
Math 10B Worksheet March 7, 2024

1. You roll two fair dices with eight sides on each, numbered from 1 to 8. Let 𝑋 be the
random variable indicates the total outcome.
(a) What is the possible range of 𝑋?
(b) For each value 𝑘 in the above range, find the probability 𝑃(𝑋 = 𝑘).
(c) Compute the expected value 𝐸[𝑋] of 𝑋.
(d) Can you answer (c) without doing (b)?
(e) What is the variance Var[𝑋]?

(a) 2 to 16.
(b) There are total 82

= 64 possible outcomes. You can simply enumerate the number
of ways to get each number 𝑘 ∈ {2, 3, … , 16}:

2→ (1, 1), 1
3→ (1, 2), (2, 1), 2
4→ (1, 3), (2, 2), (3, 1), 3

⋮
8→ (1, 7), (2, 6), … , (6, 2), (7, 1), 7
9→ (1, 8), (2, 7), … , (8, 1), 8

10→ (2, 8), (3, 7), … , (8, 2), 7
⋮

15→ (7, 8), (8, 7), 2
16→ (8, 8), 1

and probabilities for each 𝑘 above are the numbers divided by 64. It can be
written as

𝑃(𝑋 = 𝑘) =
⎧
⎪⎪
⎨
⎪⎪
⎩

𝑘−1
64 2 ≤ 𝑘 ≤ 9

17−𝑘
64 10 ≤ 𝑘 ≤ 16

.
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(c) the expected value is

𝐸[𝑋] =
16

∑
𝑘=2

𝑘𝑃(𝑋 = 𝑘) =
9

∑
𝑘=2

𝑘 ⋅ 𝑘 − 1
64
+

16

∑
𝑘=10

𝑘 ⋅ 17 − 𝑘
64

=
1

64

9

∑
𝑘=2

𝑘2
−

1
64

9

∑
𝑘=2

𝑘 + 17
64

16

∑
𝑘=10

𝑘 − 1
64

16

∑
𝑘=10

𝑘2

=
1

64
(

9 ⋅ 10 ⋅ 18
6

− 1) − 1
64
(

9 ⋅ 10
2
− 1) + 17

64
(

16 ⋅ 17
2

−
9 ⋅ 10

2
) −

1
64
(

16 ⋅ 17 ⋅ 33
6

−
9 ⋅ 10 ⋅ 19

6
)

= 9.

(d) Better way that (b) is using linearity of expected value. Let 𝑋1 and 𝑋2 be the
random variables represent outcome of each die. Then 𝑋 = 𝑋1 + 𝑋2 and we
can easily check that 𝐸[𝑋1] = 𝐸[𝑋2] =

1
8(1 + 2 + 3 + 4 + 5 + 6 + 7 + 8) = 9

2 . Thus
𝐸[𝑋] = 𝐸[𝑋1] + 𝐸[𝑋2] = 9.

(e) Let 𝑋1, 𝑋2 as in (d). Variance of each random variable is:

𝐸[𝑋2
1] =

1
8
(12
+ 22
+ 32
+ 42
+ 52
+ 62
+ 72
+ 82
) =

8 ⋅ 9 ⋅ 17
8 ⋅ 6

=

51
2

⇒ Var[𝑋1] = 𝐸[𝑋2
1] − 𝐸[𝑋1]

2
=

51
2
−

81
4
=

21
4
= Var[𝑋2].

Since 𝑋1 and 𝑋2 are independent, we have Var[𝑋] = Var[𝑋1] +Var[𝑋2] =
21
2 .

In general, sum of two random variable could be much more complicated than
the summands. However, computing expectation value can be easily done as
(d), and also variance as (e) when two summands are independent.
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2. True or False: for two random variables 𝑋 and 𝑌,

(a) 𝐸[𝑋 +𝑌] = 𝐸[𝑋] + 𝐸[𝑌].
(b) 𝐸[𝑋𝑌] = 𝐸[𝑋]𝐸[𝑌].
(c) If 𝑋 and 𝑌 are independent, 𝐸[𝑋𝑌] = 𝐸[𝑋]𝐸[𝑌].
(d) If 𝑋 and 𝑌 are independent, Var[𝑋𝑌] = Var[𝑋]Var[𝑌].
(e) If 𝑋 and 𝑌 are independent, 𝐸[max{𝑋, 𝑌}] =max{𝐸[𝑋], 𝐸[𝑌]}. (Hint: toss two

fair coins. Let 𝑋 be the number of heads, and 𝑌 be the number of tails.)
(f) If 𝐸[𝑋𝑌] = 𝐸[𝑋]𝐸[𝑌], then 𝑋 and 𝑌 are independent. (Hint: consider the fol-

lowing situation: you randomly pick one of the four points (−1, 0), (0, 1), (1, 0)
(0,−1) with equal probability 1/4, and let 𝑋, 𝑌 be 𝑥 and 𝑦-coordinates of the
picked point.)

(a) True.
(b) False in general. For example, consider any random variable 𝑋 and set 𝑌 = 𝑋.

Then the statement is False whenever Var[𝑋] ≠ 0.
(c) False. Instead, we have Var[𝑋+𝑌] = Var[𝑋]+Var[𝑌]. For a counterexample, set

both 𝑋 and 𝑌 be the number of heads when you toss a fair coin. Then 𝑋 = 𝑋2,
and Var[𝑋2

] = Var[𝑋] = 1
4 and Var[𝑋2

] ≠ Var[𝑋]2.
(d) False. Consider the example given in the hint. We have 𝐸[𝑋] = 𝐸[𝑌] = 1. The

maximum of two random variable is

max{𝑋, 𝑌} =
⎧
⎪⎪
⎨
⎪⎪
⎩

1 𝑋 = 𝑌 = 1, probability = 1
2

2 (𝑋, 𝑌) = (2, 0) or (0, 2), probability = 1
2

(1)

and the expected value is 𝐸[max{𝑋, 𝑌}] = 3
2 ≠max{𝐸[𝑋], 𝐸[𝑌]} = 1.

(e) False. Consider the example given in the hint. One can check that 𝐸[𝑋𝑌] =
𝐸[𝑋] = 𝐸[𝑌] = 0. However, they are not independent, since

𝑃(𝑋 = 1 ∩ 𝑌 = 1) = 0 ≠ (1
4
)

2
= 𝑃(𝑋 = 1)𝑃(𝑌 = 1).
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