Irrationality proofs using modular forms

Re-TEXed by Seewoo Lee*

Frits Beukers

Last updated: November 26, 2024

0 Introduction

In the years following Apéry’s discovery of his irrationality proofs for C(2), C(3)
(see [8]), it has become clear that these proofs do not only have significance as
irrationality proofs, but the numbers that occur in them serve as interesting ex-
amples for several phenomena in algebraic geometry and modular form theory.
See [1, 2, 3, 5] for congruences of the Apéry numbers and [4, 7] for geometrical
and modular interpretations.! Furthermore, it turns out that Apery’s proofs
themselves are in fact simple consequences of elementary complex analysis on
spaces of certain modular forms. In the present paper we describe this anal-
ysis together with some generalisations in Theorems 1 to 5. For example, we
prove that 8C(3) — 5V5L(3) ¢ Q(V5), where L(3) = Yo, (%) n~3. Although the
use of modular forms in irrationality proofs looks promising at first sight, the
yield of new irrationality results thus far is disappointingly low. However, in
methods such as this it is easy to overlook some simple tricks that may give new
interesting results.

The first section of this paper describes the general framework of the proofs.
This section may seem vague at first sight, but in combination with the proof
of Theorem 1 we hope that things will be clear. We have given the proof of
Theorem 1 as extensively as possible in order to set it as an example for the other

proofs, where we omit some minor details now and then.

*seewoo5@berkeley.edu. Some typos are fixed with footnotes.
1The original citations were in a different order, but it seems that this is the correct order.
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Preliminaries
1 Preliminaries

In this section we shall describe the general principles which are used in the
arguments of the following sections.

Let t(q) = X, otnq" a power series convergent for all || < 1. Let w(q)
be another analytic function on |g] < 1. We like to study w as function of t.
In general it will be a multivalued function over which we have no control.
However, we shall introduce some assumptions. First, to = 0,t; # 0. Let now
q(t) be the local inverse of t(g) with g(0) = 0. Choose w(gq(t)) for the value of w
around t = 0. In order to determine the radius of convergence of the powerseries
w(q(t)) = Xy wnt"™ we introduce branching values of f. We say that f branches
above ty, if either f( is not in the image of ¢, or if t'(g9) = 0 for some g9 with
t(go) = to. In other words, t branches above t, if the map ¢ : {|g| < 1} — Cisnot
a local covering above ty. We call such a ty a branching value of . Now assume,
that t has a discrete set of branching values t1, t,, ... where we have excluded
zero as a possible value and suppose [t1| < |t2| < .... It is clear now that the
radius of convergence is in general |t;|. We shall be interested in cases where
the radius of convergence is larger than |t;|. Let y be a closed contour in the
complex ¢t-plane beginning and ending at the origin, not passing through any ¢;
and which encircles the point ¢; exactly once. Suppose that analytic continuation
of w(q(t)) along y again yields the same branch of w(g(t)). Then w(q(t)) can
be continued analytically to the disc |t| < |t2| with exception of the possible
isolated singularity 1. If w(g(t)) remains bounded around we can conclude that
the radius of convergence is at least t>. Our irrationality proofs consist exactly of
the construction of such instances. The point of having a radius of convergence
as large as possible consists of the following Proposition.

Proposition 1.1. Let fo(t), fi(t), ..., fk(t) be power series in f. Suppose that for
any n € N, i =0,1,...,k the n-th coefficient in the Taylor series of is rational
and has denominator dividing d"[1, ..., n]" where r, d are certain fixed positive
integersand [1, ..., n] is the lowest common multiple of 1, .. ., n. Suppose there
exist real numbers 01, ..., Ok such that fo(t) + 01 f1(f) + - - - + O fx(t) has radius of
convergence p and infinitely many nonzero Taylor coefficients. If p > de’, then
at least one of 04, ..., O is irrational.

Remark. Note that if kK = 1 we have an honest irrationality proof.

