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1. Find the gradient vector �eld∇f of f and sketch it.

(a) f(x, y) = 1
2
(x2 − y2)

(b) f(x, y) = ln
√
x2 + y2

2. Compute the following line integrals.

(a)
∫
C
yds, where C : (x(t), y(t)) = (t2, 2t), 0 ≤ t ≤ 3.

(b)
∫
C
F · dr, where F is a vector �eld

F(x, y) =

(
− y

x2 + y2
,

x

x2 + y2

)
and C is a circle x2 + y2 = a2 with parametrization given by r(t) = (a cos t, a sin t),
0 ≤ t ≤ 2π.



Solution

1. (a) ∇f = (x,−y).

(b) ∇f =
(

x
x2+y2

, y
x2+y2

)
. �e length of ∇f is inversely proportional to the distance

between (x, y) and the origin.

(a) (b)

2. We have x′(t) = 2t and y′(t) = 2. Hence∫
C

yds =

∫ 3

0

2t
√

(2t)2 + 22dt =

∫ 3

0

4t
√
t2 + 1dt =

[
4

3
(t2 + 1)3/2

]3
0

=
4

3
(103/2 − 1)

3. ∫
C

F · dr =
∫ 2π

0

(
−a sin t

a2
,
a cos t

a2

)
· (−a sin t, a cos t)dt =

∫ 2π

0

dt = 2π

Note that the value of the line integral only depends on how many times the curve C wind
the origin. For any curve C that wind the origin for n times counter-clockwise, the integral
becomes 2πn.
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