Math 53 Worksheet 260501 Spring 2026

All the previous worksheets are available in seewoo5.github.io/teaching/2026Spring.
Keywords: Stokes’ theorem, divergence theorem

1. Let F(z,y,2) = (22yz,y22, 23e*¥) and S be the part of the sphere 22 + y? + 22 = 5 that lies above the
plane z = 1, oriented upward. Evaluate [[((V x F)-dS

2. (a) Let F(z,y,2) = (z,y,2) and S be the unit sphere centered at the origin. Compute [[(F -dS
directly.
(b) Compute the same integral using the divergence theorem.
3. Let F(z,y,2) = (y + €, —x +siny, z+ e*), and let C be the boundary of the triangle with vertices

(1,0,0), (0,1,0), and (0,0, 1), oriented counterclockwise as viewed from above. Compute §CF - dr
using Stokes’ theorem.

4. Let F(z,y,2) = (x+eY, y+sinz, 22+cosx), and let S be the closed surface of the cylinder 22 +32% < 1,
0 < z < 2, oriented outward. Compute f f o F - dS using the divergence theorem.
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1. By Stokes’ theorem,

//S(VX_F)-dS:/CF.dr,

where C' is the boundary circle 2 + y2 = 4, z = 1, oriented counterclockwise from above. On
C, F = (2%y, y, €*¥). C can be parametrized by r(t) = (2cost,2sint,1) for 0 < t < 27, and
t'(t) = (—2sint, 2 cost,0). Thus the line integral can be computed as

/CF Cdr = /277 F(e(t)) - v/ ()dt

/ (8cos® tsint, 2sint, 2e2°5 5 . (_2gint, 2 cost, 0)dt

(=)

27
/ —16 cos® tsin®t + 4sint cost)dt
0

2
/ —4sin?(2t) 4 2sin(2t))dt
0

2
/ (2 cos(4t) — 2 + 2sin(2t))dt

2m

— o

[ sin(4t) — 2t — cos(2t)
2 0

Here we used the double angle formulas sin(2t) = 2sint cost and sin?(2t) = 1_#5«“).

It is actually easier to compute the line integral using Stokes’ theorem again (or Green’s theorem in
some sense). You can write the line integral as a surface integral again, but over the disk D : 2% +3? <
4, z =1 instead of S. Since n = (0,0, 1) on the disk, we have

//D(VXF)~dS=//D(V><F)'ndS
://D<...,...’_$2>.<0,0,1>d5
://DQ_;U?:zS
:_4/07/0 r2 cos? 0 - rdrdo

The second last equality uses the polar coordinate.

2. For F = (z,y, z) on the unit sphere 22 + y? + 2% = 1:
(a) On the unit sphere, n = (x,y, z), so

F-n=2>+y2+22=1.

//;F'dSZ//gldszArea(s):
//SF'dS:///B(V F)dvV,

V-F=1+1+1=3,

Therefore

(b) By the divergence theorem,

where B is the unit ball. Since
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we get

//F~dS:3~Vol(B):3~4—7T:47r.
s 3

3. Let S be the triangular face in the plane z + y 4+ z = 1 with upward orientation and boundary C. By

Stokes’ theorem,
%F~dr://(V><F)~dS.
c s

For F = (y+e*, —z +siny, z+ e%),

B I(—z+siny) Iy+e”)\ _ _
V xF = <0,0, o a9 =(0,0,-2).

//S(VXF)odS:72//Snzd5:72//DdA,

where D is the projection onto the xzy-plane: © >0, y >0, z +y < 1. Its area is %, hence

%CF-dr:—I%:—l.
J[®-as= [[[@-®yav

where E = {(z,y,2) : 2?2+ 9> <1, 0 <z <2}
For F = (z +¢¥, y+sinz, 22+ cosx),

4. By the divergence theorem,

V- F=1+1+2z=2+2z.

In cylindrical coordinates,

///E(Q—I—Qz)dV:/O%/(Jl/OQ(Z—&-Qz)rdzdrdH.

2 1 1 2
/(2+22)dz:8, /rdrzf, / df = 2.
0 0 2 0
1
//F-dS:8~7-27r:87r.
S 2

Compute:

Therefore