Proof. Choose € > 0 such that p — e > de"1*9). Let f; = ¥°°  a; ,t". Since the
radius of the convergence of fo + 01f1 + - - + Ok fx is p, we have for sufficiently
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large n, |ag, + 6141,y + -+ + Okarn| < (p — €)™ Suppose 0y, ..., 0k are all
rational and have common denominator D. Then A, = Dd"[1,...,n]| |ao, +
O1a1,n + - - + Okag ,| is an integer smaller than Dd"[1,...,n]"(p —€)™". By the
prime number theorem we have [1, ..., n] < eI+ for sufficiently large , hence
Ay < D(de" 9 (p—e)™1)". Since de”1*¢)(p—€)~! < 1 this implies that A,, = 0 for
sufficiently large 7, in contradiction with the assumption A, # 0 for infinitely
many 7. Thus our proposition follows. m]

The construction of the functions #(q) and w(q) will proceed using modular
forms and functions. The values for which we obtain irrationality results are in
fact values at integral points of Dirichlet series associated to modular forms.

Proposition 1.2. Let F(1) = 77, axq9", q = 2™ be a Fourier series convergent
for |g| < 1, such that for some k, n € N,

F (-%) = e(—itVN)*F(7)

where ¢ = £1. Let f(7) be the Fourier series

fry=y ni’ilq”-

n=1
Let -
a
L(F,s) = n—’:
n=1
and finally,
L(F,k—r-1 )
h(t) = f(1) - Z ( o )(27111)’.
0<r<i(k-2) '
Then

h(t) = D = (-1)F e(=itVN)E- Zh( )
Nt

where D = 0 if k is odd and D = L(F,lk)(Zni’()%k_l/(%k — 1! if k is even.
Moreover, L(F, 1k) = 0if ¢ = —1.

Proof. We apply a lemma of Hecke, see [9, Section 5] with G(t) = ¢F(7)/(i VN)k
to obtain

k-2
0= o) VR (- ) LEE_ 72D iy

r=0




The group I'1(6)

Split the summation on the right hand side into summations over r < 1k — 1,
r > 3k — 1 and, possibly, r = 1k — 1. For the region r > 1k — 1 we apply the
functional equation

L(E,k—r—1) o INTTR o L(E,r+1)
- r = e(=1) (=iVN)E2 (_ﬁ) (2mi)k2 zm

and substitute r by k =2 —r. O

2 The group I'1(6)

This group is exactly the subgroup of SLy(Z) of all matrices (7 ) witha =d =1
(mod 6), c =0 (mod 6). Its fundamental domain can be pictured as below.

A

N—
W=
Wi
N[—=

A complete set of inequivalent cusps is given by 0,1/2,1/3, co. They are regular
and have widths 6, 3, 2, 1 respectively. Consider the following function

_ n(61)Bn(7)?

Y = G

where

T]("C) — q1/24 n(l _ qn)’ q= eZniT, T e H.
n=1

That it is a modular function on I'1(6) can be checked using the tranformation
formula for n(7) in [6, Ch 9]. Since y(7) has only one simple zero in the funda-
mental domain it generates the field of modular functions on I';(6). Moreover,
y(0) = %, y(%) =1, y(%) = 00, y(c0) = 0. The function y(—%) is again invariant
on I'1(6) and one easily checks that

( 1)_y(7)—1/9

6t)  y(m-1 @

y(t) -1
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Hence the function oy(0)
y(t
t(t) = y(t )
Ty
is invariant under the involution 7 +— —1/67. Moreover,

172 o
o) = (AA((;TT))AA((ZTT))) —q 1—[(1 _ gEnHT)I2(] _ gon+5)-12
n=0

which is checked by noticing that (A(67)A(1)/A(3T)A(27))"/? is modular with
respect to I'1(6), invariant under 7 — —1/67 and its zeros and poles coincide
with those of (7).

Proposition 2.1. The function #(7) maps the shaded open area in the picture

below univalently onto the upper half plane and satisfies

t(%)=(\/§—1)4, t(%+L)=(V§+1)4, t(%)zoo.

t(ico) =

5 5v6

T t(7)

TN
+

[62]

g~

il t@f m

Proof. That t(ico) =0, t(%) = oo can be ssen from the values y(ico) = 0 y( ) =

From (1) it follows that for t = \/_ and yo = y( \/_) we have yp =
2\/'

y =Y
yo=1= and correspondingly, t(%) = (V2 + 1)*. The same principle can
be apphed to obatin t(% + ﬁ) = (V2 £ 1)*. To decide which sign should be
taken, one estimates t(%) and t(% + ﬁ) numerically and obtain the values of
our proposition. Furthermore, t(7) assumes every value at most once in the

union of I and II. Our proposition now follows. O

In the theorems and proofs that follow we let M(I'1(6)) be the space of
modular forms of weight k with respect to I'1(6), and let

E4(7) = 1 + 240 Z o3(n)g", Ex(t)=1-24 Z a1(n)q"
n=1 n=1

be the standard Eisenstein series.



