of (e, e3), we just saw that Sp(4, C) acts on C*\{0} transitively,
so we can map e; to the any vector in C*\{0}. Once we choose the image of e;,
then ez may goes to some vector that lies on the affine space

S ={veCh{0} : w(ger,v) =w(er,e3) =1}

which is just C? topologically. Hence our orbit space is a fiber bundle over
C*\{0} with fiber C3. Since both C*\{0} and C* are simply connected, the
orbit space should be simply connected, too.

So both stabilizer and the orbit of (e1,e3) are simply connected, and so
Sp(4,C) too by the Lemma [4] O

Now consider the non-degenerate bilinear paring on A2C?, defined as
(v1 A vg,v3 Avg) =01 Ava Avg Avy € MNC*~C, v;eC* forl1<i<d4.
Then we have an isomorphism
A2C* ~ Homc(/\2(C4,(C), vy Avg = (V1 Avg, —)

which is a Sp(4,C)-equivariant isomorphism, from the fact that Sp(4,C) C
SL(4,C). (This was proven in the previous section.) Hence there exists a
nonzero vector v,, in A?C* which is fixed by the action that corresponds to
w, and we can compute it explicitly - {e; Aej}1<i<j<4 is a basis of A2C?, and if
we write dual basis of e; Ae; as (e; Ae;)*, then w = (e1 Aes)* + (ea Aes)* and
the corresponding element that fixed by Sp(4, C)-action is

Vy = —e1 Nes — ex A ey.

So we have an induced action on the 5-dimensional vector space V = A2C*/(v,,),
which is the desired space that Sp(4,C) acts on. Now define a bilinear paring
onV as

(v1 Avg,v3 Avg)y = w(vr Avz)w(vg Avg) —w(vr Avg)w(vg A vs).
We can check that this is a well-defined on V' by checking that (v,,, e; /\ej>v =0
for any 1 < i < j < 4. Also, this is a Sp(4, C)-invariant bilinear paring since w
does. By the Lemmal[5land the previous section, the action on V has determinant
1, hence the image of the representation Sp(4,C) — GL(V) lies in SO(5, C).
To prove that the kernel of the map is (—I), assume that g € Sp(4,C) is

in the kernel, so that gvi A gug = v; A vg for all v1 A ve € V. This means
that gvy A gva = v1 A va + Av, for some A € C. Now define )\;; € C as
geiNge; = e;Nej +/\ij(€1 /\€3+62A€4). Let g = (bij)lgi,j§4- For (Z,j) = (1, 3),
we get the following equations

b11b23 — b21b13 =0

b11b3z — bizb3y = A3 +1

b11b43 — ba1b13 =0

ba1b33 — bzibaz = 0

b21b43 — barbaz = A13

b31b43 — ba1b3z =0



and by using the same trick as before, we get

(A3 + 1)(ba1, bag, bar, baz) = (0,0,0,0)
A13(b11, b1s, b1, b33) = (0,0,0,0).

Now we can prove that A\;3 = 0 - if not, we must have by; = b3; = big =
bss = 0, and this gives a contradiction when we do the similar computation
for (¢,j) = (1,2) and (i,5) = (1,4). ('m not going to write down all the
equations since margin is too small to contain.) Hence we must have Aj3 = 0
and bg; = bog = by; = byz = 0. Similar argument shows that the off-diagonal
elements should be all zero, and the diagonal entries should satisfy b;;0;; = 1,
which implies b11 = b22 = b33 = b44 = +1.

5.1 Appendix

Lemma 3. Let G be a Lie group and H be a closed Lie subgroup. If both H
and G/H are connected, then G is also connected.

Proof. Assume that G is not connected. Then there exists a proper clopen
subset U of GG. Since H is connected, U is a union of some cosets of H, and then
U/H is a proper clopen subset of G/H, which contradicts to the connectedness
of G/H. O

Lemma 4. Let G be a connected Lie group and H be a closed Lie subgroup. If
both H and G/H are simply connected, then G is also simply connected.

Proof. The canonical projection G — G/H is an H-fibration, so we obtain a
long exact sequence of homotopy groups

o= m(G/H) = m(H) - m(G) = m(G/H) = mo(H) = -+ - .
Since both 1 (H) and 71 (G/H) are trivial, so is m1(G). O

Lemma 5. Let V be a d-dimensional C-vector space and ¢ : V. — V be the
invertible linear map, i.e. ¢ € GL(V). Assume that there exists a nonzero
vector vg € V which is fived by ¢. If ¢ € SL(V), then the induced map ¢ :
V/{vo) — V/{vo) also satisfies ¢ € SL(V/(vg)).

Proof. Consider a basis B = {vo,v1,...,v4—1} which contains vy # 0. Then
B = {v1,...,U4-1} is a basis of V/(vg). Since ¢ € SL(V), it acts on AV
trivially, i.e.

(]5(1}0) AN (]5(’()1) VAN ¢(’l}d,1) =V ANUVL A ANVg—1.

Since ¢(vg) = vg, we have

Vo A (¢(U1) A"'A¢(Ud_1) — V1 /\"'/\’Ud_1) = O,

10



which implies that

—1
(b(’l)l)/\“-/\gb(vd,ﬂ — V1N ANVg1 = Ci(’Ul /\“-/\’l/)\i/\’l)d,l)
=1

for some cy,...,cq—1 € C. Since the image of RHS in AY1(V/(vg)) is 0, we
get Now we have to show that ¢(vi) A--- A @(vg—1) = U1 A+ ATg—1 and so
¢ € SL(V/{v)). O
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