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1. Let f(x, y) = xexy

(a) Compute gradient of f .

(b) Compute the directional derivative Duf at P = (1, 2) when u = ⟨1,−1⟩.
(c) Find a unit vector u where Duf at P = (1, 2) is maximized.

(d) Find unit vectors u where Duf = 0 at P = (1, 2).

2. Let T (x, y, z) = x2y + yz and P = (1, 2,−1):

(a) Compute ∇T (P ).

(b) Compute DuT (P ) where u points from P to Q = (3, 1, 2).

(c) Find a unit vector in the direction of steepest decrease at P .

3. At what point on the ellipsoid x2+y2+2z2 = 1 is the tangent plane parallel to the plane x+2y+2z = 1?
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1. (a) Partial derivatives of f are

fx = exy + xyexy, fy = x2exy.

So
∇f(x, y) =

〈
exy(1 + xy), x2exy

〉
.

In particular, at P = (1, 2),
∇f(1, 2) = e2⟨3, 1⟩.

(b) Normalize ⟨1,−1⟩:

u =
⟨1,−1⟩√
12 + (−1)2

=
⟨1,−1⟩√

2
.

Then

Duf(1, 2) = ∇f(1, 2) · u = e2⟨3, 1⟩ · ⟨1,−1⟩√
2

=
2e2√
2
=

√
2 e2.

(c) The maximum occurs in the gradient direction, so normalizing ∇f(1, 2) in (a) gives

umax =
∇f(1, 2)

|∇f(1, 2)|
=

⟨3, 1⟩√
10

.

(d) We need u that is orthogonal to ∇f(1, 2), so to ⟨3, 1⟩. The unit vectors are

u = ±⟨1,−3⟩√
10

.

2. (a) Partial derivatives of T are

Tx = 2xy, Ty = x2 + z, Tz = y.

So
∇T (1, 2,−1) = ⟨4, 0, 2⟩.

(b) The direction from P to Q is

−−→
PQ = ⟨2,−1, 3⟩, u =

⟨2,−1, 3⟩
|⟨2,−1, 3⟩|

=
⟨2,−1, 3⟩√

14
.

Then

DuT (P ) = ∇T (P ) · u = ⟨4, 0, 2⟩ · ⟨2,−1, 3⟩√
14

=
14√
14

=
√
14.

(c) Steepest decrease is in direction −∇T (P ):

umin = − ∇T (P )

|∇T (P )|
= −⟨4, 0, 2⟩√

20
=

⟨−2, 0,−1⟩√
5

.

3. Let
F (x, y, z) = x2 + y2 + 2z2 − 1.

The normal vector for the tangent plane at (x, y, z) is

∇F = ⟨2x, 2y, 4z⟩.

For parallel planes, this must be parallel to ⟨1, 2, 2⟩, so

⟨2x, 2y, 4z⟩ = λ⟨1, 2, 2⟩.



Math 53 Worksheet 260306 Spring 2026

Hence

x =
λ

2
, y = λ, z =

λ

2
.

Substitute into x2 + y2 + 2z2 = 1:

λ2

4
+ λ2 + 2 · λ

2

4
= 1 ⇒ 7

4
λ2 = 1 ⇒ λ = ± 2√

7
.

Therefore the points are (
1√
7
,
2√
7
,
1√
7

)
,

(
− 1√

7
,− 2√

7
,− 1√

7

)
.


