


Reference : Rubinoff's Senior Thesis "The Bruhat-Tits building...

"

Notation: F local field
.
Of ring of integers

, pIOF maxil ideal
,

K = Of residue field

G reductive gp/F
,

TCG a fixed splitmaxltorns,
Weye group.

NOT the normalizes of Tis G

# CE root system of G
.

GCE simple roots
.

E"CE*

coroot system .

Let: Spherical apt of G is the Euclidean space As := E
*

For de t
,

hyperplane HaCAs is defined as set of veE
*

Sot.(v) = 0.

Weyl chamber DCAs is a connected component of As WatHa.

Fact : D > a choice of simple roots of E.

Wacts simply transitively or Weyl chambers. (important Thm)

For < Ep let its <G be the root subspace.

Def : For xE *
= (T,s : < :, < (x) = 0

Motto : "facets" of As parametrice parabolicyesofGoutaining
Boch

T

(Weyl chambers --> Borel subgroups) (a Bowel subgip is a max'l solvable subgup

The big picture for G : SLy : let a = e
. -en

,
B= er-ty f = (i),

It = (ii)
,

etc .

·

z

Pz = Y** =

JT, Sta
,

Hp
,

Ha + BY
Px = () =

(Pz
,

(
-a)

Pi = (=
O

(Pz
,

(t
-
B)

Po = Sky

Notice that



Let : Theaffine apartment of G is the aftine space under As
.

So set theoretically A
,

As are the same

A has no distinguished point los office space). But for convenience we do still distinguish the origin of E*.

Thus Spoint pet3 => Erector p-OeA3

define an office functional atn : A-> R by (a+ a)()= <(x- 0) + 1

Hyperplace HardSt is the "Kernel" of atu
.

Let sam be the reflection over Harr
.

Note Har = Hearn

Having defined theoffice apartment
,

some questions : What is the analogue of the Weyl group ?
What about parabolic

subgroups ?

Def : The affine Weyl groupI is the group
of affine transformations of A generated by reflections Sain.

-

Prop: N(F) is the normalizes in G(F) of TCOE)
.

And W
,
NIFTIOF are both isomorphic to a semidirect

product
' ** W

& particular, the isomorphism is induced explicitly by a map NIF) -> W that sends representatives of

N(F)/T(F) to the corresponding elt .

of W
,

and Y ETCF) to The

viewas a homomorphism im- > T

where To is the translation xiex + 2 and 10/1 is the discrete valuation on E.

The map N(F) -> W defines in an obvious way ac action of NIE) on the office apartment A.



Example.
Let G : SL

.. The office apt is

2104 = (000) i the translation which tabes O to Have a

(ii) +> SatW ,

which is the flip over Hato
.

Thus
, (inn)(i) is a flip over Harn

.

Definitionof parahoric subgroups :

Let E = 36tn : <
,

net3 be the set of office roots. Forexte F
,

write

Hy = (s(p") = [ft, (t) : tep"3

For xeA
,

define the group

Gx = (TIOE
,

Ic : 4 I,+x 0

= <TIOE, (ts(p-ba1 */) : < E)

A minimal Gy
,

i.
e
, X lies in a maximal facet

,

is called a parahoric subgroup,

Remarks a standard parahoris is
given by-

-

G
- B(k) The pullback of Borel subgroup

1 wrt residue field.

GlOF) -> G(k)

Example : back to GiSts
.

See next page
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The point y is bounded between Hato and Ha and-

So Gy = < T(E)
, (ato

,

Anto
,

Hapto
,
Heat

,

( -p + 1
,

H
- a - B + 1)

= ((o%) . (E)
,

(ii)
,
(i)

,

(0)
, 10 . ) · (0))= Ct

Similarly,
Gx = <T ,

Harr
,
Easi

,
Apto

,
A-pro

,
Ha+Beo

,
H -a - B +

1)

= /OF



Remarks the "central hexagon all of our parahoics are pullbacks of parbolic over a

Corresponds to the spherical apartment picture
- For

any facet with parahoric Gy assigned to that facet
,

then G is either the intersection of all

parahorics corresponding to adjacent facets of smaller dimension
,

or is the
gop generated by all parahoriss

corresponding to facets of larger dimension .

· Tunhoris are highest dimension facets
, mperatoriesare lowest dimension facets

are also the maxl compact subgroups of G(F)
- Affine Weyl group

W acts simply transitively on the set of maximal facets

~ analogue of Wasting simply transitively or the Weyl chambers

~ Also, W is generated by the affine roof hyperplanes adjacent to any maxl facet

- action of NCF) on the office apartment corresponds to conjugation of parahorics.

For the Last point let's return to the example

( ( :) (()

Motto
: Afline apartment parametrizes compact open subgroups of GCF) contriving an Imahoriconjugateo


