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1. Consider a surface S defined by the parametric equations

r(u, v) = ⟨u2, uv,
1

2
v2⟩

with 0 ≤ u ≤ 2 and 0 ≤ v ≤ 1. Compute the surface area of S.

2. Let S be the helicoid with vector equation r(u, v) = ⟨u cos v, u sin v, v⟩ for 0 ≤ u ≤ 1 and 0 ≤ v ≤ 2π.

(a) Compute the surface integral ∫∫
S

√
x2 + y2 dS

(b) Let F be the vector field
F(x, y, z) = ⟨x, y, z⟩

Compute the surface integral ∫∫
S

F · dS =

∫∫
S

F · ndS

with upward orientation.
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1. Let

r(u, v) =

〈
u2, uv,

1

2
v2
〉
, 0 ≤ u ≤ 2, 0 ≤ v ≤ 1.

Then
ru = ⟨2u, v, 0⟩, rv = ⟨0, u, v⟩.

So
ru × rv = ⟨v2,−2uv, 2u2⟩,

and
|ru × rv| =

√
v4 + 4u2v2 + 4u4 =

√
(v2 + 2u2)2 = v2 + 2u2.

Hence the surface area is

A(S) =

∫ 2

0

∫ 1

0

(v2 + 2u2) dv du =

∫ 2

0

(
1

3
+ 2u2

)
du = 6.

2. Let
r(u, v) = ⟨u cos v, u sin v, v⟩, 0 ≤ u ≤ 1, 0 ≤ v ≤ 2π.

Then
ru = ⟨cos v, sin v, 0⟩, rv = ⟨−u sin v, u cos v, 1⟩,

so
ru × rv = ⟨sin v,− cos v, u⟩, |ru × rv| =

√
1 + u2.

(a) On S, we have

x = u cos v, y = u sin v =⇒
√

x2 + y2 = u.

So ∫∫
S

√
x2 + y2 dS =

∫ 2π

0

∫ 1

0

u
√
1 + u2 du dv = 2π

∫ 1

0

u
√

1 + u2 du.

Hence ∫∫
S

√
x2 + y2 dS = 2π

[
1

3
(1 + u2)3/2

]1
0

=
2π

3
(2
√
2− 1).

(b) With F(x, y, z) = ⟨x, y, z⟩,
F(r(u, v)) = ⟨u cos v, u sin v, v⟩.

So

F(r(u, v)) · (ru × rv) = u cos v sin v − u sin v cos v + uv

= uv.

Therefore ∫∫
S

F · n dS =

∫ 1

0

∫ 2π

0

uv dv du =

∫ 1

0

(
2π2u

)
du = π2.

Since the k-component of ru × rv is u ≥ 0, this is the upward orientation.


