Math 53 Worksheet 260220 Spring 2026

All the previous worksheets are available in seewoo5.github.io/teaching/2026Spring.
Keywords: multivariable function, domain, limit, continuity

1. Find and sketch the domain of the following functions:

(a) fla,y) = Loltvtd

(b) g(xvyvz):\/1—$+\/2—y+\/3_z

2. Consider the function
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(a) Show that the limit of f(x,y) as ) — (0,0) along the line y = kx is 0 for any constant k.

(b) Show that the limit of f(z,y) as ( y) — (0,0) along the parabola y = kz? is 0 for any constant
k.

(c) Show that the limit of f(z,y) as (z,y) — (0,0) along the parabola y = 23 is 1.
(d) Does the limit of f(x,y) as (x,y) — (0,0) exist? Why or why not?
3. (a) Using the definition of limit, show that the function f(z,y) = x + 2y is continuous at the point
(0,0).

(b) (*) Using the definition of limit, for any a, b and ¢, show that the function f(x,y) = az?+bxy+cy?
is continuous at the point (0,0).
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1. (a) Weneed z+y+1 >0 (for In) and 1 —2? —y* > 0 (for / in the denominator). So the domain is

D={(z,y):2*+y* <land z+y > —1}.

(b) Weneed 1 —x>0,2—y >0, and 3— 2z > 0. So the domain is
D={(z,y,2) eR®:2 <1, y<2, 2 <3}

3 kx ka? 0
2. (a) Ifk #0: f(z,kx) = Ry Rl 3= Oasxz — 0. If K =0: f(z,0) = 0. In both
cases, the limit is 0.

3. ka? _ kx

(b) If k #0: f(z, ka?) =

cases, the limit is 0.
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(C) f(x,x )_m_ﬁ_i for allx#(), so the limit is 5

(d) No. Along y = 0 the limit is 0, but along y = 23 the limit is % Since different paths give different

limits, lim  f(z,y) does not exist.
(z,9)—(0,0)

0
x§+k2x4_x2+k2_>ﬁ:0asm_>o’ If k=0: f(z,0) = 0. In both

3. (a) Let € > 0 and choose § = ¢/3. If /22 + y? < §, then using |z|, |y| < /22 + y?,
[f(z,y) = f(0,0)] = &+ 2y| < |z +2[y| <3va? +y? <30 =e.

(b) (*) If a =b=c =0, then f is identically zero and continuity is trivial. Otherwise, let M =
la| + [b] + |¢| > 0. Since |z|?,|y|? < 22 +y? and |zy| < /22 +y2 - /22 + 32 = 2% + y?, we have

[f(@,y) = f(0,0)] = [az® + bry + cy®| < |afa? + [bllzy| + |cly? < M(2® +y?).
Let € > 0 and choose § = \/e/M. If \/22 + 32 < §, then 2? + y? < £/M, so