The group I'1(6)
Theorem 1. ((3) is irrational.

Proof. Let

40F(t) = E4(7) — 36E4(7) — 7(4E4(27) — 9E4(37))

24E(t) = —5(Ex(7) — 6E2(67)) + 2E2(27) — 3E2(37).
Notice that F(t) € My(I'1(6)) and F(-Z) = =361*F(t), F(ie0) = 0 and E(1) €
M,(I'1(6)), E (—%) = —67%E(1). The Dirichlet series corresponding to F() reads

oo

_ v 603(n) _, 603(n) _ 603(n)  605(n)
L(F,s)—; = e " B G By

=6(1-6>°—-7-22°4+7.3%%)((s)l(s - 3).

Define f(t) by (%)3f(’c) = (2mi)*F(1), f(ico) = 0. From Proposition 1.2 and the
fact that F (—%) = —367*F(1) follows?

6T2 (f (_é) - L(F/ 3)) = _(f(T) - L(P, 3))

and since L(F,3) = 6 - (—1/3)C(3)C(0) = {(3), we have
602 (£ 5z ) - 2] = =70 - con.

Multiplication with E(=1/67) = —672E(1) gives

1 1
E (‘a) (f (‘a) - c<3>) = E(@(f(r) - L)) @

The function E(7)(f(7) — C(3)) can be considered as a multivalued function of
t = t(t). We choose it at t = 0 as follows. From the expansion t = g [, (1 -
g®m ) 12(1—¢6*2)712 = - 1242 + 664> —2204* +4954° —. . . one infers the inverse
expansion g = t+12t2+222t3+. ... Then, from E(7) = 1+5q+13g%+. .. one finds
E(t) =1+5t + 73t> + 1445¢3 + ... and similarly, E(t)F(t) = 6t + (351/4)t> + .. ..

By construction one notes that E(t) € Z[[t]] and and E(t)f(t) = X, ant”
where a,, € Z/[1, ..., n]?. Since the inverse function  — 7 branches at (V2 — 1)*
one expects the radius of convergence of E(f)(f(t)—C(3)) to be (vV2-1)%. However,
by the property (2), the function t +— E(t)(f(t) — C(3)) has no branch point at
t = (V2 - 1)* and its radius of convergence equals at least the next branching
value, which is (V2 + 1)*. Furthermore, it cannot be a polynomial in ¢, since then
f (1) = C(3) would be a modular form of weight —2, which is impossible. We now
apply Proposition 1.1 with 6; = C(3) to conclude C(3) ¢ Q. O

2There’s a typo in the original article: L(F, s) should be L(F, 3).

6



The group I'1(6)

Remark. Note that 1,5,73,1445, ... are exactly Apéry’s numbers for C(3).
Theorem 2. Let F(1) = 1(7)*n(27)*n(37)*n(67)* and L(F,s) the corresponding
Dirichlet series. Then at least one of the numbers 7 2L(F,2) and L(F,3) +

47L(F,2)C(3)

157 is irrational.

Proof. The function F(7) is in My(I'1(6)), itis a cusp form, and F (—61—T) = 367*F(7).
Let f(7) be the Fourier series such that (%)3f(”f) = (2nti)*F(7), f(ico) = 0. Then
it follows from Proposition 1.2 that

67> ( f (—é) — L(F, 3)) = f(t) - L(F, 3) - L(F, 2)(2miT). (3)
Consider also
240G(7) = 13(E4(7) + 36E4(67)) — 37(4E4(27) + 9E4(37)).

It ahs the properties G(ic0) = 0, G(—é) = 367*G(7). The corresponding Dirichlet
series reads

L(G,s) = (13413 - 675 =37 - 2275 — 37 - 327%){(s)L(s — 3).

