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1. Show that the vector field
F(x, y) = (2xy + 3y2)i+ (x2 + 6xy + 4)j

is conservative on R2. Find a potential function f such that ∇f = F.

2. Compute the divergence and curl of each vector field. In each case, also verify directly that

∇ · (∇×V) = 0

for that vector field:

(a)
F(x, y, z) = xyz i+ (x2z + y2) j+ (xy2 + z2)k.

(b)
G(x, y, z) = yzex i+ xzey j+ xyez k.

3. (a) Find a potential function for the vector field

H(x, y, z) = yz i+ (xz + ey) j+ (xy + 2z)k.

(b) Compute the line integral ∫
C

H · dr,

where C is the helix
r(t) = ⟨cos t, sin t, t⟩, 0 ≤ t ≤ 2π,

from (1, 0, 0) to (1, 0, 2π).
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1. Let
P (x, y) = 2xy + 3y2, Q(x, y) = x2 + 6xy + 4.

Then
∂P

∂y
= 2x+ 6y =

∂Q

∂x

on all of R2, so F is conservative.

To find a potential function, integrate fx = P :

f(x, y) =

∫
(2xy + 3y2) dx = x2y + 3xy2 + g(y).

Differentiate with respect to y:
fy = x2 + 6xy + g′(y).

Since fy = Q = x2 + 6xy + 4, we get g′(y) = 4, so g(y) = 4y + C. Hence one potential function is

f(x, y) = x2y + 3xy2 + 4y.

2. (a) For
F(x, y, z) = ⟨xyz, x2z + y2, xy2 + z2⟩,

the divergence is

∇ · F =
∂

∂x
(xyz) +

∂

∂y
(x2z + y2) +

∂

∂z
(xy2 + z2) = yz + 2y + 2z.

The curl is

∇× F =

〈
∂

∂y
(xy2 + z2)− ∂

∂z
(x2z + y2),

∂

∂z
(xyz)− ∂

∂x
(xy2 + z2),

∂

∂x
(x2z + y2)− ∂

∂y
(xyz)

〉
= ⟨2xy − x2, xy − y2, xz⟩.

Therefore

∇ · (∇× F) =
∂

∂x
(2xy − x2) +

∂

∂y
(xy − y2) +

∂

∂z
(xz) = (2y − 2x) + (x− 2y) + x = 0.

(b) For
G(x, y, z) = ⟨yzex, xzey, xyez⟩,

the divergence is

∇ ·G =
∂

∂x
(yzex) +

∂

∂y
(xzey) +

∂

∂z
(xyez) = yzex + xzey + xyez.

The curl is

∇×G =

〈
∂

∂y
(xyez)− ∂

∂z
(xzey),

∂

∂z
(yzex)− ∂

∂x
(xyez),

∂

∂x
(xzey)− ∂

∂y
(yzex)

〉
= ⟨x(ez − ey), y(ex − ez), z(ey − ex)⟩.

Therefore

∇·(∇×G) =
∂

∂x

(
x(ez−ey)

)
+

∂

∂y

(
y(ex−ez)

)
+

∂

∂z

(
z(ey−ex)

)
= (ez−ey)+(ex−ez)+(ey−ex) = 0.
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3. (a) Let
H(x, y, z) = ⟨yz, xz + ey, xy + 2z⟩.

To find a potential function, start with fx = yz:

f(x, y, z) =

∫
yz dx = xyz + g(y, z).

Differentiate with respect to y:
fy = xz + gy(y, z).

Since fy = xz + ey, we get
gy(y, z) = ey,

so
g(y, z) = ey + h(z).

Then
fz = xy + h′(z).

Since fz = xy + 2z, we get h′(z) = 2z, hence h(z) = z2 + C. Therefore one potential function is

f(x, y, z) = xyz + ey + z2.

Since
∇f = ⟨yz, xz + ey, xy + 2z⟩ = H,

this shows that H is conservative.

(b) Since H = ∇f , the fundamental theorem of line integrals gives∫
C

H · dr = f(1, 0, 2π)− f(1, 0, 0).

Using f(x, y, z) = xyz + ey + z2,

f(1, 0, 2π) = 1 + 4π2, f(1, 0, 0) = 1.

Therefore ∫
C

H · dr = 4π2.


