
Math 10B Worksheet March 21, 2024

1. Let

𝑓(𝑥) =
⎧⎪⎪⎨⎪⎪⎩

𝑐𝑥2(1 − 𝑥) if 0 ≤ 𝑥 ≤ 1
0 else

• For what value of 𝑐 is 𝑓 a valid PDF?
• For the value of 𝑐 found above, find 𝑃(𝑋 ≥ 1/2).

(a) We need 𝑓(𝑥) ≥ 0 and ∫ ∞
−∞ 𝑓(𝑥)𝑑𝑥 = 1. For 0 ≤ 𝑥 ≤ 1, 𝑥2(1 − 𝑥) ≥ 0, so 𝑐 ≥ 0. Now

setting

1 = ∫
∞

−∞
𝑓(𝑥)𝑑𝑥 = ∫

1

0
𝑐𝑥2(1 − 𝑥)𝑑𝑥 = 𝑐 [𝑥

3

3
− 𝑥4

4
] ∣

1

0
= 𝑐 [ 1

12
]

we see 𝑐 = 12.
(b)

∫
∞

1/2
𝑓(𝑥)𝑑𝑥 = ∫

1

1/2
12𝑥2(1 − 𝑥)𝑑𝑥

= 12 [𝑥
3

3
− 𝑥4

4
] ∣

1

1/2

= 12 [1
3
− 1

4
− 1

24
+ 1

32
]

2. Let 𝑓(𝑥) = ln(𝑥) for 1 ≤ 𝑥 ≤ 𝑒. Find 𝑃(2 ≤ 𝑋 ≤ 𝑒).

(a)

𝑃(2 ≤ 𝑋 ≤ 𝑒) = ∫
𝑒

2
𝑓(𝑥)𝑑𝑥

= ∫
𝑒

2
ln(𝑥)

= 𝑥 ln(𝑥) − 𝑥∣
𝑒

2
= 𝑒 − 𝑒 + 2 ln(2) − 2
= 2(ln(2) − 1)

1
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3. Given the CDF 𝐹(𝑥) = 1
1+𝑒−𝑥 for 𝑥 ∈ 𝑅, find the PDF 𝑓(𝑥).

(a) A PDF is recovered from a CDF by taking the derivative.

𝑓(𝑥) = 𝑑
𝑑𝑥
(1 + 𝑒−𝑥)−1 = −(1 + 𝑒−𝑥)−2(−𝑒−𝑥) = 𝑒−𝑥

(1 + 𝑒−𝑥)2

4. Given the CDF 𝐹(𝑡) = 1 − (𝛽/𝑡)𝛼 for 𝑡 ≥ 𝛽 where 𝛼 and 𝛽 are positive constants, find
the PDF 𝑓(𝑡).

(a) We again obtain the PDF by taking the derivative

𝑑
𝑑𝑡

1 − (𝛽/𝑡)𝛼 = −𝛽𝛼(−𝛼𝑡−𝛼−1) = 𝛽𝛼𝛼
𝑡𝛼+1

Thus the pdf is 𝛽𝛼𝛼/𝑡𝛼+1 for 𝑡 ≥ 𝛽.

5. Calculate the mean and standard deviation for a random variable with the following
associated PDF.

𝑓(𝑡) =
⎧⎪⎪⎨⎪⎪⎩

2𝑒−2𝑡 for 0 ≤ 𝑡 ≤ 2
0 else

(a) Well

𝜇 = ∫
∞

−∞
𝑡𝑓(𝑡)𝑑𝑡 = ∫

2

0
2𝑡𝑒−2𝑡𝑑𝑡

We integrate by parts. Let 𝑢 = 𝑡 and 𝑑𝑣 = 2𝑒−2𝑡𝑑𝑡. Then 𝑑𝑢 = 𝑑𝑡 and 𝑣 = −𝑒−2𝑡. So

𝜇 = −𝑡𝑒−2𝑡∣
2

0
− ∫

2

0
−𝑒−2𝑡𝑑𝑡 = −𝑡𝑒−2𝑡∣

2

0
− 𝑒−2𝑡

2
∣
2

0
= −2𝑒−4 − 𝑒−4

2
+ 1

2

2
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(b)

𝑉𝑎𝑟(𝑋) = ∫02
(𝑡 − 𝜇)2𝑓(𝑡)𝑑𝑡

= ∫
2

0
2(𝑡 − 5𝑒−4 + 1

2
)

2

𝑒−2𝑡𝑑𝑡

= [2∫
2

0
𝑡2𝑒−2𝑡𝑑𝑡] − [2(5𝑒−4 + 1)∫

2

0
𝑡𝑒−2𝑡𝑑𝑡] +

⎡⎢⎢⎢⎢⎣
2(5𝑒−4 + 1

2
)

2

∫
2

0
𝑒−2𝑡𝑑𝑡

⎤⎥⎥⎥⎥⎦
Now

∫
2

0
𝑡2𝑒−2𝑡𝑑𝑡 = −𝑡2𝑒−2𝑡

2
∣20 − ∫

2

0

−2𝑡𝑒−2𝑡

2
𝑑𝑡

= −𝑡2𝑒−2𝑡

2
∣20 −

𝑡𝑒−2𝑡

2
∣20 +
−𝑒−2𝑡

4
∣20

= −13𝑒−4 + 1
4

and

∫
2

0
𝑡𝑒−2𝑡𝑑𝑡 = −𝑡𝑒−2𝑡

2
∣20 + ∫

2

0

𝑒−2𝑡

2
𝑑𝑡 = −5𝑒−4 + 1

4
and

∫
2

0
𝑒−2𝑡𝑑𝑡 = 1 − 𝑒−4

2
.

Hence

𝑉𝑎𝑟(𝑋) = 2(−13𝑒−4 + 1
4

) − 2(5𝑒−4 + 1)(−5𝑒−4 + 1
4

) + 2(5𝑒−4 + 1
2

)
2

(1 − 𝑒−4

2
) .

So the standard deviation is

𝜎 =

¿
ÁÁÀ2(−13𝑒−4 + 1

4
) − 2(5𝑒−4 + 1)(−5𝑒−4 + 1

4
) + 2(5𝑒−4 + 1

2
)

2
(1 − 𝑒−4

2
)

3