Letting (%)3g(’[) = (21i)3G(1), g(i0) = 0, we have

672 (g (—%) - L(G, 3)) = ¢(1) - L(G, 3) - L(G, 2)(2mi1),

hence,

67’ (g (—%) - %:(3)) = () - LLE) + 450 2ni). @

Elimination of 2mit form (3) and (4) gives that the function h(7) = 48C(2)(f(7) —
L(F,3))+ L(F,2)(g(t) - 4%C(E’))) behaves like 6T2h(—é) = h(t). Now consider

E(7) = Ex(t) — 2E»(27) + 6E2(37) — 3E5(67).

It is in M»(I'1(6)) and we have E(—61—T) = 672E(1). Consequently, E —%)h(—%) =
E(t)h(t) and by an argument to the one in Theorem 1 we find that

48C(2) f(H)E(t) + L(F, 2)g(HE(t) — (48C(2)L(F, 3) + L(F, 2)%@(3) E(t)

is a power series in t with radius of convergence (V2+1)*. Again the denominator
of the n-th coefficient in the power series of E(t)f(t), E(t)g(t), E(t) divides
[1,...,n]>. We can now apply Proposition 1.1 to obtain our theorem. O
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The group I'1(6)
Theorem 3. Let
oo 9(,y,,9 3 o 3
()’ (67) )2 3 3 3(1 +q )2
" = | S| = 1-9")1-g")y———.
,Z{ 7 (173(2T)n3(3f) 7 11 7 (1+g")?

Then Y7 | a,/n? is irrational.

Proof. Consider the product

n’(27)n’ (37)

HO) = 60

We have E(—%) = —672E(7) and hence /E(—é) = +(itV6)+/E(7). Since E(7) has
only zeros and poles in the cusps, it can be well-defined on the upper half plane.

Since E(%) # 0, we should have \/E(-Z&) = —iTV6E(7). Now consider
1/ (O’ (67)
0= e
which obeys F(—%T) = (~itV6)>F(1). Let f (1) be deﬁnedby(%)zf(T) = (2mi)?F(7),
f(ico) = 0. Then

—itVe ( f ( ) L(F, z)) f(1) - L(F,2).
Multiplication with /E (—61—T) = —itV6+/E(7) yields?
E (—i) (f (—i) - L(F,z>) = VE@(f(r) - L(F, 2).

67 671

Notice that y/E(7) considered as a function of t is a power series whose n-th
coefficient is rational and has denominator dividing 4"[1, ..., n]>. By the same
argument as in the previous theorems, the radius of convergence of v/E(t)(f (t) -
L(E,?2)) is at least (V2 + 1)*. Since 4¢ < (V2 + 1)*, we can apply Proposition 1.1
to find our theorem. O

Remark. Theorem 3 is the one alluded to in [1].

3There’s a typo in the original article: f(7) on the LHS should be f(— ).
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The group I'1(5)
3 The group I'1(5)

The fundamental domain of the group I'i(5) = {(“ Z) €SIy(Z) :a=d=1

(mod 5),c = 0 (mod 5)} can be pictured as below. The cusps are given by

012

727 5/ ZOO.

[621] ]
TN
NI~

A

-L
2
They are regular and have widths 5,5, 1, 1 respectively. Consider the following

y(r) =q[ Ja-q®)
n=1

where (%) it the Legendre symbol. The function y(7) is a hauptmodul for the
group I'1(5). Moreover, y(0) = 11 5\/_ y( ) =ico, y( ) = 11 \/_ 5,y(ico) =
The function y(—51—T) is again modular with respect to I'1(5) and one easily Checks

function,

that ) \ 0
_ M-y 2.2
4 (_E) = Te g M7 ‘f
So the function )
T
o) = y(x )HAyW)

is invariant under the involution t — —1/57. In a similar way as in Proposition

2.1 one shows,

Proposition 3.1. The function #(7) maps the shaded open area in the picture
below univalently onto the upper half plane and satisfies

t(ic0) =0, ( ) (Aa+4/1+ Az)z t ( + —) (Aa—4/1 + /\2)2 t (—) = 00

where A, = % - %\/5
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T (1)

O~
+

O

£

i
2
5

N|—
-

—_—
Ol
+ ¢

We also consider the function

/\2—]/(1’) _ 11 5

s(1) = y(ﬂml

Lemma 3.2. The branching values of s(7), as defined in Section 1, read 0, co and
(M £+ /\%)2 where A1 = —% + %\/5

