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We are going to prove the following well-known result:
Theorem 1. Let p be a prime and n > 1 be an integer. Then
Z/p" N p-1Z p>2

(Z)p" L) ~ S L)2L < Z)]2" %7 p=2,n>2
1 p=2,n=1

In other words, unit group of a ring Z/p"Z is cyclic for odd prime p and
product of two cyclic groups for p = 2. There are some elementary proofs of
this, but they are all complicated. Here we introduce p-adic proof of this.

First, we’ll deal with odd prime p, since p = 2 case needs more concern.

Proposition 1. For an odd prime p, we have
Zy ~Z[(p—1)Lx Ly
Proof. Consider the following exact sequence of abelian groups
1= 14pZ, — 2 222 (2/pZ)* — 1.

Surprisingly, there exists a section w : F — Z of mod p map, which is called
the Teichmiiller character. This map is defined as

ole) = Jim o

which converges. (This can be regarded as a unique solution of w(z)? = w(x)
that is congruent to x mod p.) Hence the sequence splits and we have

Ly ~(Z[pL)" x (L+ pLp) = Z/(p — 1)Z x (1 + pZy)

since (Z/pZ)* is cyclic. To prove (1 + pZy, xX) =~ (Z,,+), we use the logarithm
map, defined as a power series. For © € pZ,, the series



converges and satisfies log((1 + z)(1 +y)) = log(1 + «) + log(1 + y). One can
show that this gives an isomorphism between 1 4 pZ, and pZ,, and the inverse
map corresponds to an exponential map

2 3

z
exp : pLy — 1 + pZy, z'—>1+z+f+§~~
Hence we have an isomorphism
1 1 2?2 a3
(14 pZp, x) = (Zp, +), 1+prlog(1+x)=p(x—2+3—--->.

Note that by unfolding all of these, the resulting isomorphism Z/(p—1)ZxZ,, —
Z, can be written as

(m, 2) = w(gy") exp(pz) = w(gy)™ exp(pz)
where g, is a generator of the cyclic group (Z/pZ)*. O

Now we can prove our theorem for the odd prime case. Consider the following
diagram:

1 —— 1+pZ, 2y U (2 )pL)< —— 1
modpni modpnl I H
1 U (Z/p"z)* 248 (7, /p7) ¢ —— 1
w<m0dp

where
U={a=1(mod p)} C (Z/p"Z)*.

This is a commutative diagram and the first row is exact, and it is easy to check
that second row is also exact. Hence (Z/p™)* ~ U x (Z/pZ)*. Since U and
(Z/pZ)* have coprime orders, we only need to check that U is a cyclic group.

We've already showed that (Z,,+) ~ (1 + pZ,, x), and Z is a cyclic dense
subgroup of Z,. Now we have a following diagram

Z—Zp>=14ply,—U

where the last map is a mod p™ reduction map. All of these maps are continuous
when we endow U with a discrete topology. Hence the image of Z under this
map is a dense subgroup of U, so is U itself. In other words, the image of 1,
exp(p), is a generator of U.
By combining all of these maps, we can compute a generator of the cyclic
group (Z/p"Z)*
9pn = w(gp) exp(p) mod p"

is a generator of (Z/p"Z)*



For example, let p =5 and n = 4. Then (Z/5Z)* = (2). We have
w(2) = lim 2°"

=2 (mod 5%)
=182 (mod 5%)

and
52 58
exp(5):1+5+5+€+~-~
=1+5-2-52-(14+5+5°+---)+5°- (1 -5+5>—---) (mod 5%)
=1+5-2-52+3-5° (mod 5%
=71 (mod 5%)
Hence

18271 =422 (mod 5%)

is a generator of (Z/5%Z)*.
In case of p = 2, exponential function doesn’t converges on 2Zsy C Zs, S0 we
have to study more carefully. We have the following:

Proposition 2.
Zy ~7/2Z x Ly

Proof. Consider the following exact sequence of abelian groups

15 1447y — 7 294 (7/47)% > 1.

This exact sequence splits since there exists a section (Z/4Z)* — Z5 defined
as 3 — —1. Hence we have

Ly ~ (ZJAZ)* x (1 4+ 4Zs) ~ 7)27 x (1 + 4Z,).
Now, as before, logarithm and exponential maps give isomorphism between

(14 4Zs, x) and (Zz,+). We have

1 1 22 28
(1+4Z9, x) ~ (Za,+), 1+xk»img1+xy:1 z—?;+2;—~-

with an inverse

(42)?  (42)
]

(Zo,+) ~ (1 +4Z2, %), z—exp(dz)=1+4z+ +---

O

Now we can prove our theorem for p = 2. Assume that n > 1. Consider the
following diagram:



1 —— 1442, zy 2t (2/42)¢ —— 1

mod Q"J mod 2”l w o H
1 U (Z)2r7)* 244 (7,/47)% —— 1
<

w n;1‘0‘d 2"

where
U={a=1(mod 4)} C (Z/2"Z)*.

As before, the diagram commutes and both rows are split exact. By the same
argument as p > 2, U is a cyclic group and we have

(Z)2"Z)* ~ (ZJAZ)* x U ~ 727 x 7.]2" 1.

Hence (Z/2"7Z)* has index 2 cyclic subgroup, which is generated by exp(4).
For example, if n = 6, then

42 43 4 45
=144+ 4+ 42 4 2
exp(4) + +2+6+24+120+

=1+22 429425 (1-2+22—--)+2°- (1-2+22—--.) (mod 2°)
=1+22+2%4+2-2° (mod 29)
=13 (mod 29)

so 13 is an element of (Z/2°Z)* of order 16 = 2%, and (Z/2°Z)* is generated
by 13 and —1.



