Math 53 Worksheet 260320 Spring 2026

All the previous worksheets are available in seewoo5.github.io/teaching/2026Spring.
Keywords: multiple integral, normal line of a surface

1. Find the volume of the tetrahedron enclosed by the coordinate planes and the plane = 4 2y + 3z = 6.

2. Evaluate the integrals by reversing the order of integration:

(a)
1,1
//\/gjcosydydx
0 Jz2

1,1
/ / V3 + ldydz
0 JVa

3. Find the equation of the normal line to the surface z = 22 + y? — 3 at the point (1,2,2). Find the
other point where the normal line intersects the surface.

(b)

4. Evaluate
// "tV dA, D={(z,y):2>0,y>0, z+y <1}
D

5. (BoC) Find the volume of the solid enclosed by three cylinders 22 +y% = 1, y2+22 = 1, and 22 +22 = 1.
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1. Write the plane as

The projection on the xy-plane is

R={(z,y):2>0, y >0, 2+ 2y <6},

SO 6
0<z<6, 0<y< ;x
Hence 6 (6—s)/2
v://szz// 52222 b do.
R 0o Jo 3
Compute:

6

6 2 6
(6—1') 1 2 1 2
V= ——dr=— —z)’dr = — du = 6.
/0 5 T =15 O(6 x)" dx 12/, u”du =6

Note that the same setup for £ + ¥ 4 2 =1 in the first octant gives

a prb(l—z/a) CIZ’ b

Y abc

= 1—=—-—-2 =
\% /0 /0 c( o b) dy dx 6

which is the general tetrahedron formula.

2. (a) The region is

R={(z,y):0<z <1, x2§y§1}.

Reversing order:
0<y<1l, 0<z<y

1,1 1 vy 1
/ / \/ﬂcosydydacz/ / \/ﬂcosydmdyz/ ycosydy.
0 Ja2 0o Jo 0

1
/ ycosydy = [ysiny—i—cosy](l) =sinl+cosl—1.
0

Hence

Integrate by parts:

(b) The region is

Reversing order:

So
1 p1 1 py? 1
‘/ /ﬁ My3+1dydx:i/ /“ My3+1dxdy:1/ v y3 + 1dy.
0o Jvz o Jo 0

Let u = 9® + 1, du = 3y° dy:

o L[ 1y 27 3/2]% _ 2
/y\/y3+1dy:f/u/du:7[u/] =Z(2vV2-1).
0 31 9 19

3. Write the surface as the level surface

F(z,y,z)=2"+y° —2—-3=0.

A normal vector at (1,2,2) is

VF(1,2,2) = (22,2y, —1) =(2,4,-1).
(1,2,2)

Therefore the normal line is

(z,y,2) = (1,2,2) + (2,4, -1),

r =14 2t, y =2+ 4L, z=2—t.
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To find the other intersection with z = 2 + y* — 3, substitute the line:
2 —t=(1+2t)°> + (2 +4t)° — 3 = 2 + 20t 4 20¢°.

So
21
2082 421t =0 =— tzOortz—%.

t = 0 is the given point, so the other point is at t = f%:

Lo (2 g (2 oo (L2)) o (Ll m ey,
20 20 20 10 520

4. The region D = {(z,y) : 2 >0, y >0, z+y < 1} is a triangle, so

1 1—x
// eV dA = / / e dy de.
D o Jo
Compute the inner integral:

1—x 1—x
/ ez+ydy:ez/ eldy=e” (elfzfl) =e—e".
0 0

1
// ezﬂ’dA:/(efez)dm:[exfez]ézl.
D 0

Hence

5. The answer is 8(2 — v/2).