Proof. The branching values of s(t) are the values of s(7) at the cusps or the
values at the points 7, 37 > 0 where s’(7) = 0. The values at the cusps are 0, co.
Notice that

s’ (1+ y y )y_’_y2+(11—5\/5)y—1y_'

s y—A y—-A1)y y2+11y -1 y

The function y?, can only be zero at the cusps 0, % Ify? + (11 -5V5)y — 1 = 0 then
y = A1+ \/1+ A7 which implies s = (A1 + /1 + A3)%. O

Notice that the g-expansions of ¢(7), s(t) read

tHr) = i anq", s(t)= i bng"
n=1 n=1

where a,,, b, are algebraic integers in Q(V5). From the construction follows that
for every n the numbers a,, b, are conjugates.

Theorem 4. Let L(3, x) = X774 (%) n~=3, where (%) is the Legendre symbol. Then
8C(3) — 5YBL(3, x) is not in Q(V5).

Proof. Consider the weight 4 form on I'1(5) given by

24F(7) = E4(t) — 25E4(57) + 24(E4(x, ) — 5V5F4(x, 7))

10
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The group I'1(5)

where

i =14 5 (3) {0
n=1

Fon= Y, (2)mim.

m,n=1

Note that up to a constant factor, F(7) is cahracterised by the facts F(7) €
My(T'1(5)), F(ioo) =0, F (—5%) = —257*F(1). The corresponding Dirichlet series
reads

L(F,s) = 10(1 = 5*7*){(s)C(s — 3) + C(s)L(s — 3, x) = 5V5L(s = 3)L(s, x)

where -
n _
L(s, x) = Z (g) n°.
n=1
Define f(7) by f(ico) = 0, (%)3f('c) = (2rti)3F(7). then, from Proposition 1.2
follows that

2] Ao
where
A=10 (1 - %) C(3)C(0) + C(3)L(0, x) — 5‘/§C(O)L(3/ X)
_ —%(SC(C’)) —_5VBL(3, 1)).
Now let
—8E(T) = Ez(T) - 5E2(5T) + ZO(EZ(X/ T) - VEFZ(X/ T))
where
1 xyny ng"
B2, ) = _§+; (g) 1—g"’
Fa(x, 1) = Z (%) mq™".

m,n=1

The function E(7) satisfies E(—%) = —572E(1), hence E(7)(f(1)— A) is fixed under
the involution 7 +— —1/57. Consider E(t) and E(7)f(7) as functions of t = #(7)
and write

(o]

E(t)f(7) = Z cnq", E(1)= i dnq".
n=1

n=1

11
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By construction it follows that d,, and [1,...,n]3c, are algebraic integers in
Q(V5). Just as in the proof of Theorem 1, we observe that the radius of conver-

gence of E(t)(f(t) — A) equals (A2 + /1 + /\%)24 and hence for all € > 0,

lc, — Ady| < (Ay + m)(z_e)” Vn > ng(e). 5)
Now consider the functions
24F(t) = Eq(t) — 25E4(57) + 24(E4(x, 7) + 5V5F4(x, 7))
the corresponding third primitive f(7) and
~8E(t) = Ea(1) - 5E»(51) + 20(E2(x, 7) + V5Fa(x, 7).

Consider them as functions of s = s(7) and write

E()f(r)= > Tug", E(x)= ) dug".
n=1 n=1

From the construction follows that ¢, En are conjugates of c,,, d,, respectively. By
Lemma 3.2 the smallest nonzero branching value of s(7) equals (-A; + /1 + /\%)2
and hence the radius of convergence of both Z;ozl cps™ and Z;‘;l Ens” is at least

(—A1 + /1 + A3)% Hence for any 6 € C and any € > 0

[Cn — Odn] < (A1 ++/1+ A2 i > (e, 6). (6)

Now suppose A ¢ Q(V5). Let A be its conjugate and let d be its denominator.
Multiplication of (5) and (6) with 0 = A yields

2n
lcnCn — (CpdnA + CpdnA) + dpd, AA| < (%) Y > n. 7)

