MatH 10A WOoRrksHEET, WEEK 5 SEPTEMBER 19, 2023

1. Diagonalize the following matrices. In other words, for each matrix, find an invertible
matrix P and a diagonal matrix D such that the matrix equals to PDP~!.
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2. Compute A%,

Use the above digonalization.
Ao oo 1 o[ 1T de®-
~ [0 2]]|0 3 0 2| ~ |0 2][0 3°|l0 2] |0 320

3. Let
0 -1
e[t )
Compute C2,C3,C% and C°. Can you find a pattern?
-1 0 0 1 10 0 -1
2 _ _ 3 _ 4 _ _ 5 _ _
c _[O _1]_ I C _[_1 0], c _[0 1]_1, C _[1 O]_c.

It is periodic with the period 4.

4. What is C2923? Can you compute it using diagonalization?
Since 2023 = 4 x 505 + 3, C202% = C3. Using diagonalization, you can check that i, —i

i —i
are eigenvalues of C with eigenvectors [1] , [ ], SO
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5. Consider the recursion of the form
11 1
Xt+1 = {i i] X, Xp = [0]
3 3

Let A be the above matrix and diagonalize it. We have

What is x5?

7 1 7
det(A—M):/\2——+—:(/\—1)(A——>=>A:1,

1
6 6 6 6

(a) For A; =1, the corresponding eigenvector v, = [;l] satisfies
1

11 X 0 1 1
_ - |72 2 - _- —y, =
R 1| B IR SR A

We can take x; = 1and y; = 1, and we get an eigenvector v; = [ﬂ

(b) ForA, = %, the corresponding eigenvector v, = [;2] satisfies
2

1 % Xo 0 1 1
st -t

We can take x, = 3 and y, = —2, and we get an eigenvector v, = [_32]

So we have

1 3]t 0
A:PDP‘lzL H 1
6

x5 = A°Xg = E _32] [(1) ;] E —g%] [(1)] )

6. What is the limiting behavior of x;, i.e. y = lim;_, ., x;?

and

1 31|10
—1: —1: t —1:
Y—}ngf—}gzlo“o—}g[l _zH 1
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|y

You can directly check it by multiplying the matrix. Intuitively, y is the limiting
behavior of x;, so it is stable (equilibrium) in the sense that the state does not change
for further steps.

7. Check that y satisfies
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Can you explain why?

8. Let A be a 3 by 3 matrix with the eigenvalues and eigenvectors.

1
Alzl, V1:O

0
1
A2:O7, Vy = 1
0
2
A3——03, V3 = 0
1

Find lim;_,  AX.
Based on given eigenvalues and eigenvectors, we can diagonalize A as

11 21/11 0 o171 1 2
A=PDP~'=|0 1 0[|0 07 0|0 1 0

0 0 1]{0 0 03f]10 0 1
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= PD¥P~1, we have

= (PDP~1)k

Since Ak

k—>00
pPDp-1

P(lim Dk) p-1

lim Ak
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