Since cycy € Z/[1,...,n1°, cuDpA+cndyA € Z)d[1,. .., n)?, dyd, AA € Z/d? and
d*[1,...,n]% < (20.1)** < (20.3)*" for sufficiently large n. Hence ¢, — d,A = 0
for n large enough, and we have a contradiction. Theorem 4 now follows. m|

Remark. By some tedius calculation one can veritfy that the numbers d, satisfy
the recurrence relation
(1 +1)%dye1 = (124 + 55V5)n(n + 1) + 34 + 15V5)(2n + 1)d, — n°d,1
do=1,dy = 34 +15V5,d, = 7111 + 3180V5, d3 = 2040334 + 912465 V5.

4There’s a typo in the original article: sign is fixed.
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The group I'1(5)
Theorem 5. The number ((2) = Z is irrational.
Proof. Consider the function
2i . .
wF(0) =2+ DEs(x, 1) - 2 - DEs(x, 7)

where
2 k

_25+' Z (k)

i=1

ES(X/ T) =

and x(k) is the odd character modulo 5 given by )((2) = —i and Y is its complex
conjugate. Then F(7) € M3(I'1(5)), and, in particular, F(z57) = (57 + 1)3F(7). Let
f(7) be the Fourier series determined by f(ie0) = 0 and (3)?f(7) = (2mi)?F(x).
In a straightforward manner one can verify that

T

(57 +1) (f(51+1) —L(F,2)) = f(1) - L(F,2)

where 5
L(F,2) = ZC(Z)((Z +1)L(0, x) — (2 —1)L(0, x)) = C(2).

Consider also
3+1i

E(7) = TEl(Xz T) + TEl(Xz )

where

El(X/ T)

Then E(t) € M1(I'1(5)) and we obtain

E(5TT+1) (f(51+1) (2)) E(T)(f(1) — C(2)).

This implies that E(7)(f (1) — C(2)) considered as function of y(7) does not branch
above y = —ﬂ + 5 5, corresponding to 7 = 0. Hence E(T)(f(T) C(2)) as a
function of y is a Taylor series in y with radius of convergence i + 2+/5. Note
that by construction E(7) has a y-expansion with integral coeff1c1ents, and the
nth coefficient in the y-expansion of E(7)f(7) is rational with a denominator that
divides [1, ..., n]%. Out standard argument now yields {(2) ¢ Q. O

Remark. Notice that E(t) = 1+3t+19t2+147t3+- - - and thenumbers1, 3,19, 147, ...
correspond exactly to Apéry’s numbers for ((2). The function E(7) is also dis-
cussed in [2, p59].

13



REFERENCES REFERENCES

References

[1] Beukers, F. Irrationality of 7%, periods of an elliptic curve and I';(5). Dio-
phantine approximations and transcendental numbers (Luminy, 1982) 31 (1982),
47-66.

[2] Beukers, F. Some congruences for the Apéry numbers. Journal of Number
Theory 21, 2 (1985), 141-155.

[3] Beukers, F. Another congruence for the Apéry numbers. Journal of Number
Theory 25, 2 (1987), 201-210.

[4] Beukers, F., aND PetERS, C. A. M. A family of K3 surfaces and ((3). . Reine
Angew. Math. 351 (1984), 42-54.

[5] GesskL, I. Some Congruences for Apery Numbers. Journal of Number Theory
14,3 (1982), 362-368.

[6] RapeEmacHER, H. Topics in analytic number theory, vol. 169. Springer Science &
Business Media, 2012.

[7] StiEnsTRA, J., AND BeUukers, F. On the Picard-Fuchs equation and the for-

mal Brauer group of certain elliptic K3-surfaces. Mathematische Annalen 271
(1985), 269-304.

[8] VAN DErR PoortEN, A. A proof that Euler missed...Apéry’s proof of the irra-
tionality of C(3). Math. Intelligencer 1,4 (1979), 195-203.

[9] WEL, A. Remarks on Hecke’s lemma and its use. In Algebraic number theory
(Kyoto Internat. Sympos., Res. Inst. Math. Sci., Univ. Kyoto, Kyoto, 1976). Japan
Soc. Promotion Sci., Tokyo, 1977, pp. 267-274.

14



	Introduction
	Preliminaries
	The group 1(6)
	The group 1(5)

